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Abstract

Geometric and topological methods are applied to significance testing in the wavelet
domain. A geometric test was developed for assigning significance to pointwise sig-
nificance patches in local wavelet spectra, contiguous regions of significant wavelet
coefficients with respect to some noise model. This geometric significance test was
found to produce results similar to an existing areawise significance test, while be-
ing more computationally flexible and efficient. The geometric significance test can
be readily applied to pointwise significance patches at various pointwise significance
levels in wavelet power and coherence spectra. A topological analysis of pointwise sig-
nificance patches determined that holes, deficits in pointwise significance embedded
in significance patches, are capable of identifying important structures, some of which
are undetected by the geometric and areawise tests. The application of the new and
existing significance tests to ideal time series and to the time series of the Nifio 3.4
and North Atlantic Oscillation showed that the areawise and geometric tests perform
similarly in ideal and geophysical settings, while the topological methods showed that
the Nifio 3.4 time series contains numerous phase-coherent oscillations.

1 Introduction

Time series are often complex, composed of oscillations and trends. The goal of re-
searchers is to decide whether the embedded structures in the time series are random
or meaningful. Such decisions can be made using Fourier analysis, with the assump-
tion that the underlying time series is stationary (Jenkins and Watts, 1968). In many
cases, however, the stationary assumption is not satisfied, making Fourier analysis an
inappropriate tool for feature extraction. For non-stationary time series, wavelet analy-
sis (Meyers, 1993; Torrence and Compo, 1998) can be used for decomposing a time
series into both frequency and time components, allowing the extraction of transient
features and dominant modes of variability. Once embedded structures in time series
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have been identified, a natural question arises: what physical mechanisms are respon-
sible for the detected modes of variability? Linkages between the modes of variability
and possible physical mechanisms can be obtained using wavelet coherence (Grinsted
et al., 2004), a bivariate tool for detecting common oscillations between two time se-
ries. Together, wavelet power and coherence analyses have proven useful in climate
science (Velasco and Mendoza, 2007; Muller et al., 2008), hydrology (Zhang et al.,
2006; Ozger et al., 2009; Labat, 2008, 2010), atmospheric science (Terradellas et al.,
2005; Schimanke et al., 2011), and oceanography (Lee and Lwiza, 2008).

The application of wavelet analysis alone is not sufficient for feature extraction of
time series; indeed, random fluctuations can produce large values of spectral power or
coherence related to the underlying process (e.g., red-noise) and not necessarily the
time series. In Fourier analysis, one chooses a suitable noise model and assesses the
significance of features relative to some analytically or empirically derived threshold. In
climate science, for example, one often compares the sample power spectrum of a time
series to that of a theoretical red-noise spectrum. Statistical significance testing is also
necessary in the wavelet domain. Torrence and Compo (1998) were the first to assess
the significance of features in wavelet power spectra using red-noise background spec-
tra. Grinsted et al. (2004), using Monte Carlo methods, extended significance testing to
wavelet coherence using surrogate red-noise time series. The (pointwise) significance
tests developed by Torrence and Compo (2010) and Grinsted et al. (2004), however,
have multiple testing problems, given the large number of wavelet coefficients being
tested simultaneously (Maraun and Kurths, 2004). Maraun et al. (2007) addressed
these problems by sorting through pointwise significance patches based on their size
and geometry, minimizing spurious results, and thus giving researchers more insight
into the time series in question.

In this study, significance testing in the wavelet domain is improved through the fol-
lowing: (1) the development of a flexible and computationally efficient geometric test
capable of minimizing spurious results from the pointwise test by associating p val-
ues to individual patches in wavelet-power and wavelet-coherence spectra; and (2) the
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application of topological methods that can further distinguish spurious patches from
true structures that can reveal information about time series undetected by current
methods. Given the deficiencies of pointwise significance testing, there is a need to
improve current methods of evaluating significance of features in the wavelet domain.
Moreover, the areawise test, though a substantial improvement from the pointwise test
has one drawback: finding the significance level of the areawise test requires a com-
plicated root-finding algorithm, making p values for the areawise test difficult to obtain,
as it would require the repeated application of a root-finding algorithm (see Sect. 4.1
for details).

The remainder of the paper is organized as follows. A brief overview of wavelet anal-
ysis is presented in Sect. 2. In Sect. 3, the pointwise and areawise tests are discussed
briefly. The development of the geometric test is presented in Sect. 4. In Sect. 5, ideas
inspired by persistence homology (Edelsbrunner, 2010) are used to show that holes
can distinguish important structures from trivial structures, linking the geometric and
topological tests. Using ideas from Sects. 4 and 5, the application of a local geometric
test is presented in Sect. 6. The new methods are applied to time series of two ideal-
ized cases, which provide important benchmarks for the methods, and to indices of two
prominent climate modes, El Nifio and the North Atlantic Oscillation (NAO), to illustrate,
in a geophysical setting, the insights afforded by the methods.

