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Abstract. The concepts and models of multifractals have ited to cloud formation (Schertzer and Lovejoy, 1987), rain-
been employed in various fields in the geosciences to charadall (Veneziano, 2002), hurricanes (Sornette, 2004), flooding
terize singular fields caused by nonlinear geoprocesses. SeyMalamud et al., 1996; Cheng, 2008; Cheng et al., 2009),
eral indices involved in multifractal models, i.e., asymmetry, landslides (Malamud et al., 2004), forest fires (Malamud et
multifractality, and range of singularity, are commonly used al., 1996), earthquakes (Turcotte, 1997), mineral deposits
to characterize nonlinear properties of multifractal fields. (Agterberg, 1995; Cheng et al., 1994; Cheng and Agterberg,
An understanding of how these indices are related to the2009), and solar wind turbulence (Macek, 2007). Multifrac-
processes involved in the generation of multifractal fieldstal modeling involves quantification of multiscale singulari-
is essential for multifractal modeling. In this paper, a five- ties and various types of properties associated with distribu-
parameter binomial multiplicative cascade model is proposedion of singularities. In addition to the commonly used in-
based on the anisotropic partition processes. Each partitiodices such as multifractality and asymmetry of multifractal
divides the unit set (1-D length or 2-D area) itequal sub-  distributions, other types of properties of multifractal dis-
sets (segments or subareas) andof them receivel; (> 0) tribution such as spatiotemporal stationarity (Lombardo et
andm receiveds (> 0) proportion of the mass in the pre- al., 2012, 2013), lacunarity (Mandelbrot, 1983; Plotnick et
vious subset, respectively, whewg +m> < h. The model  al., 1993; Cheng, 1997b) and variability (autocorrelation and
is demonstrated via several examples published in the literavariogram) (Cheng and Agterberg, 1996) are also essen-
ture with asymmetrical fractal dimension spectra. This modeltial for characterization and application of multifractal dis-
demonstrates the various properties of asymmetrical multributions. Common questions in the application of multi-
tifractal distributions and multifractal indices with explicit fractal model to real-world problems are whether the phe-
functions, thus providing insight into and an understandingnomenon depicts multifractality and the significance of the
of the properties of asymmetrical binomial multifractal dis- multifractality in comparison with monofractals or nonfrac-
tributions. tals. Asymmetry of the multifractal distribution is another in-
teresting property of the multifractal distribution. Answering
these questions is necessary not only to understand the phe-
nomenon but also to choose methodologies for implemen-
1 Introduction tation (Cheng and Agterberg, 1996; Cheng, 1997a, 1999b).
In the current paper, a five-parameter binomial multiplica-
Singular physical, chemical and biological processes can regiye cascade process is introduced to illustrate the links be-
sultin anomalous energy release, mass accumulation or Magyeen commonly used multifractal indices and the processes

ter concentration, which are all generally confined to narrowjyolved in generation of the asymmetrical binomial multi-
intervals in space or time (Cheng, 2007a). The end product$-actal distribution.

of these nonlinear processes can all be modeled as fractals 1o introduce the new model, we first present selected

or multifractals. Singularity is a property of nonlinear nat- mathematical notations and concepts of the multiplicative
ural processes, examples of which include but are not lim-
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478 Q. Cheng: Multiplicative cascade processes and asymmetrical multifractals

cascade process, a simple multifractal model and the assavhereq is the order of moment, and the summation in the
ciated singularities. Several formalisms exist for representfirst equation is applied for all segments of equal sizeith

ing multifractals, e.g., deterministic and stochastic models positive measurg. If we assume that the numbat, (¢) of

A complete review of various multifractal models is beyond segments with size covers the entire subset bearing the sin-
of the scope of this paper, and therefore, in this work, wegularity «, the fractal dimensiong(«) of this subset are re-
present only the relevant mathematical notation for the muldated by

tifractal model based on partition functions (Halsey et al.,

1986). The main reason for choosing this model for discus-Na (&) o e /@, 4)
sion is that, firstly, this partition functions-based model is
well known in most fields where multifractal modeling is
or|g|r_1ally applied not only for 1D t|m_e series but also for_ Na(8)j1a(e) oc e~ @+a (5)
2-D fields and, secondly, the similar discussion can be easily

extended to describe other multifractal models. For conve-According to Egs. (1)—(5) one can derive the following prop-
nience without loss of generality we will use a 1-D problem erties ofz(¢), «(g), and f (&) (Cheng, 1999a):

for discussion. We assume a measuréefined in a small

The total measure of the subset can be expressed as

segment within a finite 1-D set T (e.g., a line segment), andz > f(a), (6a)
its value with a linear measuring sizesatisfies 9 92

o _ ) o, (6b)
u(e) oce”, (1 9q dq

fla)

where stands for “proportional to” and is the singular- <0. (6¢)
ity index (also known as the coarse Hélder exponent),;and

is a function of scale that possesses an isotropic scale in- _

variance property such that the following ratio of logarithmic Eduation (6a) holds true because the total measure of the sub-
transformations of. ande yields a scale-independent index setis less than the total measure of the entire set. If Eq. _(6a) is
whene approaches zero: not true, then the total measure of the subset Eq. (5) will ap-

proach infinity where — 0. The proof of Egs. (6b) and (6c)
o o9kl (2)  canbe found in Cheng (1999a). The properties of Egs. (6b)
loge and (6¢) ensure that the functiomgg) and f(«) are con-
cave functions ana(g) is a monotonic decreasing function.
The frequency distribution of the measure characterized by
singularity« in the entire set can be described by the frac-
tal dimension spectrum functiofi(«). From this formula-
tion, we can extract the following properties. Wher= 0

