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Abstract. Resonant excitation of coastal Kelvin waves by
free inertia–gravity waves impinging on the coast is studied
in the framework of the simplest baroclinic model: two-layer
rotating shallow water with an idealized straight coast. It is
shown that, with respect to the previous results obtained with
the one-layer model, new resonances leading to a possible
excitation of Kelvin waves appear. The most interesting ones,
described in the paper, are resonances of a baroclinic inertia–
gravity wave with either another wave of this kind, or with a
coastal current, leading to generation of a barotropic Kelvin
wave. A forced Hopf equation results in any case for the evo-
lution of the Kelvin wave amplitude.

1 Introduction

The present work is a development of the results of the paper
by Reznik and Zeitlin(2009) where a mechanism of reso-
nant excitation of the coastal Kelvin waves by inertia–gravity
waves was shown to exist in the simplest rotating shallow
water model with an idealized straight coast. The main ob-
servation below is that including baroclinic effects again in
the simplest two-layer rotating shallow water model allows
for new resonances leading to the excitation of Kelvin waves
by inertia–gravity waves impinging on the coast. Probably
the most interesting of these new resonances is the one in-
cluding an inertia–gravity wave, a Kelvin wave and a coastal
current. Coastal currents being ubiquitous in the ocean, such
a resonance provides a mechanism of universal nature for
Kelvin wave excitation, which to our knowledge was previ-
ously unnoticed in the literature. The process of excitation
of Kelvin waves which are dispersionless and thus prone to
breaking, with formation of the zones of enhanced mixing

and dissipation in the coastal zones, is of potential impor-
tance for understanding the routes to dissipation in the ocean.

The paper is organized as follows. In Sect.2 we present
the model and deduce its wave spectrum. In Sect.3 we sketch
the resonances leading to the excitation of Kelvin waves and
develop in some detail the cases of the barotropic Kelvin
wave excitation by a baroclinic inertia–gravity wave inter-
acting with another one, or with a coastal current. Section4
contains the conclusions and discussion.

2 The model and its wave spectrum

The equations of the two-layer rotating shallow water model,
which is schematically represented in Fig.1, are:

D1
Dt

v1 + f ẑ ∧ v1 + g∇ (h1 + h2) = 0,

∂th1 + ∇ · (h1v1) = 0,
D2
Dt

v2 + f ẑ ∧ v2 + g∇ (rh1 + h2) = 0,

∂th2 + ∇ · (h2v2) = 0.

(1)

Here vi = (ui,vi), i = 1,2 are the velocities in the re-
spective layers (layer 1 on top of layer 2),hi are the thick-
nesses of the layers with unperturbed valuesHi , r =

ρ1
ρ2

≤ 1
is the density ratio of the layers characterizing stratification,
f = const> 0 (Northern Hemisphere) is the Coriolis param-
eter, andg is the gravity acceleration.Di

Dt
denote the advec-

tive derivatives with corresponding velocities:Di

Dt
= ∂t+v·∇.

By introducing the time scalef −1, the velocity scaleU ,
the vertical scaleH = H1 + H2 and corresponding dimen-
sionless unperturbed thicknessesH1

H
= d, H2

H
= 1−d, d < 1,

the horizontal scaleL ∼
gH

f 2 , the Rossby numberRo = ε =

U
f L

, which will be supposed to be small in what follows, and
assuming that typical perturbationsη1, η2 of the thicknesses
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Fig. 1. A side view of the two-layer rotating shallow water model
with a straight coast on thef plane.

of the layers areO(ε), we obtain from Eq. (1) the following
non-dimensional equations:

(∂t + εv1 · ∇)v1 + f ẑ ∧ v1 + ∇ (η1 + η2) = 0,

∂tη1 + ∇ · ((d + εη1)v1) = 0,

(∂t + εv2 · ∇)v2 + f ẑ ∧ v2 + ∇ (rη1 + η2) = 0,

∂tη2 + ∇ · ((1− d + εη2)v2) = 0.

(2)

For illustrative purposes, in what follows we will choose
the most simple case,d =

1
2, although calculations may be

carried out, with some more effort, for an arbitraryd.
The linear part of the equations (2), remaining after tak-

ing the limit ε → 0, may be factorized by means of decom-
position into barotropic (+) and baroclinic (−) components,
which reads in the cased =

1
2:

v±
=

√
rv1 ± v2, η±

= 2
(√

rη1 ± η2
)
, (3)

where we introduced an additional factor 2 in the second
equation for technical convenience.