2 Definitions

In wavelet analysis, a time series is decomposed into frequency and time components
by convolving the time series with a wavelet function satisfying certain conditions.
There are many different kinds of wavelet functions but the most widely used is the
Morlet wavelet, a sine wave damped by a Gaussian envelope expressed as

Wo(n) = "/ 4e@oe 2 (1)
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where y, is the Morlet wavelet, @, is the dimensionless frequency, and np = s-t, where
s is the wavelet scale (Torrence and Compo, 1998; Grinsted et al., 2004). The wavelet
transform of a discrete time series x,, (n=1,...,N) is given by

N
Wy (s) = @ D Xy wol(n' - n)]%, 2)
n'=1

2
where 6t is a uniform time step determined from the time series and |W,f((s)| is the

wavelet power of a time series at scale s and time index n (Torrence and Compo, 1998;
Grinsted et al., 2004). Note that for the Morlet wavelet with @, = 6 the wavelet scale
and the Fourier period 1 are approximately equal (1 = 1.03s).

3 Existing significance testing methods
3.1 Pointwise significance testing

For climatic time series, the significance of wavelet power can be tested against a the-
oretical red-noise background (Torrence and Compo, 1998). Time series and wavelet
power spectra for the NAO index (Hurrell et al., 1995, https://climatedataguide.ucar.
edu/climate-data/hurrell-north-atlantic-oscillation-nao-index-station-based) and the
Nifio 3.4 index (Trenberth, 1997, http://www.cgd.ucar.edu/cas/catalog/climind/Nino_3_
3.4_indices.html) are shown in Figs. 1 and 2. The wavelet power spectrum of the NAO
index reveals numerous time periods of enhanced variance at an array of time scales,
though no preferred timescale is evident. For the Nifo 3.4 index, the wavelet power
spectrum detects statistically significant variance in the 16—64 month period band for
the period 1960-2010. Another interesting feature emerges: periods of reduced point-
wise significance surrounded by regions of pointwise significance. These “holes” will
turn out to be important structures in wavelet power spectra and are discussed thor-
oughly in Sect. 5.
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3.2 Areawise significance testing

The idea behind the Maraun et al. (2007) areawise test (hereafter simply the “areawise
test”) is that correlations between adjacent wavelet coefficients arising from the repro-
ducing kernel (see Appendix A) produce continuous regions of pointwise significance
that resemble the reproducing kernel. For the wavelet transformation of Gaussian white
noise, the correlation between wavelet coefficients at (b,a) and (b',a’), C(b,a,b’,a’), is
given by the reproducing kernel moved to time b and stretched to scale a (Maraun and
Kurths, 2004; Maraun et al., 2007). Thus, for significance patches generated from ran-
dom fluctuations, the typical patch area is given by the reproducing kernel. The test can
be described more formally as follows: let £, be the set of all pointwise significance
values and define a critical area F£,;;(b,a) as the subset of the time-scale domain for
which the reproducing kernel K, dilated and translated to time b and scale a, exceeds
the threshold of a critical level K,;;. Mathematically, P;;(b, a) is given by

Perit(b,a) = {(b,’a') K(b,a;b’,a') > Kerit) - ()

For a patch of pointwise significant values, a point inside the patch is said to be area-
wise significant if any reproducing kernel dilated according to the scale in question
entirely fits into the patch, i.e.

Paw = U 5.cp,, Fert0:) (4)
where P, is the subset of pointwise significant values consisting of additionally area-
wise significant wavelet coefficients. The critical area is related to significance level of
the areawise test by the following equation:

A
1—aaw=1-<AaW>, (5)
pw

where 1 - a,, is the significance level of the areawise test, A,, is the area of the
areawise significance patch, A, is the area of the pointwise significance patch, and
1336
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(jﬂ) is the average ratio between the areas of areawise significant patches and the
pw

pointwise significance patches. It turns out that the calculation of a,, is non-trivial,
involving a root-finding algorithm that solves the equation f(£,;;) — @, = O (see Sect. 4).

To illustrate the importance of the areawise significance test, the test was applied to
the wavelet power spectra of the NAO and Nifio 3.4 index time series (Figs. 1 and 2).
Numerous pointwise significance patches in the Nifio 3.4 wavelet power spectrum were
found to contain areawise significant subsets, suggesting that these patches were less
likely to be an artifact of multiple testing. The wavelet power spectrum of the NAO index
also contained pointwise significance patches with areawise significant subsets, all of
which were at high frequencies.

4 Geometric significance testing

4.1 Development

The development of a geometric significance test will require ideas from basic geom-

etry and set theory. To begin, each patch in the wavelet domain will be considered

a polygon with a finite set of vertices p; = (¢;,s;), where {; is a time index and s; is

a scale index whose maximum is

J = 5] 0g, (N 5t), ©)
Smin

where N is the length of the time series, 6t is a time step, and s, is the smallest
resolvable scale (Torrence and Compo, 1998). Note that the quantity 6 depends on
the wavelet function, being approximately equal to 0.5 for the Morlet wavelet. Using the
scale index instead of the actual scale value will allow a simpler computation of area;
indeed, in this coordinate system the width of significance patches does not depend on
scale, whereas using actual scale values would result in a coordinate system in which
patches widen with increasing scale. It is worth noting that not all patches are closed in
1337
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the sense that some are located near the edges of the wavelet domain. To remedy this
problem, semi-enclosed patches are artificially closed by connecting the two vertices
located on the boundary of the wavelet domain with a line segment.