G

2%
QNI'_‘ =

The values ofx usually vary within a finite intervaldmin,
amax for deterministic multifractals, but for other models
(e.g., an entire family of the universal multifractal models,
Schertzer and Lovejoy, 1987, that includes bothgheodel,
Frisch etal., 1978, and the log-normal model, Yaglom, 1966) ) .
the bound of singularity might be infinite (Lovejoy and 2nd(0), f(@(0)) = —7(0), reaching the maximum value
Schertzer, 2007). For certain models, the value of singularit)})f f(‘?‘)' which corresponds to the box-pountmg fractal di-
can be negative, and the fractal dimension can be negativg‘ens!on' If, the measure covers the er!t|re 'se't, then the box-
as well (Cheng, 1997a). According to the distribution of the Counting dimension equals 1, otherwise it is less _than L
value ofa, the entire set (T) can be classified into subsets orVheng =1 anda(1), f(a(D)) =a(l)—7(1). If the first
fractals, each of which possesses a different singularity valugnoment) u(¢) = constant, therr(1) =0 and f(a(1)) =
«; and, accordingly, different fractal dimension&&,) < 1); a(1), corresponding to conservative measure, othervv_lse, if
this is the reason why the field pfis described by the term t(1) #0, the measure is not.cons'ervatl\./e. The maximum
“multifractality”. The fractal dimension functioryf (o) and valuef(oz(O)_) or_the box-countl_ng_dlmensmn of the support
the singularitye can be estimated using various multifrac- of pu ata(0) implies _that the majority of the segments haye a
tal methods. Using the terminologies pertaining to the mul-measure characterized by~ «(0), whereas segments with

tifractal model based on the partition function (Halsey et al.,valueng @(0) or a <a(0) a(r)e more irregular and have
1986), the three functions — the mass exponent function ofactal dimensionsf («) < f((0)). _ .

Renyi exponent (¢), the coarse Holder exponetq), and In addition to the complete fractal dimension spectrum,
the fractal spectrunil functioffi () — involved in the r,nulti- functions of singularity or generalized dimension functions,

fractal model based on the partition functions have the fol_anctlons of order |0f mordntfant, r;:nd sevgral_ mu"]ifracﬁa][ n-
lowing relationships (Halsey et al., 1986): ices are commonly used for characterization of multifrac-

tality and asymmetry of multifractal fields. For example, the

Z [ ()]9 o e™@, curvature of functions (¢), and f () or range of valuer(q)

a(q) =7'(q) 3) can all be used for measuring multifractality (Cheng et al.,
’ 1994; Cheng and Agterberg, 1996). Halsey et al. (1986) sug-

fla)=aq —1(q), gested the use of the range of singulady = o/max— o'min
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to measure the multifractality, and Schertzer and Lovejoy2 Multiplicative cascade processes and multifractal

(1987) proposed a universal multifractality model that in-  distributions

volves three parameters, one of the indices based on the

curvature of co-dimension function for measuring multifrac- The theories and concepts of multiplicative cascade pro-
tality. Cheng and Agterberg (1996) proposed an index forcesses (MCP) play a fundamental role in quantifying turbu-
measuring multifractality based on the curvature of masdent intermittency and other nonlinear processes (Schertzer
exponent function or Renyi exponentg) atg =1, At = and Lovejoy, 1985, Schertzer et al,. 1997). Therefore, MCP
—[t(2) —27(1) + t(0)] or the second derivative-t”(1), has been extensively discussed in the literature (e.g., Gupta
among others. In terms of asymmetry indices, there are sevand Waymire, 1993; Over and Gupta, 1996; Menabde and
eral suggestions. For example, Shimizu et al. (2002) sugSivapalan, 2000; Serinaldi, 2010). The model of de Wijs
gested two ways to measure the asymmetry of multifractais a simple two-dimensional multiplicative cascade model
spectra: when a quadratic function fitted by the least squaréde Wijs, 1951; Agterberg, 2001, 2007a) described in terms
method to the fractal dimension spectra around the positiorof multiplicative canonical cascade processes (Lovejoy and
of their maxima atx(0), a parameter K) involved in the  Schertzer, 2007). Other modified models exist, e.g., a cas-
guadratic function can be used to quantify the asymmetrycade model with functional redistribution rate (Agterberg,
of the quadratic function. ParametBrserves as an asym- 2007b), a 2-D cascade model with anisotropic partition pro-
metry parameter, which is zero for symmetric shapes andesses (Cheng, 2005), a 2-D cascade model with variable and
positive or negative for a left- or right-skewed shape, respecconditional dependence partition processes (Cheng, 2012),
tively. In their paper, the alternative index or the unsigneda generalized two-parameter binomial multiplicative model

