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Abstract. Recent theoretical studies of the nonlinear wave-mechanisms relying on radial transport alone as well as those
particle interactions for relativistic particles have shown thatthat rely on internal mechanisms such as wave-particle in-
Landau resonant orbits could be efficiently accelerated alongeractions and recirculation models (see, é=ggdel et al.
the mean background magnetic field for propagation angle2002and reference thereiAlbert, 2002 Shprits et al.2006
6 in close proximity to a critical propagatiof associated Summers and Omur2007). Radial transport is often de-
with a Hopf—Hopf bifurcation condition. In this report, we scribed as a diffusion mechanism driven by the fluctuations
extend previous studies to reach greater modeling capacitieis the large scale magnetosphere electric and magnetic fields.
for the study of electrons in radiation belts by including lon- As the particles spread from the outer magnetosphere to
gitudinal wave effects and inhomogeneous magnetic fieldssmaller equatorial radial distancds, the first two adiabatic
We find that even though both effects can limit the surfatroninvariants are conserved while the third one is violated, re-
acceleration of electrons in radiation belts, gains in energy ofulting in an increase of energhiflsrud, 2005. On the other
the order of 100 keV, taking place on one tenth of a millisec-hand, local wave-particle interactions, and other local mech-
ond, are sufficiently strong for the mechanism to be relevantanisms accelerate patrticles already present in the inner mag-
to radiation belt dynamics. netosphere. Even though it is accepted that radial diffusion
is an important transport mechanism, particle energization
on time scales shorter than the drift period predicted by ra-
dial diffusion has lead to hold wave-particle interaction re-
1 Introduction sponsible for a number of observables. Events occurring on
time scale of days are believed to originate from electromag-
The following report aims at extending a theoretical model petic cyclotron waves and whistler waves through pitch an-
for wave-particle coherent interactio®¢mane and Hamza  gje scattering, whereas the more intense and monochromatic
20123 Osmane and Hamza012)) to characterize electron  chorus waves are believed to be the source of the strong en-
dynamics in the Earth’s radiation belts. Electrons with en-ergy increase occurring on the shortest time scaligashi
ergies in the MeV range have been frequently measured it a). 2002 Thorne et al. 2005 Albert, 2002 Summers
the inner and outer component of the radiation belt. An in-gnq Omura2007). More recently, observations of peaks of
crease in relativistic electron flux observed for short time phase space density, in contradiction with inward radial dif-
scales (from few hours to few days) and in correlation with fysjon, have shown that wave-particle interactions are dom-
an increase of magnetic activity during the recovery phasgnant mechanismsQreen and Kivelsor2004 Horne et al,
of geomagnetic substorm&riedel et al. 2002 O’brien et 2005 Chen et al.2007).
al, 2003. Not only relativistic electrons constitute a threat  aside from the outstanding problem of flux enhancement
to satellites and spacecrafts in orbit, but their production hasgf relativistic electrons in the radiation belt, wave-particle in-
to be understood in order to account for the magnetospherigeraction could also be proven to hold a decisive role in a

energy budget. Thus far, numerous theoretical models havgymber of other magnetospheric problems. Among them lies
been proposed. They can be grouped into two categories:
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the generation of relativistic electron microbursts observed in
association with VLF chorus wavekdrentzen et a).200%;
Summers and Omuy2007 Omura Hikishima et a].2010 1
as well as precipitation rates of electrons entering the loss 0.8
cone in pitch angle. ’
Perhaps more importantly, the most recent waveforms _ o2
measured in the radiation belts have revealed additional mo5 0
tivating reasons to consider the wave-particle interaction as” :g:i
a dominating energy-momentum exchange mechanism in -o06
radiation belt problems. Large-amplitude, monochromatic, ‘Oj
obliquely propagating, and bursty waveforms were not only 2
repeatedly measured in the radiation b€latell et al, 2008
Kellog et al, 201Q Kersten et al.2011;, Wilson 1ll et al,
2011, but appeared correlated with electron energization
(Wilson 11l et al, 2011) as well as relativistic microbursts

events Kersten et al.2011). The correlation between cho- Fig. 1. Electromagnetic field configuration. A circularly polarized

rus waves and electron energization in the radiation belts i§yaye propagating obliquely to a background magnetic fgjevith
not recent, but it is suspected that if such waveforms werey |ongitudinal component.

more commonly present in the radiation belts they could be
the dominant trigger responsible for the energization of elec-
trons on short timescales. A study ¥yon (2011 has shown  direction superposed onto a background magnetic Bglith
that if one solves the plasma equations self-consistently, sucthe (7, z) plane:
waveforms were indeed capable of accelerating electrons o
kinetic time scales consistent with the observations. Eve (. 1) =8 Eem(x, 1) + 8 Ei(x, 1)
though our study lacks the levels of self-consistency pro-B(x.7) = Bo + §B(x, ). (1)
V'ded. by the numerical method de_zvelope_d‘i_j;on (201])’_ We write the longitudinal component as a function of param-
we will show hereafter that we arrive at similar conclusions .
; ) X . etersny and ¥ as follows:
if we choose parameters consistent with the radiation belt-
measured waveforms. SEi(x,1) = nSEsintkz — ot + V)3. )