Perhaps the most fundamental property of a pointwise significance patch is its area,
which can be calculated using the following special case of Green’s Theorem:

n-1

Z(T/S/n —1i+15;)

/=0

A=

5 ) (7)

where sy = s, and t, = t,. For significance patches containing holes, the total area
of the holes is subtracted from the area the significance patch would have it did not
contain the holes.

What will be of particular interest is the normalized area of a significance patch, not
its absolute area. To compute the normalized area, the centroid of a significance patch
will need to be calculated using the following formulas:

1 n-1
Ci= 54 D (i + S0 t1S11 = j415)) (8)
i=0
and
1 n-1
Cs=ga D (8i+ i) (t;Sin1 —t415)), ©)

i=0
where C; and C; are the time and scale coordinates, respectively, of the centroid. Recall
that the centroid is the area-weighted location of a polygon. If Ay is the area of the

reproducing kernel dilated or contracted (at a certain critical level) to (C,,Cs), then the
normalized area of a significance patch is given by

A

A =2
n AR

(10)
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and allows one to compare sizes of significance patches across all scales simulta-
neously. Two idealized pointwise significance patches with equal normalized area are
shown in Fig. 3a and b.

The quantity that will be of importance in the development of the geometric signif-
icance test is convexity, which describes the degree to which a polygon or point set
lacks concavities. The reason for including convexity is illustrated by considering the
two significance patches shown Fig. 3, which have equal values of A, but different ge-
ometries: one is convex (i.e., has no concavities, Fig. 3a) and the other is not convex
(Fig. 3b). Suppose that an areawise test was performed on the two patches. The re-
producing kernel is capable of fitting entirely inside the convex patch but is unable to fit
inside the non-convex patch as a result of the concavity. Thus, although having equal
normalized area, the two patches differ in their significance, where the difference in sig-
nificance is related to their geometry. It will therefore be necessary to include convexity
in the geometric test, as patches of equal normalized area need to be distinguished
when evaluating their significance.

Rigorously, convexity is defined as follows: Let x and y be any two points in a set Z;
then the set Z is convex if for all ¢ the line segment

(11)

is in Z (Ziegler, 1995). Equivalently, a set is convex if it contains any line segment
joining any pair of points in Z. Under this definition, for example, patches with thin
bridges as described by Maraun et al. (2007) are not convex.

To quantify convexity, another idea from set theory, the convex hull, will be needed,
which for a point set Z is defined as the intersection of all convex sets containing Z
(Ziegler, 1995). In other words, it is the smallest convex set containing Z constructed
from the intersection of all convex sets containing Z. Mathematically, the convex hull of
a point set Z is expressed as

[, yl={tx+(1-t)y:0<t <1}

conv (Z) = {2’ cR?:Z c Z',Z’ convex }.
1339
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In practical applications, the convex hull of a set can be easily computed using existing
algorithms (Barber et al., 1996). It is noted that all holes are ignored in the computation
of the convex hull.

A metric for convexity will now be defined using the area of a significance patch
together with the area of its convex hull as follows: if A, is the area of the convex hull
of a significance patch whose area is A, then the convexity is

c=2 (13)

where 0 < C < 1. High values of C correspond to significance patches with relatively
small concavities, whereas small values of C correspond to patches with relatively large
concavities, as in the case of significance patches with thin bridges.

The convexity along with the convex hulls of the two idealized patches is shown in
Fig. 3. For the non-convex patch, the area of the convex hull is larger than the area
of the patch itself, indicating the presence of concavities. To construct a formal statis-
tical test, both the normalized area and convexity will be important. A simple quantity
combining both the area and geometry of a patch is the following:

Y =CA,, (14)

where larger values of y indicate more significant patches. The index y for the two
idealized patches shown Fig. 3 is 2.8 for the convex patch and 2.1 for the non-convex
patch, the difference arising from the convexity.

The idea of the geometric significance test is to generate a null distribution of y and
use the null distribution to compute the significance of patches in the wavelet domain.
In climate science, a suitable null hypothesis is red-noise so that y will be computed
for a large ensemble of patches generated from red-noise processes. Using the null
distribution of y, one can assign to each patch in the wavelet domain a probability p
that the patch was not generated from a random stochastic fluctuation. The applica-
tion of the geometric significance test to the two idealized patches (see Fig. 3) would
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result in the convex patch having greater significance despite the fact that the patches
have equal normalized area. Therefore, y can correctly distinguish the significance of
patches based only on area and convexity.