ratio R = | %& which is equivalent toR = («(0)—  that was proposed by Koscielny-Bunde et al. (2006) and ap-

amin)/(emax— «(0)), was proposed as an asymmetry index Plied for describing multifractal spectra of runoff time se-

with R > 1 indicating that the entire spectrum is bent to the fies, and a three-parameter binomial multifractal model that
left (left-skewed) andR < 1 indicating that the curve is bent Was proposed by Macek (2007) and applied to character-
to the right (right-skewed). These authors suggested the us@e solar wind turbulence data based on a generalized two-
of a vector containing three indices(0), R, Ax) as amea- scale weighted cantor set for characterizing asymmetrical
sure of the Comp|exity of multifractals. Other similar asym- multifractal distribution. Macek’s model has been success-

metry indices were suggested and applied by Xie and Badully applied for modeling solar minimum and maximum val-
(2004). In addition to the multifractality and asymmetry in- Ues (Macek and Szczepaniak, 2008; Macek and Wawrzaszek,
dices, other characteristic values were also used, i.e., the boxX011). Macek’s model generates an asymmetrical multifrac-
counting dimensionf («(0)) = fmax and the dimensions of tal distribution and can be used to fit asymmetrical multi-
extreme values at two ends of specti@max) and f (emin). fractal distributions. In this paper, a five-parameter binomial
It is worthwhile to mention that the estimation of Eq (3) mUltiplicative cascade model which gives eXpIiCit forms of
can be affected by various factors inc|uding presence of fi.fundamental multifractal indices CharaCteriZing asymmetri-
nite size effect (FSE), additive white or color noise, short- cal multifractal distribution of real-world data, is proposed.
term memory or periodicities in multifractal signals. Some The new model gives explicit relationships between the mul-
indices such asa may be meaningless if the whole range of tifractal indices and the parameters involved in the binomial
singularity functions cannot be accurately estimated. Thesdnultiplicative cascade processes. Moreover, the new model
indices have to be used with caution (Grech and Pamutals able to generate an asymmetrical multifractal distribution
2013). An understanding of the physical meaning of thesawith nonzero fractal dimensions of the extreme values at two
indices is essential for applications of these indices in geo€nds of the spectrum, i.ef (¢max) 7 0 and (amin) # 0. For
sciences for interpretation of geoprocesses corresponding t@implicity without loss of generality, we first introduce a 1-
the formation of multifractal distributions. In the current pa- D normal binomial multiplicative cascade model that leads
per, a five-parameter binomial multiplicative cascade proces$? @ symmetrical multifractal distribution and subsequently
is introduced to illustrate the links between these indices an@xtend it to a more general binomial model that leads to an
the processes involved in generation of the asymmetrical piasymmetrical multifractal distribution. Finally, several exam-
nomial multifractal distribution. In the next section, we will Ples are used to demonstrate the use of the new model. The
show how binomial multiplicative cascade processes can p&imilar discussions can be extended to 2-D multifractal mod-
used to derive explicit functions of these indices and demon-els.

strate how these indices are related to the multiplicative cas-

cade processes in the generation of multifractal distributions2.1  Normal binomial multiplicative cascade model and
symmetrical multifractal distribution

The simple version of de Wijs’ cascade model involves the

partitioning of each unit segment into two subsegments of
equal size. The concentration valyg f a quantity in the
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480 Q. Cheng: Multiplicative cascade processes and asymmetrical multifractals

unit segment can be written dsp for one half and1—d)-p and according to the relationship between the mass functions
for the other half (O< d < 1) such that the total mass is pre- and singularity functions, the singularity index and the fractal
served. The coefficient of dispersidns independent of seg- dimension spectrum can be derived as follows:

ment size. At the beginning of the process, the valug of 9 loaddd - 10a(1— d) (1— d)d

for the first segment can be set equal to unity! ¥ 0.5, the ;) = t(g) _ _log tlogd-a)d—d)

maximum element concentration value aftesubdivisions is dq log2[d9 + (1—d)?]

u=d", and the minimum value ig = (1—d)"; if d < 0.5, Elogd +(1—¢&)log(1—d)

the maximum and minimum concentrations are switched. - log2 ’ (11)
The general value of the concentration aftesubdivisions

can be represented as= d*(1—d)" %, where O<k < n. where we set

The number of segments with this valu i% .Inarandom £= dt (12)