The large-amplitude wave forms are observed with a lon-
gitudinal component and the analysis above needs to be corFhe parameter; quantify the amplitude of the longitudi-
ducted with the addition of this compressive electric compo-nal component of the wave with respect to the electromag-
nent. Whereas the addition of the electrostatic field with thenetic component. Setting= 1 would therefore result in hav-
same phase as the electromagnetic components of the fieldsg equal electric field amplitudes parallel and perpendic-
would result in the same condition for the surfatron process, allar to the wave vectok. Settingn =0 recovers the case
difference in phase would shift the Hopf bifurcation and havetreated inOsmane and Hamz2012). The parametew is
non-trivial effects that need to be scrutinized. Moreover, ra-a phase difference between the longitudinal component and
diation belt electrons are confined in the magnetic field of thethe transverse component. It is added for the sake of com-
Earth, and one must take into account the effect of field in-pleteness. The dynamical system equation is therefore not
homogeneities. We therefore proceed in this in this report byfundamentally modified. The difference resides in the addi-
modifying a previously derived dynamical syste@®sfnane tion of an electric field component along theomponent of
and Hamza20123 to allow a study of relativistic electrons the Lorentz force. It is easy to show that the dynamical sys-

Im(A) “2 -15 0

in radiation belts. tem takes the following form@smane and Hamz20121
(see Appendix for detailed derivation of the purely transverse
case):

2 Longitudinal effects P = Qop), cos0) — Q1 p, coskz) + Qo (pl + pg) sin©)

py = —Qop; €oO) + Q1 p; sin(kz)

./ ’ . 2_ , ;o ,
We follow the procedure described @smane and Hamza | Pz = ~Px$0SIn®) + @5 (p*' Cof(k“ — py sintkz )) ©)
(20123; Osmane and Hamz2012h for the derivation of — L Qunp) sinkz’ + W) + Q17527 py sink’ + W)
a dynamical system to study the interaction of an ion with L& = pve/pe
an obliquely propagating wave composed of a transverse and ] By 5B
longitudinal component. As shown in Fig. 1, the electromag-for the dynamical gyrofrequencie® = ;7% and€21 = 7575,
netic wave is composed of a transverse component alongelativistic momentunmp; =my v;, refractive indexn = -,
the &, y) plane and a longitudinal component along the phase speeds =w/k and dots indicating time derivatives.
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The time evolution of the dynamical gyrofrequency can thenof the fixed point. In order to do so we linearize the

be written as: dynamical system and assume a perturbation of the form
4
dQ —Qo ) ot . . . . .
0 _ 0821 po (p, costk?) — p', sin(kZ) Z & e’i', for which an imaginary eigenvalue translates into
dt m2 y2C2 X y i=1

N , marginally stable orbits, negative eigenvalues into linearly

+1(pp + ) sinkz’ + w)). (4)  stable orbits, and positive eigenvalues linearly into unsta-

We can now proceed by studying the dynamical system prop]-?Ie grb|t§. CO_”;E““”? thirelsultmga].ac?blan evalu?te dd ";t the
erties in terms of the fixed points and their stability as well xed pointJ = 7, [ for the longitudinal case, we find the

as the dependence on wave parameters such as wave obliff/lowing matrix:
uity & and normalized wave amplitud =8B/Bg. More

. ) 0abO
importantly, we would like to know whether the surfatron c g 00
acceleration mechanism, the processes by which a particlé = 400e

is trapped along the wave vector and accelerated uniformly 00f0

along the background magnetic field by the parallel electric

field (Osmane and Hamza012h, is also available when & o the parametersy, 5, = "2<, 9 andy:
longitudinal component is added. The surfatron is a trapping ¢Bo

effect, and is therefore only achievable if a parallel electric cos®) tan(9)2

field of sufficiently large amplitude is present. If the propaga- ¢ = 5270 ( T2 1> (6)

tion of the wave is parallel, the parallel electric field is zero, . )

and neither trapping along the wave vector nor acceleration) _ Fo1 + sin@®) 7 — @

along the background magnetic field is possible. We there-" — 8270

fore assume that the longitudinal component can for various cog6)

parameters either enhance or destroy the surfatron. c=- 5270 (8)
A quick look at the dynamical system (E8). shows that 24 1

the fixed point for the electromagnetic case, € p, =0, d = (_ sin@) & § n ; ) = 9)

Py =—py tan®), kz'=0) exists forw=0. For ¥ #0 no n 3270

fixed points exist. Hence, one would expect the accelera- s1n?—1

tion mechanisms associated with Hopf—Hopf bifurcation to¢ = :Fg n2 (tan®) +n) — 2 (10)

be available for sufficiently large wave amplitude capable of 5

;crapplng_ whenb =0. Whenever 0, one can think of the f= 1 _ \/1 _ Yy (1 + tark(®)). (11)

ongitudinal component as a perturbation to uniformly accel- Y0 c?