The calculation of the geometric significance level 1 - ay, unlike the calculation of
1 - a,,, is straightforward: for the areawise test one needs to compute a,,, as a function
of Fit, whereas for the geometric test a4 is no longer a function F;. Moreover, the
estimation of P, involves a root-finding algorithm that solves the equation 7(P,;;) —
a,y = 0, where f(P,,;;) is estimated using Monte Carlo simulations. Thus, the application
of the areawise test to pointwise significance patches for m different values of a,,
would require m Monte Carlo ensembles, making p values for the test difficult to obtain.
For the geometric test, only a single Monte Carlo ensemble is needed, as a single
choice of P,;; is needed to generate a null distribution, from which any desired value of
ag4 can be obtained. In fact, while the choice of F;; impacts the mean value of the null
distribution, the geometric significance of a significance patch is left unchanged, as the
significance is relative to a distribution of y under some noise model (Appendix B).

The elimination of the F,;; dependence from the calculation of the geometric signif-
icance level allows the geometric test to be readily performed on patches of various
pointwise significance levels. For the areawise test, a new F,; must be estimated for
each pointwise significance level since A, on average, will change depending on if
the pointwise significance level 1 - a, is increased (patches shrink) or is decreased
(patches grow). For the geometric test, there is no need to find a new F,; — simply
compute a new null distribution based solely on the information of the pointwise signif-
icance patches at some pointwise significance level 1 - a,,.

Another advantage of eliminating the P,; dependence is that the geometric test can
be readily applied to wavelet coherence, partial wavelet coherence (Ng, 2012), multiple
wavelet coherence, and cross-wavelet spectra. The application of the geometric test
to significance patches in the aforementioned wavelet spectra only requires a single
Monte Carlo ensemble to generate a null distribution, eliminating the calculation of
a new F;; for each wavelet spectra and for each value of a,. For the areawise test,
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a new P,; must be estimated for each value of a,, and for each wavelet spectra,
making the areawise test difficult to implement in practical applications.

It may happen that a pointwise significance patch is so large that individual oscilla-
tions embedded in the patch cannot be detected by the geometric test. However, there
are two solutions to this localization problem: the first solution is to increase the signifi-
cance level of the pointwise test, allowing large patches to separate, and then perform
the geometric test on the smaller patches. The second solution is to examine other
properties of significance patches that may indicate the presence of multiple periodic-
ities that form large significance patches from the merging of several smaller patches.
The second solution will be addressed thoroughly in Sect. 5.

4.2 Comparisons with the areawise test

With a formal geometric significance test now developed, it is useful to compare the
areawise and geometric significance tests, where comparisons will be made using an
empirically derived quantity. Let N4 be the number of pointwise significance patches
in a given wavelet power spectrum, N, the number of patches containing an areawise
significant region, Ny the number of geometrically significance patches, and N4 the
number patches that are both geometrically significant and that contain areawise sig-
nificant regions. The quantity

| Nag = Na = Ng + 2Ny

sim
N, sig

(15)

then measures the similarity between the two tests. The interpretation of /g, is as
follows: if /g;,, = 1 then all patches containing areawise significant regions are also geo-
metrically significant and all patches which do not contain areawise significant regions
are also not geometrically significant. On the other hand, for values of /g, less than 1
some patches containing areawise significant regions may not be geometrically signif-
icant, with the converse also being true.
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To better compare the similarity between the two tests, distributions of /g, were
constructed by generating a large number of synthetic wavelet power spectra of red-
noise processes with fixed autocorrelation coefficients equal to 0.5 and computing /gy,
for each of the synthetic wavelet power spectra. The results are shown Fig. 4a. With
a mean value of 0.90, a strong agreement was found between the areawise and ge-
ometric tests, differences arising from the fact that the areawise test is a local test,
finding significant regions within patches, whereas the geometric test assigns a signif-
icance value to entire patches. Since /,, was often less than 1.0, some patches con-
taining areawise-significant regions were not found to be geometrically significant, and,
conversely, some patches were geometrically significant without containing areawise-
significant regions.

The quantity r,,.q = Ny/N,, which measures the ratio of false positive results between
both tests, was also computed (Fig. 4b). The mean value of r,.q, was found to be
1.1 and the median value was found to be 1.0, indicating that both tests, on average,
falsely deemed the same number of pointwise significance patches as significant for
a given wavelet power spectrum, consistent with the fact that the significance levels
of both tests were set to 0.9. However, the distribution shown in Fig. 4b was found to
be positively skewed with skewness equal to 2.8, implying that, in many cases, the
geometric test results in fewer false—positive results.

4.3 Geometric significance testing of climatic data

For climatic time series, significance is often tested against a red-noise background and
therefore it is reasonable to expect that the areawise and geometric tests behave sim-
ilarly when applied to climatic time series. As such, the areawise and geometric tests
were applied to the NAO and Nifio 3.4 time series. For the wavelet power spectrum of
the NAO index time series (see Fig. 1), geometrically significant patches were identi-
fied, one of which was also areawise significant. The geometrically significant patches
were mainly located at high frequencies, suggesting enhanced, although transient, sea-
sonal variability. The wavelet power spectrum of the Nifio 3.4 index (see Fig. 2) was
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found to contain two geometrically significant patches, both of which were located in
the period band of 16—64 months after 1950. The significance patch centered at 1985
and at a period of 32 months, however, is so large that individual oscillations could not
be identified. To remedy the problem, the geometric significance was applied to 99 %
(ap = 0.01) pointwise significance patches, resulting in five significance patches being
detected, with many of the patches containing areawise-significant regions also found
to be geometrically significant. Both tests deemed the significance patches centered at
periods less than 12 months as insignificant.