: di+1—-d)?
cascade, larger and smaller values are assigned to segments

using a discrete random variable. The frequency distributionand
of the element concentrations at any stage of this process

logd? 1-8)l 1-d)?
is referred to a “logbinomial” because the logarithmically f (@) =a(¢)g —1(g) = —E 0gd” + (1= §)log( )

transformed concentration values satisfy a binomial distribu- log2
tion. The logbinomial converges to a log-normal distribution, log[d? + (1—d9)]
although its upper and lower value tails remain weaker than log2
those of the log-normal (Agterberg, 2007a). Due to its prop- _ Elogg+(1—-§)log(1-§) 13
erty of self-similarity, the model of de Wijs was recognized = log2 : (13)
as a multifractal by Mandelbrot (1989), who adopted this ap- _ _
proach for applications to the elements in Earth’s crust. Equations (11) and (13) are indeed the same as Eqgs. (7a)
Letk/n = &, the value ofu(&) = [d5(1—d)¥1"andthe and (7b). The following relation can be derived from
number of cells with size, = (1/2)"; u(§) isthenN(s,) =  EQs. (10)—(12)
n . : 2
c ) Therefore, the multifractal patterns generated by thlsaa )2, d9(1— dyd [Iog <%)]
cascade process contain many local maxima and minimaa— =32=" 5 <
with singularities expressed as follows (Feder, 1988; Cheng’? %4 log2[d? + (1~ d)?]
2005): This relation shows that the functian(g) is a monotonic
EINd)+1—&)In(1—d) decreasing function ant(q) a concave function. Similarly,
o=— In2 ) (7a) according to Eq. (6¢) the functiori(«) is also a concave
EINE+(L—&)In(L—¢&) function. For the monotonic function ef(¢) and concave
fla)=— o . (7b)  functions ofr(¢) and f(«), the following multifractal in-

dices introduced in the Introduction are meaningful and can

whereé& is a value with O< & <1. The fractal dimension pa qerived according to Egs. (10)~(13) as follows:

spectrumf (@) characterizes the dimension of the distribu-

tion of singularity. oy = @ (—00) = — log(d) e = o (00) = — log(1—d)
To discuss the property of multifractals generated by mul-~ " log2 = ™" log2
tiplicative cascade processes, we use moment notation to de- log[d (1—d)]
rive the functions involved in the general multifractal mod- a(0) = —ng,
eling. The partition function at various scales can be defined
as Aa = dmax— omin = log (1_d)/log 2,
n n
_ g™\ _ ko pn—k |4 n) . . 1 d
g o) =3 e o) (k) > | a—ar] (k Map =a(00) ~a(0) =~ 5log .
=[a"+a-a". @) Aup=a () (00 =5 log
Therefore, it can be rewritten as A J
_log[d9+(1-d)? R = Ao =1,
_ Log2 _ .t r
Xq (€n) = &n =g, ", 9) d1—d) 4 2
where the mass function is Ar=-t"(1) = [Iog( )} '
log2 1-d

_log [d9 + 1 -d)!] (10)  These relations show that both multifractality indices and

T(q) =
log2 At are related to the choice df As the valual approaches
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Q. Cheng: Multiplicative cascade processes and asymmetrical multifractals 481

0.5, the values of these indices reduce to zero, a#heH0.5,
then Ae =0 and At = 0. According to the fractal dimen-
sion, the sets with maximum and minimum singularity have
dimensionsf (amin) = f(emax) =0, and the set withx (0)
has the maximum dimensigf «(0)) = 1.

To further illustrate the functions of («) and«(gq), we
draw the curves of these functions with various moments . (q)
and dispersion values ef. For example, Fig. 1 shows the
results withd = 0.1, 0.3, and 0.45 and various ranges of
g. From Egs. (11) and (13) as well as Fig. 1, we see that
the distribution of a spectrum function is symmetrical and
has the maximum value of («) =1 at the middle range
of the «(0) value, which corresponds to the valge= 0.5
and ¢ = 0. This result indicates that the maximum dimen- -25
sion is 1 (1-D problem). From the curves in Fig. 1, we also (@)
can observe that as the dispersibincreases from 0.1, 0.3

to 0.45, the range of the value decreases and the curve 1.2
«(0) moves towards the left. From the distribution of the
function, we can observe that the rangexofalue increases 1
with the decrease in thé values ¢ < 0.5), but the range of
the momeny value decreases. Accordingly, the multifractal- 0.8

ity indices associated with these distributions are calculated

asAa =3.17, 1.22, and 0.29, andt = 0.272, 0.094, and /(@) 0.6
0.006, respectively. Each of the two sets of values character-

izes the decreasing level of multifractality of the three multi- 0.4
fractal distributions. These results also show that for a mul-
tifractal field with a large singularity and a large dispersion 0.2
rate the available range of moments is usually small, which

is a key consideration in estimation of multifractal distribu- 0
tions using moment methods. When multifractal models are o 05 1 1.5 225 335
applied to the real-world data it may encounter a problem for ®) ¢

estimating the full range of singularity, especially for the two rig 1. (a) Singularity functionsx(q) obtained from the normal de
extreme |_af9§ and small singularities due to limited resolu-\ijs model withd = 0.1 (triangles), 0.3 (diamonds) and 0.45 (dots),
tion or finite size of data. There have been some methods fofespectively. Value ranges gfare different for models with differ-

edge effect correction such as the effect-correction methoent values ofi. (b) The results of spectra functiorfg«) for differ-
proposed by Agterberg and Cheng (1996) and the gliding-ent values of/.

box method (Cheng, 1999b). The problem of finite size ef-

fects (FSE) is currently under intensive debate (Grech and

Pamuta, 2012, 2013). Therefore, some of the indices that inhate polynomial trends in time series data. More information
volve the values of extreme singularities and fractal dimen-about the MF-DFA and comparisons with other multifractal
sions at two ends, such g amax) and f (emin), andamax methods can be found in Kantelhardt et al. (2002). MF-DFA
and amin, May involve large uncertainties and they have to has also been extended to model 2-D sequence data (Rosas
be used with caution. From this point of view, the multifrac- etal., 2002; Gu and Zhou, 2006; Telesca et al., 2007; Telesca
tality indices based on curvatures of the functions, such asind Lovallo, 2011).