erated particles (orbits). Hence, particles (orbits) could still . , .
be energized, but the longitudinal component could break theOnce again the dark and correspond to the fixed points

locking eventually. Additionally, if the longitudinal compo- components fofZ = (0,7), thatis the upper sign fof =0 and

nent of the wave, for given parametersind W, cancels the the Iower.one.f0|Z - Hence,lall four f|>§ed p0|_r?ts are rep-
parallel component of the electric field with respect to the resented in this Jacobian matrix and their stability can be an-

background magnetic field due to the electromagnetic Com_a!yzed by choosing the right symbols. In Ord?r FO find the .
ponent, no uniform acceleration should take place. This Con_e|genvalues, we need to solve the characteristic polynomial

dition can be written as follows: given by the following expression:

. 2
FoL+Sin0) 57—

SE - bg = —8E, Sin@) + 8 E; cogo) = O. (5) - S0 (1 - 22r) -

x() = | "&%w ) - s
Setting ¥ =0, one finds that this condition translates to (—sin®) £ 8:7252) 51 0 F 322 ano) +n)
n=—tan®), for which neither trapping nor uniform accel- 0 0 ® —*

eration should be possible. We therefore expect the lack of a A it laeb its in the followi bi-quadrati
parallel electric field component to translate into unstable or- e a.ge fa results in the ftoflowing bi-quadratic
bits for linear perturbation around the fixed points. In the nextSXPression:

section we apply the stability analysis to the dynamical sys-
tem (Eq.3) for the fixed point p;. = p, =0, p}, = —p, tan@),

kz' =0). with the valueg1 and¢, given by the following expressions:

X)) =24+ ar?+ =0 (12)

2.1 Stability analysis

We now proceed similarly as for the electromagnetic case 1The fixed points are located by setting the four equations of
(Osmane and Hamza012h to quantify the linear stability = motions as zero and resolving the remaining algebraic equations.
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Fig. 3. Orbit for parameterg; =0.1,v4 =0.33c, § =—31°,8,=0.1

for n > —tan®) (right panel) and) < —tan(®) (left panel). A tran-
sition from untrapped to trapped orbit is observed as we evolve the
parameter.

Fig. 2. Eigenvalues’ dependence on the propagation aédfer
fixed parameterg; =0.07,5,=0.21, n2= 2,7=0.9 and the fixed
point of componentZg=0. A Hopf-Hopf bifurcation takes place
for tan@:)2=n%2—1 and a second bifurcation takes place for
n=—tan(9), Corresponding to anull para||e| electric field. The fixed NoOw investigate the nonlinear effects of the Iongitudinal com-
point is stable foW < 6; andn > —tan@) and unstable foé > 6¢ ponents on the surfatron process for various parametams

andn > —tan(®). v
2.2 Landau resonant orbits
_ 0L ey + )
= S2y0 n? ( 7 In this section we determine whether the addition of the lon-
1 n2_—1 ) gitudinal component enhances or prevents the uniform accel-
+ 52,2 <51 —z T 1324 5'”(9)> eration for orbits caught in the basin of attraction centered at
270 ) Landau resonance. As noted in the stability analysis, a Hopf—
6= 8 ont -1 (sin(e) cos6) + ncos(@)z). Hopf bifurcation does indeed take place when a longitudinal
3 2 component is added. The main difference in the linear stabil-

ity around the fixed points resides in the addition of a par-

One can compare the Jacobian matrix as well as the charagy e gjectric field capable of canceling the electromagnetic
teristic equation for the purely electromagnetic case with thecomponent parallel to the background field. Hence, when-

e>_<pressions a_lbove for an a(_jd_itional_longitudinal _componen%vem = _tan(9), the parallel component of the electric field
with W =0. Itis clear that minimal differences arise, as de- s ;arg and the surfatron process cannot take place. Indeed,
noted in the appearance of a factoroin the Jacobian and  \,osing the parameterto coincide withv/z2 — 1 results
the pharacterlstlc equgtlon. The charaqtensnc equatlon once, reducing the Hopf—Hopf bifurcation to a single Hopf bi-
again has four roots given by the following equation: furcation (one pair of imaginary eigenvalues crossing the real
plane instead of two pairs). For such a parameter the surfa-
-1+ /;12 — 42 tron process is not expected to be applicable because a paral-
+ 5 . (13) lel electric field causing the uniform acceleration is now set
to a null value.
Figure 2 shows the dependence of all four eigenvalue solu- Figure 3 shows two orbits fom > —tan(®) (in the right
tions for typical parameters relevant to space plasmas on thpanel) and; < —tan(®) (in the left panel). A transition from
propagation angle. It is clear that the Hopf—Hopf bifurcation untrapped to trapped orbit is observed as we evolve the pa-
takes place once again for parameters resulting in0. That  rametern. For n=tan@) the particle located sufficiently
is, whenever parameters are such thét 1=tarf(9), the  close to the fixed point (Landau resonant velocity) is trapped,
fixed point evolves from marginally stable to linearly unsta- but small perturbation results in untrapped orbits.
ble when we add a longitudinal component wijtk= 0. Addi- In Fig. 4, the four panels represent a seeded particle with
tionally, a second bifurcation takes place when—tan®). energy of the order of 100 keV but fér=40° (up and left),
Settingn = —tan(®) in the coefficientg, andss resultsinthe 6 =55° (up and right),0 =70° (down and left) and =85
following characteristic equation? 4+ ¢; 22=0. Withz1 > 0 (down and right). The particle gains a maximum amount
for 81 ~ O(1), itis clear that two eigenvalues are null and two of energy for6 =70°, which corresponds to a propagation
eigenvalues are imaginary. As noted in the previous sectionangle close tod. and to the surfatron process. The lon-
this expression denotes a null parallel electric field result-gitudinal component for parameteds=0.045,v4 =0.33c,
ing in the destructive interference of the parallel longitudinal n =—1, ands; =0.1 enhances the parallel electric field com-
component and the parallel electromagnetic component. W@onent and results in smaller range of valuesiir B/ Bg