5 Topological significance testing
5.1 Topological significance testing of ideal time series

Topology is a branch of mathematics concerned with properties of spaces that remain
unchanged after continuous deformations. So far only geometric aspects of signifi-
cance patches have been discussed. Area of a significance patch, as an example,
is a geometric property in the sense that stretching the patch in both the scale and
time direction would increase its area. There are properties, however, that would be
unaffected by stretching the significance patch. As a motivating example, consider the
wavelet power spectrum of the Nino 3.4 index shown in Fig. 2, where there is a hole
or region of significance deficit located within a significance patch. This feature is topo-
logical, as the hole would remain under a continuous deformation such as stretching.
To begin the topological analysis, the topology of time series with known structures
will be analyzed. Given the importance of red-noise processes in the spectral analysis
of climatic time series, the topology of patches generated from red-noise processes
is first considered to determine if pointwise significance patches can be distinguished
from those generated from red-noise processes solely based on their topology. To an-
swer this question, a large ensemble of pointwise significance patches arising from red-
noise processes was generated and the number of holes (denoted by N,, hereafter) at
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a finite set of pointwise significance levels was computed (Fig. 5). It was found that N, is
not a random function of the pointwise significance level, as indicated by the 95 % con-
fidence bounds. Most importantly, for pointwise significance levels greater than 90 %,
few patches contained holes, suggesting that holes are an uncommon feature of sig-
nificance patches generated from red-noise processes (Table 1) and therefore can be
used to distinguish spurious patches from important structures. A simple algorithm for
assessing the significance of holes is therefore developed. To find the significance of
holes, plot the centroids of holes at a finite set of pointwise significance levels and
project the centroids onto the wavelet domain, resulting in a topological wavelet di-
agram. In accordance with Fig. 5, regions in the wavelet domain where holes exist
above the 80 % pointwise significance level will be considered regions with significant
topological features.

With a method for assessing the significance of holes, it is reasonable to analyze
different ideal time series, both linear and nonlinear, to determine what types of time
series produce holes in significance patches. Perhaps the simplest case is a single
sinusoid with additive white noise (not shown). In this case, no evidence was found
that a single sine wave is capable of generating holes in 95 % significance patches,
implying holes arise from a much richer structure embedded in time series. Thus, two
more complex cases are considered.

To derive the Case | time series, first consider the nonlinear system

Xou(t) = bXin(t) + Y X2 (1), (16)

where X;,(t) is the input into the system, X, ;(¢) is the output of the system, b is a lin-
ear coefficient, and y is a nonlinear coefficient. The output from this system will be
quadratically phased coupled (King, 1996), where quadratic phase coupling indicates
that for frequencies fy, f,, and f3 and corresponding phases ¢, ¢,, and @5 the sum
rules f; + f, = f3 and @4 + @, = @5 are satisfied. In Case 1, X, = cos2nft so that

X, u(t) = g + bcos2mft + gcos4ﬂfz‘, (17)
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indicating that the output contains an additional frequency component at the harmonic
2f (harmonic generation) and the mean value of the output has shifted (rectification)
with respect to the input. Figure 6a and b shows the time series of X, with the corre-
sponding wavelet power spectrum for the case whenf =1/64=1/1,,b=1, ¢, =71/2,
¢, =m/3, and y = 0.25 (arbitrary units) and with Gaussian white noise added to the
output. The wavelet power spectrum of the output contains numerous pointwise signifi-
cant patches, all of which are spurious except for the one at 1, = 64. The areawise and
geometric test correctly identified the pointwise significance patch at 1; = 64 to be sig-
nificant but deemed two spurious patches as significant at high frequencies. Note that
the pointwise significance test was unable to detect the harmonic with period 1, = 32.
It should be noted, however, that if the parameter y were increased, the oscillation with
period 1, = 32 would become more prominent. In fact, it was found that for larger values
of y the areawise and geometric tests perform better (not shown), correctly identifying
the oscillation with period 1, = 32, with the result also depending on the noise level.
Case 1 thus only serves as an illustrative example of a situation that may arise when
a wavelet analysis is applied to a geophysical (often noisy) time series.

To extract more information from the wavelet power spectrum, the centroids of holes
were plotted as a function of the pointwise significance level (Fig. 6c). The top panel
shows that holes only existed at low pointwise significance levels. Therefore, not all
nonlinear time series can generate holes at high pointwise significance levels, sug-
gesting that the relative difference between the primary frequency components or the
resulting frequency combinations is important, as discussed below.