At, may be superior to others, such/s, based on the full

range of singularity. The former can be accurately estimate®.2 General binomial asymmetrical multiplicative

by means of low order moments suchc&®), t (1), andz (0). cascade processes and asymmetrical multifractal
Other factors affecting the accuracy of estimates of the multi- distribution

fractal indices include but are not limited to the noise or trend

mixed with the data. Several suggestions such as filtering ravirhe multiplicative cascade processes introduced in the previ-
data to reduce the mixing effects of raw data in multifrac- ous section involve symmetrical partition processes that gen-
tal modeling have been proposed for solving these types oérate multifractal distributions with symmetrical properties.
problems (Cheng, 2007b). Other frequently used techniquefn this section, we introduce an asymmetrical cascade pro-
include the multifractal, detrended fluctuation analysis (MF- cess that generates asymmetrical multifractal distributions.
DFA) (Kantelhardt et al., 2002), which enables one to elimi- Each partition divides the unit length intoequal segments

www.nonlin-processes-geophys.net/21/477/2014/ Nonlin. Processes Geophys., 2148772014



482 Q. Cheng: Multiplicative cascade processes and asymmetrical multifractals

andm1 of them received1(> 0) and m» receivesds (> 0) and
proportion of the mass in the previous segment, respec-

tively, wherems +mp2 < h. For a closed system with preser- £ (g, = Iogﬂ’
vation of unit measurefy +d> = 1. Otherwised; +do < 1 logh
ordy +dy > 1, corresponding to a loss or gain of mass dur-  (ctmin) = logm>
ing the cascade processes, respectively. Atthepartition, M ogh
the segment length will be, = (1/h)", the segments are log(m1 + m>)
subject tok times the segments with measutg/m; and f@@) = T’
n—k times the segments with measutg/m», and thus the f @) log(mi+m2)
measures of these segments age= (d1/m1)*(da/m2)" . Afr = =
S (@max) logmy

Therefore, the numbers of segments with will be N, =
(1 B , f(@(0) log(mi+mp)
m’im’; ( > and the partition function can be expressed AfL = F (min) = :

k logm
as
Therefore,
n
k, n—k [T
Xq (en) = Zﬂk (Sn)qmlmg (k> |Og(jl/ml)
k=0 2/m2
Ao =——>"""1,
- k n—k |9k n—k (1 logh
=Y [(dl/"u) (d2/m2) ] mym; (k) Af;  logma
k=0 Agp = = ,
. Lo o Afy  logmg
= [ml al +m; ng] ) (14) R Aap  a(0)—a(oco)  mp
 Aag  a(—o00)—a(0)  m1’
Zgom this partition function, one can derive the mass function . dido [ <d1/m1>]2
logh (d1+d)? dz/m2
1- 1-
log [ml qdii +mjy ng] Figure 2a and b show the curves fife) anda generated by
t(@)=- logh (15) the binomial multiplicative cascade processes with different
parameters for the partitions. It can be observed that the spec-
and further derive the singularity index functiary) as tra are asymmetrical, and the asymmetry index is equal to the
ratio of the two values:, andm1 or R = myp/m1. The fractal
glog(di/m1) + (1—&)log(da/m2) dimensions at the two ends of the spectra are related to the ra-
a(q) =— logh J (16) tio of the logarithmic transformation of values l@g )/ logh
and logm>)/logh, which do not always reach zero; as a
where matter of fact, these values reach zero onlyzif =1 and
my =1, respectively. The box-counting dimension (or the
mi g9 maximum value of the spectra) is related to the ratio of the
§=—1 ql 11 77" logarithmic transformation of the sum of the two scales and
my “dy+m; "d, the total segmenit, log(m1 + m2)/logh < 1; equality holds

) _ only if m1+ mo = h. Both multifractality indices A« and
From Egs. (15) and (16), we obtain the spectrum function asx ;) are proportional to the logarithmic transformation of
(d1/m1)/(d2/m2). Thus far, the multifractal indices are ex-
S|09<m%) + (l—$)|09<%) plicitly related to the parameters involved in the multiplica-
fly=a@q-1@ =~ logh - (I7)  tive cascade processes. Generally speaking, the larger the
values ofx(0), R, and Aa or At, the more complex the

The multifractal spectra and singularity Egs. (16) and (17)distribution, which has the consequences of stronger multi-

have the following properties: fractality, additional variability of the high values of measure
wu with positive singularityr < «(0) and spectra that bend to-
log(d1/m1) wards the right. These parameters can be used to mimic the
max = & (—00) = " logh asymmetrical multifractal distribution that could have been

generated by the binomial multiplicative cascade processes.
) The new model proposed in this paper is a general model
in comparison with they model, Koscielny-Bunde’s model
@ (0) = — 1 [mllog(dl/ml) +m2Iog(d2/m2)] and Macek’s model. For example, lettidg = p andd, =
logh mi+m2 1—p, andmi/h =mo/h = 0.5, the five-parameter model

log(d2/m>)
logh

Amin = « (00) = —

Nonlin. Processes Geophys., 21, 47487, 2014 www.nonlin-processes-geophys.net/21/477/2014/