A1234 =
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Fig. 4. Orbit for parameterg; =0.045,v5 =0.33¢, n=—1,8,=0.1
andd = 40° (up and left)p =55° (up and right)p =70° (down and
left) andd = 85° (down and right). Each case is seeded with a parti-
cle of energy of the order of 100 keV. The particle gains a maximum
amount of energy foé =70°, which corresponds to a propagation
angle close t@c. The longitudinal component can enhance the par-

allel electric field component and result in a smaller range of valuesR

81 =8B/ By for which the surfatron process is accessible. In this
case the ratiéq ~ 4 %.

119

section by suggesting that the large-amplitude electromag-
netic waves observed in the radiation belts can energize par-
ticles efficiently on kinetic time scales for propagation an-
gles close to the critical Hopf—Hopf bifurcation valag If

the propagation angle is not sufficiently close&¢pthen the
particle will just oscillate back and forth in the potential of
the electric field and no significant gain in energy should be
observed. We now proceed in the next section by quantifying
the inhomogeneous effects on the surfatron herein described.

3 Inhomogeneous magnetic field effects on the

surfatron

In this section we want to include the effects of a non-
homogeneous magnetic field on the acceleration process de-
scribed in the previous section. We first discuss the motion of
a particle in an inhomogeneous magnetic field with no wave-
particle interaction. We then provide an approximation for
the time scales for which inhomogeneous effects can result
in surfatron breaking and a discussion on numerical integra-
tion of a particle trajectory interacting with a large-amplitude
electromagnetic wave in an inhomogeneous magnetic field.

3.1 Particle orbits in an inhomogeneous magnetic field

elativistic electrons trapped in the radiation belts bounce
back and forth along the (approximately) dipolar magnetic
field of the Earth. Before addressing the more complicated
motion of relativistic electrons bouncing back and forth in

the Earth’s magnetic field and at the same time interacting

for which the surfatron process is accessible. In this casevith an obliquely propagating wave, we would like to quan-
the ratios; is of the order of 4 %. This order of magnitude tify the impact of the magnetic field inhomogeneities on the
for the electromagnetic wave component is comparable tgelativistic motion. Assuming that the magnetic moment
large-amplitude bursty waves observed in the radiation belts
(Catell et al, 2008 Kellog et al, 201Q Kersten et a].201%;
Wilson Il et al, 2017).

However, before concluding that the longitudinal compo-
nent preserves the surfatron mechanisnéferd;, we need
to evaluate the effects of the phase differedceln Fig. 4

B pi . mc?(y? — 1) sin(a)?
T 2B 2B
is an adiabatic invariant, we can derive the forces due to the

magnetic field inhomogeneities as follows.

The magnetic for rpendicular to the magnetic field can
the parametew has been set to zero. Yet, whén# 0, the e magnetic force perpend cu'a tothe mag E'Tt ¢ field ca.

: : . be deduced from the conservation of the magnetic moment:
dynamical system possesses no fixed points and the acceler-

ation observed _for t_he surfatron process should not arise unip | — 1y uB/p, .
formly. Panels in Fig5 show particles fom =1, §1 =0.06, )
82=0.1,n2=9, andd = —71° and three different values for Replacingu in terms ofB andp, andB =v; V B, we find

W =—7/4,0 andr/4. It is seen that depending on the phasethe following expression for the force perpendicular to the
difference, the surfatron process can still take take place fomagnetic field:

sufficiently long time to energize the particle. As for the
purely electromagnetic case, a charged particle in this fieldy
would gain a significant amount of energy (from keV lev-

els to MeV) on small kinetic time scales ~0.1Q07 ~10.  ysing the above equation and assuming that the energy of the

Hence a particle can be energized in such a field on timéarticle is conserved to first order infor a particle moving
scales of the order of the 1/100 of a second for a wave, an inhomogeneous magnetic field, we can write:

frequencyw ~ 3kHz. Since the acceleration takes place on
very small time scales, inhomogeneous effects should noyy = pypy + pLp1L =0.
prevent the mechanism entirely. We therefore conclude this

(14)

(15)

_ pipLViB

16
2m By (16)

(17)

www.nonlin-processes-geophys.net/21/115/2014/ Nonlin. Processes Geophys., 2112552014