Case 2 is the quadratically phase-coupled time series
X(t) = cos(2mfit + @) + cos(2mlrt + @y) + Y COS[2T(Fy + o)t + Py + Do), (18)
which consists of three frequency components: f; =1/20=1/14, £,=1/30=1/4,,
and f; +f,=1/12=1/13, and y is assumed to be 0.5. Unlike the wavelet power
spectrum of Case 1, holes have appeared in 95 % pointwise significance patches
between periods 1, =20 and A, = 30 (Fig. 7b). Moreover, the pointwise significance
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patch containing the hole (labeled P;) was found to be geometrically significant and
was found to contain an areawise-significant subset in the lower portion of the patch. It
is worth noting that the areawise test failed to detect a significant periodicity at 1; = 20
despite the fact that it is known to exist by construction. In particular, the upper portion
of the pointwise significance patch P, was not found to be significant. Figure 7c shows
that a few holes existed at large pointwise significant levels (>80 %), though only one
was found at the 95 % pointwise significance level. However, according to Fig. 5, the
holes existing at the 80 % pointwise level may indicate the presence of significant fea-
tures. For example, the geometric and areawise tests deemed the patch labeled P, in
Fig. 7b as insignificant, though the topology of the patch at the 80 % pointwise signif-
icant level suggests the existence of a significant feature. Indeed, the proximity of the
significant holes to the pointwise significance patches labeled P, and P; suggests that
those patches are significant (see Sect. 5 for a detailed discussion). The topology of
patches at an array of pointwise significance levels can therefore uncover information
about time series that may have gone undetected using the pointwise, geometric, and
areawise tests.

Like with Case 1, the Case 2 results also depend on y, the amplitudes of the cosines,
and the noise level, with holes, after further investigation (not shown), being more
prominent in low-noise situations. Moreover, both the areawise and geometric tests
were found to better identify the correct oscillations when the noise level was reduced.
Case 2 illustrates the insights gained when considering the topological properties of
significance patches.

Though both wavelet power spectra represent a time series generated from
a quadratic nonlinearity, the nonlinear interaction in Case 2 contained oscillations with
nearby frequency components, allowing the formation of holes, whereas for Case 1
no significant holes appeared in the wavelet power spectrum. Since the presence of
holes depends on the relative location of two oscillations in the frequency domain, it
is reasonable to suspect that there exists a critical frequency difference Af;;, which
measures the maximum frequency difference for which holes will appear in the wavelet
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power spectrum. An empirically derived Af,;; was determined by generating a large
ensemble of time series of the form

Xx(t) = cos2mfyt + cos2mft + w(t), (19)

where f, > f; > 0 were generated at random, w(t) is additive white noise, and all the
time series were of a fixed length. The signal-to-noise ratio was fixed. Figure 8 shows
the mean value of N,, as a function of Ar = (f, — f;)/f,, the relative fractional change.
For Ar = 0.5, holes never appeared, whereas for Ar = 0.3 holes appeared frequently.
There is therefore a preferred frequency combination for which holes are more likely
to appear. It was estimated that the upper critical value of Ar is Ar,; = 0.45. Using
the definition of Ar, one can write Af;; = 0.45f, and therefore the critical frequency
difference is a function of 7,.

The empirical results shown in Fig. 8 have theoretical implications. Suppose that
the frequency components of the two oscillations were such that 7, = 2f;. In this case,
Ar = 0.5 and therefore holes will almost never appear in 95 % pointwise significance
patches, making the detection of quadratic phase coupling using topological methods
more difficult in the case of self-interactions. More generally, suppose that a single
sinusoid X;,(t) = cos2mnft is passed through the nonlinear system

Xoult) = bXin(t) +yX2"() (20)

where, after using the power-reduction for a cosine (Beyer, 1987), the output is given
by

(21)

Y (2n
Xout(t) = becos2mft + o ( . )

% n-1 on

+22? ( X )cos41rf(n—k)z‘,
k=0

where n is a positive integer and (Z ) is a binomial coefficient. For the cosines in the

summation, the frequency difference between any two cosines is

Af = 4nf(n - p)-4nf(n-m) =4nf(m-p),
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where 0<p<m<n-1.Thus,

_A4mnf(m-p) m-p
"~ A4mf(n-p) n-p’

Ar=(f,-1)/f, (23)
Using the fact that holes mostly appear between oscillation pairs with Ar < 0.45, one
can show that for large n more holes are able to appear in wavelet power spectra. In this
case, holes can form in the wavelet spectrum since, for example, if m = 5 and p = 6 with
n =10 the inequality Ar < 0.45 will be satisfied. The result also holds if the order of the
nonlinear interaction was odd and if the cosine function X;,(f) was replaced by a sine
function. For an odd order nonlinear interaction, however, Ar = (2m-2p)/(2n+1-2p),
where0<p<m<n.

5.2 Topological significance testing of climatic time series

With a better understanding of the origins of holes contained in significance patches,
the wavelet power spectra shown in Figs. 1 and 2 are now analyzed more closely. The
wavelet topological diagram (Fig. 9a) corresponding to the wavelet power spectrum of
the NAO is less interesting, containing few holes at high pointwise significance levels.
The topological wavelet diagram corresponding to the wavelet power spectrum of the
Nifio 3.4 index, on the other hand, shows the existence of numerous holes at high
pointwise significance levels, indicating that these patches are significant features (see
Table 1). Moreover, the discussion in Sect. 5.1 suggests that phase-coherent oscilla-
tions were likely present in the Nifio 3.4 time series.