Q. Cheng: Multiplicative cascade processes and asymmetrical multifractals 483

fractal indices and the parameters involved in the binomial
multiplicative cascade processes. Moreover, the new model
is able to generate asymmetrical multifractal distributions
with nonzero fractal dimensions of the extreme values at two
ends of the spectrum, i.ef(emax) # 0 and f (a¢min) # 0. In

the 2-D cascade model with anisotropic partition processes
(Cheng, 2005), instead of the same valua$ &fndd, for m1
andm subareas in the patrtition, it uses different valueg; pf

i =1,...,h, among subareas. Therefore, the five-parameter
model proposed in the current paper is a special case of the
2-D anisotropic cascade model (Cheng, 2005).

a(q)

5 4 3 9 -1 o 1 2 3 4 s 3 Procedure of the general five-parameter model for
(a) q mimicking the binomial asymmetrical multifractal
distribution

It has been shown that the multiplicative cascade model with
b the five parameterg, d2, m1, mp andh can not only gener-
ate asymmetrical multifractal distributions but also the multi-
08k fractal indices commonly used in the literature that can be ex-
plicitly expressed as a function of the five parameters. There-
) o6 fore, these indices, i.e., multifractality and asymmetry, can
be used to characterize the asymmetrical binomial multifrac-
tal distribution and the fractal dimension spectra. The proce-

0.4 r
dures are described as follows.
0.2 r
3.1 Stepl
0 0 05 . s ) 05 The values ofn1, mp andhi can be estimated using the fol-
(b) ' o ‘ lowing three characteristic points of the fractal dimension

spectra:
Fig. 2. (a) Singularity functionsx(g) obtained from asymmetrical
de Wijs model values af; = 0.1 andd, = 0.9 and different parti-  m; = ¢/ (@ma010gh

tionsmq =2, mp =6, andh =8 (dots),m1 =4, mp =12,h =16 — f(aminlogh
(diamonds) andni =8, my =24, and = 32 (triangles), respec- m2=e ’
tively. Ranges of; value are similar for all modelg¢b) The results h— %
of spectra functiory («) for different partitions with valug; = 0.1 =e¢

anddp = 0.9.

With the values of maximum fractal dimensigtia (0)) and

the dimensions at the two ends of the spegttamax and

~ f(omin), we can form iterations about as the objective
reduces to the stgndarpl model (MepeveaU ?”d Sreeni- fynction of input’z, which can be easily implemented in Mi-
vasan, 1987), which gives symmetrical multifractal spec-crosoft Excel. For each iteration, an input valuekofvill

tra with f(amax) =0 and f (amin) = 0. Koscielny-Bunde's  yje|q an output value of. The input value ofr with the
two-parameter model (Koscielny-Bunde et al., 2006) correé-neyyly calculated value of can be compared for decisions
sponds to a special case of the five-parameter model if lettingith respect to the termination of the iteration processes. An
di=a anddy=b, di+dz>1andmi/h=mz/h=1/2.  gdjusted value of, e.g., the average of the estimated and the
The model only involves two parametessandb, andAa = jnnyt values ofs, can be used as the new input/ofor the
log(a/b)/log2 andR = 1, and gives symmetrical multifrac- next step of the iteration. The iteration processes halt when
tal spectra with f (@max) =0 and f(amin) = 0. Similarly,  the input value of: is close to the output values bf Next,

Macek's three-parameter model (Macek, 2007) correspondgne other two values of 1 andm, are calculated accordingly.
to a special case of the five-parameter model if lettdpe: p

anddz =1- p, andmi/h =1 andmz/h =1,. The model 3.2 Step2

involves three parameteys /1, and/,. The five-parameter

model can not only describe asymmetrical multifractal spec-After the values of all three parameterg, m andh are

tra but also gives explicit relationships between the multi- estimated, the following relationships are used to determine
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the values ofl; anddo: 0 ol
dl — e*mlamaxbgh 0.8 08}
d2 — e—mzotmin|09h . f(a;m fla) 061 {
0.4 04+ \‘

To illustrate the application of the five-parameter binomial . w2 b
multiplicative cascade model, in the next section we intro- . . L

. . . 0 1.0 2.0 3.
duce several examples. The fractal dimension functions cale % ** *¢«% ' 12 M o !

culated and published in the literature are reanalyzed using
the five-parameter model.

flar)