In terms of the baroclinic and the barotropic components
(3), Eq. (2) becomes

∂tv
+

+ ẑ ∧ v+
+

1+
√

r

2
∇η+

= −
ε

4

[(
1

√
r

+ 1

)(
v+

· ∇v+
+ v−

· ∇v−
)

+

(
1

√
r

− 1

)(
v+

· ∇v−
+ v−

· ∇v+
)]

, (4)

∂tη
+

+ ∇ · v+
= −

ε

4

[(
1

√
r

+ 1

)
∇ ·

(
η+v+

+ η−v−
)

+

(
1

√
r

− 1

)
∇ ·

(
η+v−

+ η−v+
)]

, (5)

∂tv
−

+ ẑ ∧ v−
+

1−
√

r

2
∇η−

= −
ε

4

[(
1

√
r

− 1

)(
v+

· ∇v+
+ v−

· ∇v−
)

+

(
1

√
r

+ 1

)(
v+

· ∇v−
+ v−

· ∇v+
)]

, (6)

∂tη
−

+ ∇ · v−
= −

ε

4

[(
1

√
r

− 1

)
∇ ·

(
η+v+

+ η−v−
)

+

(
1

√
r

+ 1

)
∇ ·

(
η+v−

+ η−v+
)]

. (7)

We will consider the system (1) in the semi-infinite plane
with an idealized straight coast. They axis of the coordi-
nate system will be directed along the coast, and thex axis

Fig. 2. Dispersion relationσ(k, l) for the waves in the 2-layer sys-
tem atr = 0.5. Upper surface: barotropic IG waves, lower surface:
baroclinic IG waves. Inclined plane: barotropic Kelvin waves. An
inclined plane with lesser slope, corresponding to the baroclinic
Kelvin waves, is not displayed beneath the dispersion surface for
baroclinic IG, to avoid overcharging the figure.

out from the coast. As follows from Eqs. (4)–(7), in the
linear limit ε → 0 the system decouples into two rotating
shallow water subsystems (the barotropic and the baroclinic

ones) with different dimensionless effective gravities1±
√

r
2 ,

respectively. The wave spectrum of rotating shallow water in
the semi-infinite domain is well known, cf. e.g.Gill (1982).
It consists of incident and is reflected by the coast barotropic
(upper sign) or baroclinic (lower sign) inertia–gravity (IG)
waves with the dispersion relation:

σ 2
IG± = 1+ c2

±k2, (8)

whereσ is the wave frequency andk = (k, l) is the wavevec-
tor, and dispersionless Kelvin (K) waves propagating along
they axis towards lessery with the phase velocityc±:

σ 2
K± = c2

±l2, (9)

and decaying withx ase−x/c± , respectively. We introduced
here the dimensionless phase velocities of the baroclinic and
barotropic gravity waves

c± =

√
1±

√
r

2
. (10)

Graphical representation of dispersion relations of the
waves in the system is given in Fig.2.

The velocity and thickness fields for IG and K waves are
given by:

(u±

IG,v±

IG,η±

IG) =
(
U±(x),V ±(x),N±(x)

)
ei(ly−σ t)

+ c.c., (11)

and

(u±

K ,v±

K ,η±

K ) = (0,c±K±(y + c±t),−K±(y + c±t))e−x/c± , (12)
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where K± are arbitrary functions of their argumentsξ± de-
fined as

ξ±
= y + c±t. (13)

The boundary condition of vanishing normal velocity at
the coast imposes

U±
= A

(
eikx

− e−ikx
)
, (14)

whereA is the (complex) wave amplitude, and the expres-
sions forV andN (polarisation relations) follow from the
linearized Eqs. (4)–(7):

V ±
= A(1+ c2

±l2)

(
eikx

iσ± + lkc2
±

+
e−ikx

−iσ± + lkc2
±

)
, (15)

N±
= A

(
ik + σ±l

c2
±lk + iσ±

eikx
−

ik − σ±l

c2
±lk − iσ±

e−ikx

)
, (16)

where we assume thatk < 0.