6 Summary

A geometric significance test was developed for more rigorously assessing the signif-
icance of features in the wavelet domain. The geometric test, although related to the
existing areawise test, was found to be more flexible in the sense that p values could
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be readily calculated, involving a single Monte Carlo ensemble. On the other hand,
the geometric test had the disadvantage of being less local than the areawise test.
The topology of significant patches was also analyzed. Holes in significant patches,
a topological notion, were capable of distinguishing spurious patches from true struc-
tures. The holes were identified as arising from phase-coherent oscillations with nearby
frequency components and may indicate the existence of a nonlinear interaction. The
new methods introduced in this paper were applied to NAO and Nifio 3.4 indices, two
well-known but contrasting time series. The methods developed in this paper will give
researchers the tools needed for a better understanding of features found in wavelet
power spectra, while also minimizing spurious results ubiquitous in wavelet spectra.

Appendix A

Let F(a,t) be the continuous wavelet transform of a function 7(¢) such that

F(a,t) = //K(a, t;a',t")F(a',t")da'dt". (A1)
Then the reproducing kernel is given by

< ol ) ()l
where

co= [ F g0 <o, (A3)

VY (w) is the Fourier transform of y, and y* denotes the complex conjugate. The repro-
ducing kernel captures the structure of wavelet coefficients whereby the wavelet coef-
ficient at any point contains information about a nearby wavelet coefficient weighted by
K (Tropea, 2007).
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Appendix B

Let Xpatcn(C1, Cs) e the test statistic associated with a significance patch whose cen-
troid is (Cy,Cg) and let Xa, be the value of the test statistic corresponding to the 1 —

9
significance level of the geometric test. Writing

(CA),,
Xay = An (B1)
and

(CA)patch
Foaton(CosCo) = ——— (B2)
R

it follows that
Xpatch(ct,cs) B (CA)patch (83)

Y, (CA)g,

where (CA),atcn is the product CA corresponding to the significance patch and (CA)O,g

is the product corresponding to the 1 — ay significance level. Since Eq. (B3) no longer
contains Ag, the relationship between ¥,,c,(Cy, Cs) and Xa, NO longer depends on P,;.
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Table 1. Fraction of pointwise significance patches containing holes as a function of the point-
wise significance level calculated from an ensemble of 200 000 significance patches generated
from red-noise processes with fixed autocorrelation coefficients equal to 0.5.

Significance
level (%) Fraction
85 1.0x 1072
90 2.0x1073
95 3.4x107*
99 0
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(b) Wavelet Power Spectrum for NAO Index

2 T T T T T T
0 0 ¢ AR
4 §f ' D . %
2 g é; =
€ .
o
£
o
=l
)
o Pointwise
—Areawise |
‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ X Geometric
1960 1965 1970 1975 1980 1985 1990 1995 2000 2005 2010

Year

Figure 1. (a) The NAO index from 1960—2010. (b) Normalized wavelet power spectrum of the
NAO Index mean monthly values. Gray shading are 95 % pointwise significance patches and
black contours are the 90 % areawise significant subsets. Crosses indicate those patches which
are geometrically significant at the 90 % level. Thin black line represents the cone of influence.
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(a) Time Series for Niﬁo 3. 4
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(b) Wavelet Power Spectrum for Nifio 3.4
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Figure 2. (a) The mean monthly Nifio 3.4 index anomalies from 1960-2012. Points labeled M
indicate points where the merging process occurred and points labeled H indicate points where
a hole was formed (see Sect. 5.2 for details). (b) The normalized wavelet power spectrum of
the Nifo 3.4 index from 1960-2010. Orange shading are 95 % pointwise significance patches,
blue shading are 99 % pointwise significance patches, and the black contours are the 90 %
areawise-significant subsets of the 95 % pointwise significance patches. Blue dots indicate the
centroids of those 95 % pointwise significance patches that are geometrically significant at the
90 % level and the red dots indicate the centroids of those 99 % pointwise significance patches
that are 90 % geometrically significant. Thin black line represents the cone of influence. /, is
reported for the case when a,, = 0.1, Qg = 0.1, and ay = 0.05.
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(a) Convex Case
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(b) Non-Convex Case
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Figure 3. (a) An idealized convex pointwise significance patch whose boundary is indicated
by the black contour and whose centroid is indicated by the black dot. The reproducing kernel
indicated by gray shading lies entirely inside the patch. The convexity, normalized area, and y
are displayed on the bottom left corner. (b) Same as (a) except the area of the convex hull (red
curve) is not equal to the area of the patch and the reproducing kernel is unable to fit entirely
inside the patch.
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Figure 4. (a) Histogram of the similarity index between the geometric and areawise tests. The
distribution was obtained by generating 1000 random wavelet spectra of red-noise processes
with fixed autocorrelation coefficients equal to 0.5 and computing the similarity index for each of
the 1000 synthetic wavelet spectra. The 90 % significance level was used for both the areawise
and geometric tests. (b) Same as (a) except for the ratio between the false positive results of
the geometric and areawise tests.
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Figure 5. Normalized mean number of holes as a function of pointwise significance level. The
number of holes was calculated by generating 10 000 synthetic wavelet power spectra of red-
noise processes with fixed autocorrelation coefficients of 0.5 and computing the number of
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(a) Time Series for Case 1
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(C) Centroids of Holes and Precent Significance for Case 1

®) .