4 Application examples

4.1 Example 1: de Wijs’s zinc values

De Wijs (1951) studied assay values from the Pulacayo ’
sphalerite-quartz vein in Bolivia. These data have beerFig. 3. Results showing fractal dimension functions (dots) calcu-
analyzed using multifractal modeling and spatial analysislated by previous authors published in literature and fitted by the
(Cheng and Agterberg, 1996). It has been shown that thesfive-parameter binomigl multiplicative ca.scade. model proposed in
data can be approximated using a binomial multiplicativethe current paper (,SOI'.d linefa) Fractal dimensm_n spectrum cal-

cascade model. The results of Cheng and Agterberg (199 ulated for de Wijs's ZIne vaiues by_m_ean_s of gliding-box methc_:d
will be further analyzed in this work by means of the five- (Cheng, 1999b) and binomial multiplicative cascade model with

. . Co mi1=1mo=11 h=21,d; =0.38, andd, = 0.63. (b) Fractal
parameter binomial multiplicative cascade model. Chengdimension spectrum calculated for the energy transfer rate in the

(1999b) applied a gliding-box multifractal method to calcu- sqjar wind turbulence at solar minimum (2006) fitted by the model
late the fractal dimension spectra of the distribution of de proposed by Szczepaniak and Macek (2008) (dashed line). The red
Wijs’s zinc values (Fig. 3a). The range of order of momgnt solid line fitted by the five-parameter binomial multiplicative cas-
was between-20 and 20. The estimated values fofx) are cade model withmy =1, mp =1.74, h =274, d1 = 0.738, and

given as follows: do = 0.292.(c) Fractal dimension spectrum calculated for time se-
ries of synthetic earthquakes by Mufioz-Diosdado et al. (2004) and
amax=1.30, amin=0.75, f(x(0))=1.00 binomial multiplicative cascade model withy = 7.17,m = 1.54,
f@ma) =0, f(amin) =0.13, «(0)=1.013. h=871,d1 =0.779, andd, = 0.226.(d) Fractal dimension spec-

trum calculated for human posture data by wavelet transform mod-

According to the iteration method introduced in the previousUlus multifractal method (WTMM) (Shimizu et al., 2002) and bi-

section, we can estimate the values of five parameters as  "°™Mial multiplicative cascade model withy = 1.219,m2 = 1.00,
P h=2.69,d; = 0.728, anddy = 0.276.

h=21 mi=1 mpy=11

d1=0.38 dy=0.63. . .
(2001) and minimum (2006) at 1 AU. The results obtained

Therefore, show the asymmetrical multifractal nature of the different
states of the solar wind. For comparison purposes, the fractal
Aa=075 Ar=0033 andR=1.1. dimension spectra for the solar minimum (2006) at 1 AU are

fitted using the five-parameter binomial multiplicative cas-
cade model. Based on the visual determination from the frac-
tal dimension spectrum of solar minimum (2006) in Fig. 3b,
the characteristic values gf(«) are estimated as follows:

The curves off (@) based on the model with these five val-
ues are superimposed on the curvefok) estimated by the
gliding-box multifractal method (see Fig. 3a). The results in-
dicate that the distribution is multifractal and is close to sym-
metrical.

Omax = 177, Omin = 030, f(ot(O)) =1.00
4.2 Example 2: Szczepaniak and Macek’s solar wind f(amax) =0.55, f(amin) = 0.00.

data

. ) Accordingly, the values of the five parameters are estimated
Szczepaniak and Macek (2008) modeled solar wind turbu-s foliows:

lence using an asymmetrical multiplicative cascade model
based on a two-scale weighted cantor set with experimen-
tal data from solar wind measured in situ by the Advanced
Composition Explorer spacecraft during the solar maximumd1 = 0.738 dz = 0.292.

h=274 mi=1 my=12174
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Therefore, 4.4 Example 4: multifractal analysis of human posture
data by Shimizu et al. (2002)
Aa=1.469 At=0.198 andR =1.74. o .
Shimizu et al. (2002) analyzed human posture data using a
The curve fitted by the model with the five values above isWavelet transform modulus multifractal method (WTMM)

superimposed on the results obtained by Szczepaniak and/uZy et al., 1991). This group proposed a vector of three
Macek (2008) (see Fig. 3b). It can be observed that the moddultifractal indices as a measure of the complexity in hu-
fits the data well. The values estimated for multifractality M@n standing data. Figure 3d shows an example of a fractal
and symmetry are slightly different from those obtained by spectrum obtained by Shimizu et al. (2002, Fig. 4d) fr.om real
Szczepaniak and Macek (2008). The discrepancy is primar_sta_ndln_g data from a randomly selec_ted healthy subje_ct. The
ily due to the differences in the fractal dimensions at the &Stimations off () were calculated with the value ranging
right end of the spectra. It is noteworthy that the model thatT™0m —10 to 10. Based on visual determination of the frac-
Szczepaniak and Macek (2008) used to fit the data with thdal d|menS|o!’1 spectra in Fig. 3d, the characteristic values of
curve reaches zero at both ends, whereas the curve fitted bfy(®) are estimated as follows:

the new model reaches zero only at one end but not at the

other end. The results also indicate that the distribution has ~@max=0-52 amin =1.28, f((0)) = 0.805

strong multifractality and a left-skewed asymmetry. It should ./ (@max) =0, f (amin) = 0.2.

be mentioned that the spectra curve shown in Fig. 3b was es- . ) .

timated with the; value ranging from-2 to 8. This indicates Accordingly, the values of five parameters are estimated as
that the values Ofimin and f (amin) on the left end off (@)  TolloWs:

are estimated with less uncertainty, whereas the values on th% — 269 my=1 my=1219

right could involve large uncertainty due to a small range of
negativey value. d1=0.728 dy=0.281.