120

A. Osmane and A. M. Hamza: Radiation belt surfatron acceleration

44

!
s 3j 35
3 28
T 25 T, 725
2] 11 2]
15 15} 153
i i 1
0 15 20 10 20 30 40 5 10 15 20
T
4
4 : =
35 3 =g 3'; -
3 f =
Yas 25 St Y25 =
> y L 2 ==
15 = 15 : 15 i
13 ‘ y ; 14760 ’
15, 1.1 P -G, 02
1.7 0.504 1355 LS 0.4
® " 20770677 P T i ELTRRL o
U =—7/4 =0 U =7/4

Fig. 5. Effect of the phase angl¢ for the longitudinal component on the surfatron process for parameters0(06, 5

=0.1,n2=9,

6 =—71°). The phase angle for a given paramejeetermines whether the longitudinal parallel component is enabling or breaking the

locking of particles into the surfatron.

Therefore, the equation of motion in the parallel direction Replacing the solution fayj in the above equation provides

can be written as:

=—pLp1/p|
piV|B
2mBy

= —/LV” B.

P

(18)

Settingy =1 in Egs. (8) and (L6) recovers the expressions
for non-relativistic particlesRell and Inan 1981). We can

for a complete solution for the particle motion in the inho-
mogeneous field3(s) = Bo(1 + %sﬁ/RZ). We see that the
particle oscillates back and forth along the parallel direction,
while the perpendicular momentum increases as the particle
reaches regions of larger magnetic field strength correspond-
ing tos; ~ R.

3.2 Surfatron breaking due to inhomogeneous B field
effect

show that similarly to the non-relativistic case, the conserva-

tion of magnetic moment results in magnetic trapping. As-Numerous effects can cause the breaking of the surfatron pro-
suming a slab geometry for the magnetic field as shown incess: dispersive wave effects, dissipation of the wave ampli-
Eq. 6) for z~ s, i.e., the component along the parallel co- tude, inhomogeneous magnetic fields damping the acceler-

ordinate, and the magnetic field of the fos|) = Bo(1 +
%sﬁ/RZ) to mimic the dipolar field, for whichR is equal
to the Earth’s radius, we can solve both Eds)(and (16).
Hence, replacing the expression ®¢s;) in Eq. (L8) results
in the following equation:

d2S||
dr?

(19)

ation along the field line, or simply the result of precipita-
tion into the atmosphere. Because of the slow time scales
upon which the surfatron process becomes interesting to sus-
tain particle precipitation, and since other effects would take
place on longer time scales, we now focus solely on the in-
homogeneous effect. That is, we want to obtain time scales
for which the surfatron would not be prevented by field
inhomogenetities.

The surfatron results in the parallel acceleration of a par-

The solution of the above equation is therefore of the formticle caused by the parallel component of the electric field.

S| ~cos(\/9’;7B°t) Replacing the expression for the mag-

netic field in Eq. 16) for the perpendicular momentum, we
find the following differential:

d 9
i _ 7 (sf) (20)
pL  2R?
with a perpendicular momentum solution
9 2
pi = proelzd). @)

Nonlin. Processes Geophys., 21, 11825 2014

As demonstrated in the previous section, magnetic field in-
homogeneities result in ax V B force that can reduce the
surfatron process, in the same way that the parallel elec-
tric field from a longitudinal component can prevent parallel
acceleration. Hence, whets E| ~ 1V B, parallel accelera-
tion becomes marginal. This condition translates as follows:

QoR
y02 — 1) sin(ag)? ¢

5| %
R n (

(22)

www.nonlin-processes-geophys.net/21/115/2014/
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Fig. 7. Orbits for parameter$; =0.01, vy =0.33¢, §,=0.1 and
Fig. 6. Slab geometry for the dipolar magnetic field. 0 =71.9. The left panel shows the perpendicular component of mo-

mentum Py against the perpendicular positioh The right panel

shows the parallel component of moment&#magainst the parallel
for the parameters; =8 B/Bo and n=c/v,, the gyrofre- positionZ. Initially the para_lllel component of momentum in(_:reases
quency Qo=e Bo/mc as well as the pitch angleg and because of surfatron, until theu VB force becomes sufficiently

Lorentz factoryy of the particle at the equatorial region. strong to break the trapping due to the parallel electric field. The
Settingn =3, 81~ 0.01, R ~ 6000 km, Qo ~ 3 x 10* for a particle gains energy of the order of 76 keV during the process.

particle with an initial energy of the order of 100 keV and

pitch angle of 45, we finds; ~ 10* km. Therefore, we can as the particle propagates along the field line and away
conclude that a particle would gain energy of the order offrom the equatorial region ~0. We can then write the
W ~ed E) s, which corresponds to a gain in energy of the dynamical system in terms of the variables ( py, pz, z,
order of 100 keV for an electron interacting with an electric y Qq=¢ By/myc, Q1=e8B/myc) and the functiong(z)
field of 1200 mV nr. This approximation is comparable to andg(y, 2)=yg'(2):

energization of electrons reported Bytemyev et al (2013 , ,

who found gains of the order of 80-100 keV for particles go- i"},}ié’ﬁ?&,?iﬁﬁf Py208(@) = peSloq(y.2) = pySha COXL)SING)

ing through several Landau resonance in an inhomogeneou?: = s 21sin®)cost) - p«og() + e SiN@) & pi icos®)SN0) - (75)
field. The difference with our result hereafter, however, is that | 7= 2040 = e SISO+ e COSDICO0) =y SIND)

the particle gains energy during the time of one Landau resod : = r:ve/po

nance, making the process much more efficient, even though,q

less probable. d ( eBo )