3 Resonant excitation of Kelvin waves in the two-layer
system

3.1 Wave–wave resonances

Let us recall of the principle of resonant excitation of waves
in the present context. In general, if we consider the system
(4)–(7) in the linear approximation, take a solution which
consists of a superposition of waves, and try to calculate the
nonlinear corrections, we generally encounter a problem of
resonances. The nonlinear terms in the Eqs. (4)–(7) are reso-
nant if the frequencies and wavevectors of any pair of initial
waves obey the relations:

k1 ± k2 = k, σ (k1) ± σ(k2) = σ(k), (17)

whereσ(k) follows the dispersion relation for linear waves in
the system and the indices 1,2 (not to be confused with layer
numbers) enumerate the resonating waves, whatever their na-
ture (baroclinic or barotropic).

In the case of resonance, the forcing due to the zero-order
fields in the equations for the first-order corrections projects
onto the eigensolutions of the linear system and leads to the
resonant growth of the corrections. As is well-known, this
situation is treated by introducing slow modulations of the
initial wave amplitudes. In the case of resonance, the am-
plitude of the wave with the wavevectork grows due to the
resonance of the waves with wavenumbersk1,2. In what fol-
lows, we will be interested in resonant excitation of Kelvin
waves, which are trapped near the coast by free inertia–
gravity waves which come from infinity and are reflected by

the coast. Kelvin waves are non-propagative in thex direc-
tion perpendicular to the coast, hence the resonance condi-
tions include only they component of the wavevector in this
case, cf.Reznik and Zeitlin(2009):

lIG1 ± lIG2 = lK, σIG(k1) ± σIG(k2) = σK(l), (18)

where, again, each wave may be either barotropic or baro-
clinic. We will refer below to the upper- and lower-sign cases
in Eq. (18) as the “sum” and the “difference” resonances, re-
spectively. The incident and reflected IG waves in this con-
text may be thought of as a mode propagating in they direc-
tion.

Suppose that a pair of IG waves, whatever their character,
is in resonance (18) with either a barotropic or a baroclinic
K wave. These three waves constitute a zero-order solution
which will be considered to be slow time-dependent, with the
slow timeT = εt :

(u(0),v(0),η(0)) = (u
(0)
K ,v

(0)
K ,η

(0)
K )(x,y, t,T )

+

∑
i=1,2

(u
(0)
iIG

,v
(0)
iIG

,η
(0)
iIG

)(x,y, t,T ), (19)

where the appropriate components, barotropic or baro-
clinic, are understood for each wave, depending on the pre-
cise nature of the resonance. For the first-order correction
(u(1)±,v(1)±,η(1)±)(x,y, t,T ) we get

u
(1)±
t − v(1)±

+ c2
±η(1)±

x = −u
(0)±
T + NL±

u ≡ R±
u ,

v
(1)±
t + u(1)±

+ c2
±η(1)±

y = −v
(0)±
T + NL±

v ≡ R±
v , (20)

η
(1)±
t + u(1)±

x + v(1)±
y = −η

(0)±
T + NL±

η ≡ R±
η ,

where NL±u,v,η stand for corresponding nonlinear terms in
Eqs. (4)–(7) built from the zero-order fields (19). As shown
in Reznik and Zeitlin(2009), all essential information for
Kelvin wave excitation is contained in the expressionsR±

v

andR±
η . Up to non-resonant terms they have the form:

R±
v = −c±K±

T e−x/c± − a±c2
±K±K±

ξ±e−2x/c±

−

[
NL±

IG

v eilξ±

+ c.c.
]
, (21)

R±
η = K±

T e−x/c± + 2a±c±K±K±

ξ±e−2x/c±

−

[
NL±

IG

η eilξ±

+ c.c.
]
, (22)

where we introduced a useful notation for what follows:

a± =
1

4

(
1

√
r

± 1

)
, (23)

and NL±
IG

v,η denote bilinear combinations proportional to|A|
2

and resulting from inserting into the nonlinear terms the zero-
order IG fields with polarization relations (14)–(16). To ob-
tain the evolution equation for the Kelvin wave K±(ξ±,T ),
we follow Reznik and Zeitlin(2009) and subtract the third

www.nonlin-processes-geophys.net/20/993/2013/ Nonlin. Processes Geophys., 20, 993–999, 2013



996 V. Zeitlin: Resonant excitation of coastal Kelvin waves

equation from the second one, multiplied byc−1
± in Eq. (20).