4.3 Example 3: time series of synthetic earthquakes Therefore,

(Mufioz-Diosdado et al., 2004) Ao =076, At =0.118 andR = 1.219.

Mufioz-Diosdado et al. (2004) modeled the time series OfThe results show the data depict strong multifractality and a

synthetic earthquakes using multifractal distribution with left-skewed asymmetry. The maximum fractal dimension of
theoretical spectra generated via multiplicative processesy, o spectra is 0.806< 1)' which corresponds taig + ma =
This group found that the time series of synthetic earth-2 219< 269 ' '

quakes depicts multifractality, and the multifractal spectra

can be asymmetrical. The asymmetrical multifractal distribu-

tion was calculated with high accuracy by Mufioz-Diosdado5 Conclusions and discussion

et al. (2004) with they value ranging from-30 to 30. The

results were fitted using the five-parameter model. From vi-It has been demonstrated that the five-parameter binomial
sual determination of the fractal dimension spectrain Fig. 3cmultiplicative cascade model proposed in the current paper

the characteristic values ¢f(«) are estimated as follows: can be used to simulate the generation of an asymmetrical
multifractal distribution. In addition to the explicit relation-

amax= 1.024 omin = 0.886, f(a(0)) =1.00 ships found between the parameters involved in the binomial

F(omad = 0.9, f(amin) = 0.2. multiplicative cascade processes, the commonly used mul-

tifractal indices, i.e., multifractality, asymmetry, and fractal
gimensions of high and low values, provide insight into the
physical meaning of multifractal indices, which are intuitive
for the use of multifractal modeling of real-world data. The
theoretical discussions were followed by case studies with
published data in the literature that have also shown that

Accordingly, the values of five parameters are estimated a
follows:

h=8.71 mi1 =717, mp=154

d1=0.779 dp=0.226. the five-parameter model is superior to other models such as
Macek’s model for the following two reasons: the new model

Therefore, provides explicit relationships between the parameters in-
volved in the binomial multiplicative cascade processes and

Ao =0.133 A7 =0.003 andR =0.214. multifractal indices, and more importantly, the new model is

able to generate more general asymmetrical multifractal dis-
The results show these data depict weak multifractality withtributions, e.g., nonzero fractal dimensions of the high and
a strong right-skewed asymmetry. low values,f (@max) > 0 andf (emin) > 0. It should be noted
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that although the binomial multiplicative cascade processe£heng, Q.: Multifractal distribution of eigenvalues and eigenvectors
can generate asymmetrical multifractal distributions, certain from 2D multiplicative cascade multifractal fields, Math. Geol.,
multifractal distributions are due to other complex processes 37, 915-927, 2005.

for which binomial multifractal models may not be applica- Cheng., Q.: Multifractfal imaging filtering e}nd decomposition meth-
ble. The other weakness of the general binomial model is that ©9S in space, Fourier frequency, and eigen domains, Nonlin. Pro-
because the five parameters are estimated based on a multi-C6536S Geophys., 14, 293-303, H0/5194/npg-14-293-2007

. . . 2007b.
fractal distribution estimated using other types of methods,Cheng] O.: Mapping singularities with stream sediment geochemi-

the accuragy of the 'pa_ram.eters may be_aﬁeCted by _the estl- cal data for prediction of undiscovered mineral deposits in Gejiu,
mated multifractal distribution due to various factors includ-  vynnan Province, China, Ore Geol. Rev., 32, 314-324, 2007a.

ing FSE bias and miXing trend in the real data. NeVerthelesscher]gl Q Non-linear theory and power-]aw models for informa-
the model proposed in this paper is applicable to simple mul- tion integration and mineral resources quantitative assessments,
tifractal distributions commonly estimated from geoscience Math. Geosci., 40, 503-532, 2008.

data sets. The explicit relationships between the multiplica-Cheng, Q.: Multiplicative cascade processes and information inte-
tive cascade processes and the basic multifractal indices are gration for predictive mapping, Nonlin. Processes Geophys., 19,
useful for understanding the physical meaning of multifrac-  57-68, d0i10.5194/npg-19-57-2012012. _ _
tal indices although the multifractal distribution might not Cheng. Q. and Agterberg, F. P.: Multifractal modeling and spatial
be generated by binomial cascade processes. However, othg statistics, Math. Geol., 28, 1-16, 1996.

. . : . . iy Leng, Q. and Agterberg, F. P.: Singularity analysis of ore-mineral
properties of the generalized binomial multifractal distribu and toxic trace elements in stream sediments, Comput. Geosi.,

tion such as spatiotemporal stationarity, lacunarity and vari- 35, 234-244, 2009.

ability remain for further investigation. Cheng, Q., Agterberg, F. P., and Ballantyne, S. B.: The separation

of geochemical anomalies from background by fractal methods,

J. Geochem. Explor., 51, 109-130, 1994.
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