DW=

[+ 70 © 75 0 80 O 85 @90 @95

50 100 150 200 250 300
Time

o

Figure 6. (a) Time series of Case 1, which results from passing a single sinusoidal input with
period 1 = 64 through Eq. (16). Gaussian additive white noise with a signal-to-noise of 2 was
added to the output response. (b) The corresponding normalized wavelet power spectrum.
Green shading indicates 95 % pointwise significant patches and red shading indicates 90 %
areawise significant subsets. Crosses refer to the centroids of patches whose geometric sig-
nificance is > 90 %. (c¢) Topological wavelet diagram corresponding to the wavelet power spec-
trum. Points are the centroids of holes at a given pointwise significance level, where both the
color and size of the dots indicate the pointwise significance level at which the hole existed.
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(a) Time Series for Case 2
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(b) Wavelet Power Spectrum for Case 2
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(c) Centroids of Holes and Precent Significance for Case 2
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Figure 7. (a) Time series of Case 2. Gaussian additive white noise with a signal-to-noise ratio
of 8 was added to the time series. At the point labeled A two oscillations resonant, merging two
pointwise significance patches in the wavelet domain. At the point labeled B no such resonance
occurs and the two significance patches separate. (b) The corresponding normalized wavelet
power spectrum. Features of the wavelet power spectrum are identical to that of Fig. 6. The
pointwise significance patch labeled P, contains a hole and the pointwise significance patches
labeled P, and P; were falsely deemed insignificant by the geometric and areawise tests. (c)
Same as Fig. 6¢ except for the wavelet power spectrum of Case 2.

1361

Jaded uoissnosiq | Jadedq uoissnosiq | Jaded uoissnosiq | Jaded uoissnosiq

NPGD
1, 1331-1363, 2014

Geometric and
topological
approaches to
significance testing
in wavelet analysis

J. A. Schulte et al.

Title Page
Abstract Introduction

Conclusions References

Tables Figures
P >l
< >
Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion


http://www.nonlin-processes-geophys-discuss.net
http://www.nonlin-processes-geophys-discuss.net/1/1331/2014/npgd-1-1331-2014-print.pdf
http://www.nonlin-processes-geophys-discuss.net/1/1331/2014/npgd-1-1331-2014-discussion.html
http://creativecommons.org/licenses/by/3.0/

14

121 .
Ar_, = 0.45

Terit =

10+ .

o~ 1 1 1 1
00 02 0.4 0.6 0.8 1

Relative Fraction

Figure 8. Mean number of holes found in 95 % pointwise significance patches as a function
of Ar = (f, - f;)/f, for a sum of two sinusoids with frequency components f, and f, such that
f, > f; > 0. Additive white noise with a signal-to-noise ratio of 30 was added to the sum of
sinusoids. Dashed line represents the critical value of Ar, the value beyond which holes will
rarely occur between oscillations with frequencies 7; and f,.

1362

Jaded uoissnosiq | Jadedq uoissnosiq | Jaded uoissnosiq | Jaded uoissnosiq

NPGD
1, 1331-1363, 2014

Geometric and
topological
approaches to
significance testing
in wavelet analysis

J. A. Schulte et al.

Title Page
Abstract Introduction

Conclusions References

Tables Figures
1< >l
< >
Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion


http://www.nonlin-processes-geophys-discuss.net
http://www.nonlin-processes-geophys-discuss.net/1/1331/2014/npgd-1-1331-2014-print.pdf
http://www.nonlin-processes-geophys-discuss.net/1/1331/2014/npgd-1-1331-2014-discussion.html
http://creativecommons.org/licenses/by/3.0/

(a) Centroids of Holes and Percent Significance for NAO Index
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(b) Centroids of Holes and Percent Significance for Nifio 3.4
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Figure 9. (a) Same as Fig. 6¢ but for the mean monthly Nifio 3.4 index anomalies for 1960—

1985
Year
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2010. (b) Same as Fig. 6¢ but for the mean monthly NAO index for 1960-2010.

1363

Jadedq uoissnosiq | Jededq uoissnosiq | Jadedq uoissnosiqg | Jeded uoissnosiq

NPGD
1, 1331-1363, 2014

Geometric and
topological
approaches to
significance testing
in wavelet analysis

J. A. Schulte et al.

Title Page
Abstract Introduction

Conclusions References

Tables Figures
1< >l
< >
Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion


http://www.nonlin-processes-geophys-discuss.net
http://www.nonlin-processes-geophys-discuss.net/1/1331/2014/npgd-1-1331-2014-print.pdf
http://www.nonlin-processes-geophys-discuss.net/1/1331/2014/npgd-1-1331-2014-discussion.html
http://creativecommons.org/licenses/by/3.0/