After multiplying by e−x/c± and integrating inx, we get:

B±
t − c±B±

y = −

∞∫
0

dx e−x/c±(R±
η − c−1

± R±
v ),

B±
=

∞∫
0

dx e−x/c±(c−1
± v(1)±

− η(1)±). (24)

As follows from Eqs. (21) and (22), the r.h.s. of Eq. (24)
is a function ofξ± only, and to guarantee the boundedness
of B± it should be equal to zero. This is because the l.h.s.
contains the derivative of the functionB+ (B−) with respect
to t uniquely at fixedξ+ (ξ−), and with the r.h.s. independent
of ξ− (ξ+), a linear growth ofB+ (B−) in t results. Thus,

∞∫
0

dx e−x/c±(R±
η − c−1

± R±
v ) = 0, (25)

which leads to the evolution equation of the form:

K±

T + a±c±K±K±

ξ± = S, (26)

whereS is a forcing term produced by nonlinear interaction
of IG waves, which is nonzero in general. As inReznik and
Zeitlin (2009), it is proportional to the product of amplitudes
of the two IG waves, and is harmonic inξ±. The detailed
expression forS in terms of the wavenumbers of the resonat-
ing IG waves depends on the precise nature of the resonance
and may be established, like inReznik and Zeitlin(2009), af-
ter some algebra. The properties of the harmonically forced
Hopf equation (26) may be found in the literature (cf.Reznik
and Zeitlin, 2009 and references therein), the most impor-
tant being formation of the enhanced mixing zones – Kelvin
fronts Fedorov and Melville(1995)1. We should emphasize
that even if the amplitude (envelope) of the Kelvin wave K±

is initially zero, it will grow according to Eq. (26) and even-
tually break.

With respect to the one-layer case ofReznik and Zeitlin
(2009), where only the “difference” resonances were opera-
tional, the “sum” resonances between the waves of the same
and different kinds (barotropic and baroclinic) can lead to
the resonance excitation of the Kelvin waves in the two-layer
model. Thus, barotropic Kelvin waves can be excited by the
“difference” resonances of two barotropic IG waves, as in the
one-layer case, and by the “sum” resonances including ei-
ther a baroclinic and a barotropic IG wave, or a pair of baro-
clinic IG waves. The baroclinic Kelvin waves may only be
excited by “difference” resonances of all kinds (baroclinic–
baroclinic, barotropic–baroclinic and barotropic–barotropic,

1Although we do not introduce explicit dissipation in our anal-
ysis, it becomes necessary for properly resolving the Kelvin-wave
breaking events – a numerical dissipation is, normally, sufficient in
numerical simulations.

1

(1 + k
1

2 )1/2

1

(1 + k
2

2 )1/2

|l
1
| |l

2
|

Fig. 3. Geometric representation of the resonance condition (31).
Hypotenuses of the right-angle triangles (solid) represent the two
entries in the l.h.s., with their minimal values also shown (dashed).

LeCunuder, 2013). The “difference” resonances may be anal-
ysed along the lines ofReznik and Zeitlin(2009), so we
sketch below only the mechanism of the sum resonance
of two baroclinic IG waves generating a barotropic Kelvin
wave.

The resonance conditions in question are, cf. Eq. (18):

lIG1 + lIG2 = lK, σIG(k1) + σIG(k2) = σK(l). (27)

We will omit the subscripts IG and K from now on. Equa-
tions (27), (8) and (9) give:

l1 + l2 = l = −|l|,√
1+ c2

−(k2
1 + l21) +

√
1+ c2

−(k2
2 + l22) = c+|l|, (28)

where, as usual, we adopt a convention of positive wave fre-
quencies, which means that the wavenumberl of the Kelvin
wave is negative. The resonance condition on frequencies,
after renormalizing the wavevectors, is as follows:

(ki, li) = c−1
− (k̃i, l̃i), i = 1,2, (29)

and, omitting the tildes, is:√
1+ k2

1 + l21 +

√
1+ k2

2 + l22 = −
c+

c−

(l1 + l2). (30)

Suppose thatl1,2 are both negative:l1,2 = −|l1,2|. Equa-
tion (30) then takes the form:√

1+ k2
1 + |l1|2 +

√
1+ k2

2 + |l2|2 = +
c+

c−

(|l1| + |l2|), (31)

and admits a simple geometric interpretation presented in
Fig. 3.