We now write a dynamical system for a relativistic charged ¢ = @

particle interacting with an obliquely propagating wave in an mey

inhomogeneous field. In order to make the set of equations  _ _ ( e Bo ) 1 d_)’
more transparent to the reader, we write them in a coordinate mcy ) y dt
axis for whichz || b, that is the background magnetic field is P pp
parallel to the; axis. We denote = 13 andx = 1. Rewrit- = TR0 m2y2c2
ing the magnetic field in terms of this coordinate system, we pe?
obtain: = -Qq— 5
02t & p2c2 p
8B, = 8B sin(®) —Q0Q1po , . .
= 0P (in(d) (p, cogB) — p, SING)) — py cOLD)). (26
8B, = 8B cogd) cog0) (23) m2y2c2 (sin(®) (py cogB) — p. sin@)) — px cog®P)). (26)
§B| = —3B cog®) sin(®) We then proceed by normalizing the variables as follows:

pi/mvy=P;, kz=Z, ky=Y, Qo/w=483 and wr =7, and
write the dynamical system in terms of the normalized vari-
ablespP,, P,, P,, Y, Z, andéz and the paramete#s, 5, and

and similarly, using Faraday’s laws, we obtain the following
components for the electric field:

SEy = —vp 8B cogd)/c n as previously defined.

L=

SEy = ve dB sin(P) cos0)/c (24) Py = —81C0S®) /52 + Pyb3g(Z) — P:33q(Y. Z) — Py3153C08®) Sin(6)
SE| = —ve §B sin(®) sin(0)/c ~ Pz8183 0 P) o)

Py = 815IN(P) cog0)/82 — Pr83g(Z) + P,8183SIN(P) + P 818308 P) sin(6)
1_5; = P.83q (Y, Z) — 818in(®) sin(0) /82 + P, 81830 P) cogO) — Py8183Sin(P) (27)
for the phase®=kyjz+ki1y—wt=kz—ky—wt. We Y = 8203P,

choose the background magnetic field to be writ- |Z=%%, _

ten as Bo=—yBog'(z)y+ Bog(z)z, for the function b= == (Sin(®) (Py OSO) — P sin(®) — P, cog®)

g(z)=1+7z%/R? and its partial derivative with respect to We can now integrate this dynamical system for parame-
z, £'(z), denoting the background magnetic field variation ters relevant to radiation belt electrons with large-amplitude
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obliquely propagating waves to study the surfatron process
in an inhomogeneous magnetic field mimicking the Earth’s
magnetic field. Figur8 show orbits for parameteés = 0.01,

vy =0.33¢, §2=0.1 andd =71.9. The left panel shows the
perpendicular component of momentufy against the per-
pendicular positionY. The right panel shows the paral-

lel component of momentun®, against the parallel posi-
tion Z. Initially the parallel component of momentum in-
creases because of surfatron, untiltheV B force becomes
sufficiently strong to break the trapping due to the parallel
electric field. The particle gains energy of the order of 76 keV
during the process. This gain in energy is of similar orderFig. 8. Orbits for parameters; =0.01, vy =0.33¢, §2=0.1 and
(~ 100 keV) as the one computed above for a simple balancé = 71.9’. The I.eft pqnel shows the. relativistic Lorentz factor
of forces. Even though this gain appears modest, it should pagainst normalized time =wr. The right panel shows the three-

kept in mind that it takes place on a time scale of the order of2Mensional orbit in velocity spacéx, Vy, V z. Forz <12, the
7 ~ 12, hence ~ 10 ms for a wave frequenay ~ 3 kHz. As particle is uniformly accelerated through the surfatron process along

the parallel direction. Once the surfatron is made inoperable, the

the surfatron acceleration is lost, the conservation of the adl'rnagnetic field gradient dictates the particle orbits and conservation

abatic invariant leads to a transfer of energy from the parallebt ,, leads to transfer of energy to the perpendicular direction. The

direction to the perpendicular as noted by the continuous ingyroradius of the particle increasés, (> V;) as the particle comes
crease of the perpendicular momentum#or 12. Since the  out of the surfatron.

gain in energy is irreversible, the particle uplifted by tens of
keV can only oscillate back and forth in the potential of the ,
wave and transfer energy along the perpendicular or parallef ~Conclusions
direction to preserve adiabatic invariance.