At fixed l1,2 the minimum value of the l.h.s. of Eq. (31) is

equal to
√

1+ |l|21+

√
1+ |l|22 > |l|1+|l|2 (sum of the lengths
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Fig. 4. Resonant region in the|l|1, |l|2 plane forr = 0.5. Left: bothl1,2 negative. Right: negativel1 and positivel2. Resonant wavenumbers
are situated above the displayed limiting curve on the left panel, and beneath the limiting curve on the right panel. Horizontal (vertical) axis:
|l1| (|l2|). With growing c+

c−
(growingr) the non-resonant region on the left panel shrinks, keeping the same form, while on the right panel it

is the resonant region which is getting more and more narrow.

of the dashed intervals in Fig.3 vs. the length of the hori-
zontal interval). Thus if the ratioc+

c−
is insufficiently large,

c+

c−
<

√
1+|l|21+

√
1+|l|22

|l|1+|l|2
, i.e. the stratification is too strong, cf.

Eq. (10), the resonance is not possible. Otherwise, as is easy
to see from Fig.3, one can always findk1,2 to satisfy the res-
onance condition. Inversely, at fixedc+

c−
, i.e. at a given strat-

ification, the condition onl1,2 for the existence of resonance
is

c+

c−

(|l|1 + |l|2) >

√
1+ |l|21 +

√
1+ |l|22. (32)

Due to the
√

r dependence, the resonance does not exist
only for unrealistically small values ofr. Analysis of Eq. (32)
shows that, except for the values ofc+

c−
very close to 1 (very

strong stratification), the resonance is always possible for
high enough|l|1,2. Similar analysis may be carried out in the
case where one of the wavenumbers, sayl2, is positive. Typ-
ical regions of resonantl1,2 are presented in Fig.4 in both
cases.

3.2 Wave–meanflow resonance

As mentioned in the Introduction, the two-layer system ad-
mits a new type of resonance leading to the excitation
of Kelvin waves: IG wave–meanflow resonance. Indeed, a
meanflow solution, which is, in fact, a solution of not only
the linearized, but also of the full system, should be added
to the solutions of the linear system described in Sect.2. In
non-dimensional terms it is given by

u1M = u2M = 0,

−v1M + ∂x

(
η1M + η2M

)
= 0,

−v2M + ∂
(
rη1M + η2M

)
= 0,

(33)

and represents an along-coast current in geostrophic equilib-
rium. In terms of baroclinic and barotropic components we
have for the mean current:

u±

M = 0, v±

M =
1±

√
r

2
∂xη

±

M . (34)

We will consider in what follows the functionsv1,2 rapidly
decaying out of the coast (atx = 0), and thus representing
coastal currents, which are ubiquitous in the ocean. In the
case of surface currents, probably the most relevant configu-
ration, the lower layer is motionless:

v2M = 0,⇒ rη1M + η2M = 0. (35)

As is known in another context (Reznik and Zeitlin, 2007),
free waves can resonate with mean currents and thus excite
trapped waveguide modes. A weak mean current along the
waveguide (the coast in the present context) in such situa-
tion may be considered as a wave with zero frequency and
zero wavenumber in the waveguide direction. For such a res-
onance to exist, the wave frequency and the wavenumber in
the waveguide direction of the incoming free wave should
coincide with those of the waveguide mode. From the inter-
section of the dispersion surfaces of the baroclinic IG waves
and the barotropic Kelvin waves in Fig.1, it is obvious that
the resonance of a baroclinic IG wave, a mean current, and
a barotropic Kelvin wave and, hence, resonant excitation of
barotropic Kelvin waves via this resonance, is possible. We
thus should have:

σIG− = σK+ , lIG− = lK+ ≡ l, (36)

i.e.

c2
+l2 = 1+ c2

−(k2
+ l2), (37)

www.nonlin-processes-geophys.net/20/993/2013/ Nonlin. Processes Geophys., 20, 993–999, 2013
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which leads to the following expression for thex-component
k of the wavenumber of the incoming IG wave:

k2
=

(
c2
+

c2
−

− 1

)
l2 −

1

c2
−

. (38)

Therefore, for a given stratification, i.e. a given ratio
c2
+

c2
−

>

1, the resonance is always possible for a sufficiently large
negativel. With respect to the wave–wave resonance, the
conditions of the present one are less restrictive, as it requires
a single wave impinging on the coastal current, a ubiquitous
situation in the ocean, and thus provides a universal mecha-
nism for Kelvin wave excitation. We should stress that such
a mechanism is impossible in the barotropic model, because
the dispersion surface of the Kelvin waves always lies below
the dispersion surface of the IG waves of the same type.

Let us see the details of this mechanism. We represent the
zero-order flow in the form:

(u(0),v(0),η(0)) = (u
(0)
K ,v

(0)
K ,η

(0)
K )(x,y, t,T )

+ (u
(0)
iIG

,v
(0)
IG ,η

(0)
IG )(x,y, t,T )

+ (0,v
(0)
M ,η

(0)
M )(x,T ), (39)

and look for the first-order corrections – solutions of the sys-
tem (20), taking care of the resonant contributions along the
lines of Sect.3.1. Note that, according to our scaling, the
amplitude of the mean current is of the same order as that of
the impinging wave, i.e. small. We will show later how this
constraint may be relaxed.

The expressions for the resonant contributions toR+
v and

R+
η in the case of wave–meanflow resonance are (cf. (21) and

(22)):

RWM+

v = −c±K+

T e−x/c+ − a+c2
+K+K+

ξ+e−2x/c+

−

[
NLWM+

v eilξ+

+ c.c.
]

− c+

(
a+v+

M + a−v−

M

)
K+

ξ+e−x/c+ , (40)

RWM+

η = K+

T e−x/c+ + 2a+c+K+K+

ξ+e−2x/c+

−

[
NLWM+

η eilξ+

+ c.c.
]

(41)

−
(
a+

(
c+η+

M − v+

M

)
+ a−

(
c+η−

M − v−

M

))
K+

ξ+e−x/c+ ,

with nonlinear terms NLWM+

v and NLWM+

η resulting from the
wave–meanflow interaction:

NLWM+

v = a+

(
u−

IG∂xv
−

M + v−

M∂yv
−

IG

)
+ a−

(
u−

IG∂xv
+

M + v+

M∂yv
−

IG

)
(42)

NLWM+

η = a+

[
∂x

(
η−

Mu−

IG

)
+ ∂y

(
η−

Mv−

IG + η−

IGv+

M

)]
(43)

+ a−

[
∂x

(
η+

Mu−

IGη−

IGv+

M

)
+ ∂y

(
η+

Mv−

IG + η−

IGv+

M

)]
;

Note the contributions from the Kelvin wave–meanflow in-
teractions containing∂ξ+K+ in Eqs. (40) and (41), which
were absent in the case of wave–wave resonance in Sect.3.1.

As in Sect.3.1, in order to obtain the evolution equation
for the Kelvin wave K+, we construct the combination

R= RWM+

η − c−1
+ RWM+

v = 2K+

T e−x/c+ + 3c+K+K+

ξ+e−2x/c+

+
[
2
(
a+v+

M + a−v−

M

)
− c+

(
a+η+

M + a−η−

M

)]
K+

ξ+e−x/c+ +RWM, (44)

and require that

∞∫
0

dx e−x/c+R= 0, (45)

cf. Eq. (25). Taking into account the relations (34) between
velocities and thicknesses for the mean currents, the expres-
sion forRWM is:

RWM
=

1− r

4c+

(
u−

IG∂2
xxη1M + ∂yv

−

IG∂xη1M

)
− ∂x

[
u−

IG

(
η1M − η2M

)]
(46)

− ∂y

[
v−

IG

(
η1IG − η2IG

)
+

1− r

4
η−

IG∂xη1M

]
+ c.c. .

For the relevant case of an upper-layer current (35) this
expression becomes:

RWM
(upper)=

1− r

4c+

(
u−

IG∂2
xxη1M + ∂yv

−

IG∂xη1M

)
− (1+ r)∂x

(
u−

IGη1M

)
(47)

− ∂y

[
(1+ r)v−

IGη1IG +
1− r

4
η−

IG∂xη1M

]
+ c.c. .