142/
140/
1.38 s B
136
134/
132
130,

1.284

10 20 30 40 50 " 60
T

We extended a previous theoretical studysinane and

FiThE;S AE) oiﬂt IS ?{??rh{ denr;clornnsﬁrated 'In rthte ni?'\htr panel of Hamza 20128 of nonlinear wave-particle interactions for
9.8. As the particle is uniformly accelerategincreases. the study of electrons in radiation belts by including lon-

Once the surfatron is broken, the particle resides in a Stateitudinal wave effects and inhomodeneous maanetic fields
of higher energy. The left panel of the figure shows the three-g 9 g '

. : . ! We found that, similarly than for the electromagnetic case
dimensional orbit in velocity spadéx, V y, Vz.Fort <12, y 9

the particle is uniformly accelerated through the surfatronin a uniform background field, the acceleration of particies
rocgss along the arzllel direction Oncegthe surfatron isalong the background magnetic field, for propagation angles
P . g P - T . in close proximity to a critical propagatiofy and associ-
made inoperable, the magnetic field gradient dictates the par- ) . . e :
. . ; ated with a Hopf—Hopf bifurcation condition, can arise on
ticle orbits and conservation @f leads to transfer of energy

to the perpendicular direction. As denoted by the left panelsufficiently small timescales to be of relevance to radiation
. . ' R belt dynamics. Even though longitudinal wave component
of Fig. 8, the gyroradius of the particle increasés > V;) y 1cS. =V U9 grudinat wav P S

as the particle comes out of the surfatron and inhomogeneous magnetic fields can limit the surfatron
P o acceleration of electrons in radiation belts, gains in energy
Even though the surfatron accelerates particles parallel tg

the magnetic field, the inhomogeneous field results in redis2! e order of 100 keV, taking place on one tenth of a mil

o ) _— lisecond, are sufficiently strong for the mechanism to sustain
tributing the energy perpendicularly to the magnetic field. icl o . | fthe order of 0.1 E
Hence, such a process, if statistically common in the radi_pamcee_nergl_za_tmn on timescales of the order of 0.1 ms. Fu-

) ' o . . -_ture studies will investigate the effect of wave obliquity and
ation belts, could provide for an explanation to anisotropic

distribution resulting in whistler wave turbulence without the field mhomogene_ltles on eIectr.or? distribution fu.nct|ons for
need to resort to cyclotron resonance. Indeed, both resonauﬁ)tarameters consistent with radiation belt dynamics.
and nonresonant electron whistler instabilities require an ini-

tial anisotropy withK |, the perpendicular kinetic energy
density, to exceed |, the parallel kinetic energy density by a
certain amount. As the waves are being triggered by the instal-D . N

bility and K/ K | reaching marginal stability levels, particles ynamical sys_tem derivation for a transverse
in the tail can be accelerated through the surfatron, travel to_electromagnetlc wave
ward a region of larger magnetic field and gain greater gyro-
radius, bounce back to equatorial region and contribute to théur starting point is the relativistic Lorentz equation for the
breaking of the marginal stability state of the whistler turbu- motion of a particle in an electromagnetic field. The force is
lence. This back and forth mechanism could then be stoppetherefore written as

by precipitating the particles in the atmosphere, instead ofdp v

having them bounce back toward the equatorial region. ar =€ [E(x, N+ - B(x, t)] (A1)

Appendix A
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for a particle of momentunmp =my v, rest massn and We can write the dynamical system equations in terms
chargee. The Lorentz contraction factoy is defined as of the following variables;pp =my vep; Q1=e8B/mcy;

follows: Qo=e Bg/mcy, which results in the following equations:
1 Px = pyS0C090) + (po — pz) R1C0S(kz — wt) + p. Qo SING)
y = ——. (A2) Py = —px Qo cog0) + (p: — po) Q1sin(kz — wi) (A13)
1_ v2 Pz = —px Q0 SiN0) + py Q1 costkz — wt) — pyQ1sintkz — wt)
c? z = p:ve/pe

In order to avoid dealing with both the velocity and the mo- IN the classical case we have 4 equations to integrate, the
mentum in the dynamical system, we simply write the equa-threeé components of the velocity plus the position coordi-

tions in terms of the more physically relevant quantity of the Nate alongk. In the relativistic case, for a non-zero propa-
two, that is the relativistic momentupt gation angle, the energy of the particle is not a constant of

the motion, that isy #0. Hence, we can think of the rel-

dp ativistic dynamical system as composed of 4 equations, the
o "¢ [E(x’ n+— ve B(x, [)} : (A3) " three components of the momentum plus the position coordi-
o _ nate alongt, and one constraint relating and the momen-
Similarly, the Lorentz factor can be written as follows: tum components. Without any loss of generality we take the
5 5 constraint into consideration by writing an equation for the
y = ymee J;P ¢ (Aa)  dynamical gyrofrequency:
mc o d [ eBo
The electromagnetic field is superposed onto a backgrouné20 ~dr \mecy
magnetic fieldBg. < e By ) 1dy
E(x,1) = 8 E(x, 1) (A5) mey ) y dt
B(x,1) = Bo+ 5 B(x, 1) (A6) SO W ¥
m2y2c2
The electromagnetic wave vector points in grdrection and pc?
the background magnetic field lies in the- z plane =—Q—7—55P
. m2c4 + p2c2
k - Bo = k Bo cos(©) (A7) = S0P () coskz — wr) — py sinkz — o). (AL4)
SE =8E X +8Eyy meyte o .
8B =8B +38Byy (A8) If we define the constardt=Q1/ Qo, it is straightforward to
see that
where . .
Q1 = §Qp. (A15)
8B, = éBsin(kz — wt) . (A9) Sincepe = po (y), the time evolution of this quantity is writ-
8By, = 6B cos(kz — wt) ten as:
Faraday'’s law, expressed in terms of the Fourier component$,, — v d_y
gives the relation between the components of the electromag- dr »
netic fields. = mvg m p
ck xSE(k,w) =wsBk, w A10 Q
(k. @) (A10) = —mvey —2. (A16)
. . . Q0
The electric force is therefore written as o N
We can now eliminate the explicit time dependence of the
Fgy = evp$B COS(kz — wt)/c equations by making a transformation of variables. Even
Fgy = —evgS B sintkz — wt)/c (A11)  though this transformation corresponds to a translation in
Fg, =0 the wave frame for low phase speed of the wamg< c),