Applying Eq. (45) we get, as in Sect.3.1, an evolution
equation forK of the form:

K+

T + CK+

ξ+ + a+c+K+K+

ξ+ = S, (48)

whereC is the non-dimensional phase velocity induced by
the mean current, and dependent on the profile of the mean
flow, see Eq. (44), whileS is the source term proportional to
the amplitude of the IG wave and harmonic inξ+. Equation
(48) is of the same form as Eq. (26), apart from the linear
term CK+

ξ+ , which represents a Doppler shift in the phase
velocity of the Kelvin wave due to the presence of the mean
current. Note that by integrating by parts, the integral inx of
the second term in the r.h.s. of Eq. (44) may be transformed
to an integral over the mean-flow velocity minus the value of
the thickness at the coast (up to a factor). Positive coastal cur-
rents will thus have lesserC, and vice-versa, as it should be,
because Kelvin waves propagate in a negative direction iny.
As to the efficiency of the forcingS, it depends both on the
characteristics of the mean flow and on the parameters of the
impinging IG wave. For the coastal currents of finite width
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D, the integration overx in Eq. (45) is over the finite inter-
val [0,D]. From standard steepest descent estimates, e.g.Fe-
doryuk(1977), applied to such integrals inS which contain
e±ikx , one can deduce that the forcing will be optimal for IG
waves withkD ≤ 1, and negligible forkD � 1. The Doppler
shift term in Eq. (48) may be removed by the change of the
dependent variableK → K − C, and essentially it does not
change the properties of the equation (48), as compared to
Eq. (26). Thus the same conclusions, as to the behaviour of
its solutions, hold, cf.Reznik and Zeitlin(2009). (We should
remind the reader that a harmonically forced Hopf equation
(26) may be fully integrated by introducing the Lagrangian
coordinateξ+

→ 4+
: 4̇+

≡
(
∂t + K∂ξ+

)
4+, which trans-

forms the equation into the equation of nonlinear pendu-
lum 4̈+

= S(4+)). That is, the amplitude of the barotropic
Kelvin wave starts growing due to the resonant forcing pro-
duced by the interaction of free baroclinic IG and the coastal
current. The nonlinear evolution of the thus excited Kelvin
wave results, in general, in breaking and formation of char-
acteristic mixing zones – Kelvin fronts. Yet the presence of
the Doppler shift term may lead to some modifications, e.g.
in the properties of stationary solutions which exist for cer-
tain initial conditions.2

4 Conclusions and discussion

Thus, we have shown that new mechanisms of resonant exci-
tation of Kelvin waves are possible in the two-layer model, as
compared to the barotropic one-layer one. Perhaps the most
interesting one is the excitation of a barotropic Kelvin wave
by a free inertia–gravity wave impinging upon a coastal cur-
rent, as such a situation is ubiquitous in the ocean. As we
have shown, for efficient generation, the wavelength of the
incoming inertia–gravity wave should be comparable with
the width of the coastal current, i.e. the wave should be long
enough.

Although the calculations above were displayed in the case
where the amplitude of the wave and the magnitude of the
mean current are both small, following the argument of the
previous work on resonant wave excitation in the presence of
the mean equatorial currentReznik and Zeitlin(2007), one
can easily show that if the magnitude of the current is much
larger than that of the wave, but not too large, say of the order

ε−
1
2 , the same evolution Eq. (48) results, but with a “faster”

slow timeT 1
2

= ε
1
2 t . In this case, at the first two orders of

the asymptotic expansion inε
1
2 , the equation for the mean

current (orderε−
1
2 ) and the wave equation (orderε0) result,

respectively. The crucial fact at the second order is that the
mean balanced current is an exact solution of thefull sys-
tem. The wave–meanflow resonance and resulting evolution

Eq. (48) in T 1
2

for K arise at the third orderε
1
2 .

2I am grateful to one of the referees for this remark.

In order to illustrate the main ideas, the new mechanisms
of the resonant excitation were presented above in the sim-
plest configuration of layers of equal depth and a density ratio
of order one. If the two-layer model is applied to the ocean,
the density ratior should be taken to be close to unity, and
thereforec− becomes very small. At the same time, the upper
layer should be shallower than the lower one. Correspond-
ing changes may be done in the above-derived expressions,
yet the realistic situation of a continuously stratified ocean
is much more interesting for applications. As is well-known
(e.g.Gill , 1982), by separation of variables in the vertical and
horizontal directions in the continuously stratified primitive
equations, one arrives at a solution of the linearized equations
in the form of a series of baroclinic modes. For each baro-
clinic mode the dispersion relation is analogous to the rotat-
ing shallow water one, with the phase velocity depending on
the vertical structure. Therefore, it is possible to satisfy the
resonance conditions of the above-discussed types for fre-
quency and the horizontal wavenumber. However, compat-
ibility with vertical structure implies additional constraints.
The results of the corresponding analysis will be presented
elsewhere.
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