_ _ _ _ it does not correspond to a physical frame of reference for
for which vy, =w/k is the phase velocity. Taking the cross phase speeds similar to the speed of light- c2. The ex-
product of the momentum and the magnetic field, the magqlicit time dependence can therefore be eliminated by the

netic force is written as following change of variables:
Fpy = ﬁ (pyeBocos6) + p.eBosin@®) — p.ed By) 2The transformation in the position coordinates alarand v,
Fpy = —— (—pxeBoCO0) + p.ed By) . (A12) are Lorentz transformations in the wave frame, but because we
Fg. = mgc (—preBosin®) + pyes B, — pyes By) do not also transform the time component into the wave frame

(t'=y @ +vg z/cz), the dynamical system does not correspond to
a particle orbit in the wave frame for relativistic regimes.
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Chen, Y., Reeves, G. D., and Friedel, R. H. W.: The energization of
relativistic electrons in the outer van allen radiation belt, Nature,
3,614-617, 2007.

Friedel, R. H. W., Reeves, G. D., and Obara, T.: Relativistic electron

Px = Pxs Py = Py, Py =Yw (P: = Ps)» 2 = vu (@ —vg1) (ALT)

for the Lorentz factor:

_ 1 ALS dynamics in the inner magnetosphere — a review, J. Atmos. Sol.-
Yw = vo? ( ) Terr. Phy., 64, 265-282, 2002.
1- v Green, J. C. and Kivelson, M. G.: Relativistic electrons in the outer

. ) L radiation belt: Differentiating between acceleration mechanisms,
We can then write the equations of motion in terms of the ;. Geophys. Res., 109, A03213, d6i:1029/2003JA010153

new variables as follows: 2004.
5, = 907/, cos0) — 217 CO§(kz’/yw)/Vw+QO (PL/7vw + py) SiNO) Horne, R. B., Thorn_e, R. M., Shprits, Y. R., Merredith, N. P,,
#, = —Q0p/, cos6) + Q1 p. sin (k2'/yw) /o ' - (A19) Glauert, S. A., Smith, A. J., Kanekal, S. G., Baker, D. N., Enge-
BL/yw = —Qopy sin®) + Q1 p| cos(kz'/yu) — Qup sin(kz'/yw) — po bretson, M. J., Posch, J. L., Spasojevic, M., Inan, U. S., Pickett,
&= pevelre J. S., and Decreau, P. M.: Wave acceleration of electrons in the

van allen radiation belts, Nature, 437, 227—230, 2005.

Kellogg, P. J., Cattell, C. A., Goetz, K., Monson, S. J., and
Wilson Ill, L. B.: Electron trapping and charge transport by
large amplitude whistlers, Geophys. Res. Lett., 37, L20106,

If we absorb the Lorentz factar, into p; andk, that is, we
write p. — p’/yw andk — k/y,, and write pg in terms of
(Pys Py» Py, 2’ Q0), we can write the dynamical system as

follows: d0i:10.1029/2010GL 044842010,
5, = Qop|, cos0) — Q1 p, cOSk) + R (P + py) SINO) Kersten, K., Cattell,_ C. A, Breneman, A., Goetz, K., Kellogg, P. J.,
P, = —Qop, cos6) + Q1 p, sinkz) Wygant, J. R., Wilson lll, L. B., Blake, J. B., Looper, M. D., and
p/ = —Qop. sin®) + <n2n;l) (17; costk ) — p, sin(kz’)> (A20) _Roth_, I.: O_bsgrvation of r_ela_ltivistic elec_tron microbursts in con-
¥ = pve/po ’ junction with intense radiation belt whistler-mode waves, Geo-

phys. Res. Lett., 38, 8107, db0.1029/2011GL04681@011.

with the refractive index:2 :cz/vé. The magnitude of the Kulsrud, R. M.: Plasma physics for astrophysics, Princeton Univer-
. . - - sity Press, New Jersey, 2005.
momentum IS now written aﬁ/z\/l’xz + Pyz + (PL/vw)?, Lorentzen, K. R., Blake, J. B., Inan, U. S., and Bortnik, J.: Obser-
hence the Lorentz contraction factor also transforms from vations of relativistic electron microburts in association with vif
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