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Abstract. We show how the rotating shallow-water MHD done in geophysical applications of RSW (cf., eRedlosky
model, which was proposed in the solar tachocline context1982 Zeitlin, 2007). Shallow-water and QG approaches be-
may be systematically derived by vertical averaging of theing standard working tools in the atmosphere—ocean commu-
full MHD equations for the rotating magneto fluid under the nity, the present work might help in establishing a common
influence of gravity. The procedure highlights the main ap-language with the astrophysical community.

proximations and the domain of validity of the model, and
allows for multi-layer generalizations and, hence, inclusion
of the baroclinic effects. A quasi-geostrophic version of the
model, both in barotropic and in baroclinic cases, is derived
in the limit of strong rotation. The basic properties of the

model(s) are sketched, including the stabilizing role of mag-gyy starting point is the system of three-dimensional com-
netic fields in the baroclinic version. pressible MHD equations on the rotating plane in the pres-
ence of gravity:

2 Derivation of the mRSW equations

2.1 \Vertical averaging of the MHD equations

. . 1
1 Introduction 8,V+V~VV—b-Vb+gZ+fZ/\V+ ;Vp*:O, (1)

The (rotating) shallow-water magnetohydrodynamics model®P +V-Vb—b-Vv+bV.v=0, @)
was introduced on heuristic grounds®iiman (2009 inthe 90 +V-(pv) =0, V-b=0, 3)
context of the solar tachocline. (We will call it mMRSW in
what follows; with respect to the originally used acronym ’1, / i ) ] ) 1
SMHD, this one reflects better the nature of the model; sedn® magnetic fields is gravity accelerationy is the Coriolis
below.) Its applications were further discussedDikpati ~ Parameterf = 2%, and<2z is the angular velocity of rota-
and Gilman(20013 and Dikpati and Gilman(20018. The tion. We also introduced the magnetic pressure:

spectrum of linear waves and nonlinear stationary wave so- b2

lutions were established Bhecter et al(2001), and Hamil-  p*=p+ p—, 4)
tonian structure and hyperbolicity properties were investi- 2

gated inDellar (2002. The primary purpose of the present and considered, as usual, that the centrifugal effects are hid-
paper is systematic derivation of the mRSW model fromden inp. If the axis of rotation is supposed to be parallel to
the full MHD equations by vertical averaging, which will the gravity acceleration, thefi= fy = const, which corre-

(1) clarify the basic hypothesis underlying the model, andsponds to thef-plane approximation for the tangent plane
(2) immediately give multi-layer generalizations. These gen-to the rotating planet/star for geo- and astrophysical applica-
eralizations allow for incorporation of thHearoclinic effects  tions. For scales of the motion sufficiently small with respect
in the model. Another purpose is to establish the quasito the radius of the planet/star, the non-verticality of the ro-
geostrophic (QG) approximation of the (multi-layer) mRSW, tation axis may be taken into account in {iglane approx-
arising in the limit of strong rotation, as is traditionally imation: f = fo+ By, wherey is the latitudinal coordinate.

wherev = (v1, vz, v3) is the fluid velocityb = (b1, b2, b3) is
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For what follows, it is important to note that the scaling for ~ Again, the hypothesis that material surfaces are at the same
the magnetic field is chosen in Eq$)<€(4) in such away that time magnetic surfaces is crucial for arriving at such simple
it is measured in velocity units. Effects of molecular dissipa- forms of integrated equations. It should be noted that the ver-
tion and diffusion are neglected in Eq$)<€(3). If necessary, tical component of magnetic fielek is not supposed to be
they may be re-introduced via the standard viscosity, electrozero, but in fact decouples from the mRSW equations to be
conductivity and diffusion terms proportional to the Lapla- obtained below, and may be recovered once all other fields

cians of velocity, magnetic field and density, respectively, in
the corresponding equations.
Equations 1)—(3) are written in the most general form. We

should emphasize that the procedure below is applicable as ,

well to their simplified versions, like the Boussinesq approx-
imation, where velocity is supposed to be divergenceless an

density is advected. Thermal effects may be introduced in **

such models (cfRachid 2008in the solar tachocline con-
text) by relating variable parts of density to temperature. Fi-
nally, potential temperaturé may be used as a thermody-
namical variable instead of density.

The horizontal momentum and magnetic field E4¥ahd
(2) may be rewritten with the help of EqB)in the form of
conservation laws:

& (V) +V - (pv®V) —

V.- (b®b)+gz2+ fZA (ov) +Vp* =0, (5)
5 (b)+V-(v®b)— V- (b®V) =0, ©)

Here and below we use the shorthand notatidn
(A®B)=0;(A;By), i,k=1,2,3 for a pair of vector fields
A,B.

We now proceed by vertical integration of the horizon-
tal momentum Eq.5) between a pair ofmaterial surfaces
z1,2(x, y, 0):

dz; _
rre (7)

which we suppose to be, at the same timagnetic surfaces

vsl, = 0rzi +udyzi +v09yz;, i =12,

b-Vz; =0. (8)
With the help of the Leibnitz formula, we get:
3 [-2 dzpvn+ Vi [72 dz (pVh ® Vi) —
Vh- ;12 dz (bh®bp) + fZA Zzlz dz (ovh)
= —Vh [} dzp* = Vhz1 p*|., + Vhzz p*l.,, 9)

are determined, as is the case within the ordinary RSW

equations.
Finally, we integrate Eq.3) and get:
22 22
gz/ dZ,O—i-Vh'/ dzpvh =0, Vh~/ dzbn =0. (11)
21 21
2.2 Mean-field approximation and magnetohydrostatic
hypothesis

Up to now, no approximation has been made whatsoever. The
only hypothesis was the existence of a pair of material sur-
faces that are, at the same time, magnetic surfaces. Let us
introduce the vertical averages
2
21 dZF

F= i (12)
72—121

and apply themean-field approximatigni.e., replaceA - B

by A - B for any A and B. We thus get from Eqs10)—(11):

p (22— 21) (3;Yn+ V- VVh + f2Z A Vn)
—V[(z2—z1)bh®bn] =

22
- Vhf dzp* — Vhza p*\u + Vhz2 p* |Z2, (13)
21
3 [(z2—z1)bn] + Vh - [(z2 — 21) Vh ® bn]
— Vh-[(z2—z1)bh®Vn]| =0, (14)
0[P (z2—21)]+ Vh-[p(z2—21) V] =0,
Vh-[(z2—z1)b] =0. (15)

Detailed discussion of the applicability of the mean-field
approximation is out of the scope of the present paper. It is
obvious, however, that it requires sufficiently slow variations
of all fields in the vertical direction. As usual, corrections to
the mean-field theory may be accounted for by parameter-
izing neglected Reynolds stresses. Thus, following the tra-
ditional line of argument, “turbulent” viscosity, diffusivity,

where the index h denotes the horizontal part. This derivayng conductivity may be introduced relating the neglected

tion follows the standard procedure for obtaining the non-
magnetic RSW equations, &eitlin (2007, Chapter 1). Note

stresses to the mean fields.
We will now make a cruciamagnetohydrostatics hypoth-

that additional surface terms appear if the hypothesis of magagisthat will allow one to get the MRSW equations from the

netic surfaces is relaxed.

vertically averaged MHD in the mean-field approximation.

We now integrate the horizontal magnetic field equationsy; consists of supposing vertical accelerations to be small, as

in the same way and get:

22
/ dz (bh®vh) =0. (10)

21

22
ar/ dzbp + Vh -

21

72
[dz(vh®bh)—Vh-
21
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well as the ternb - Vb3, and of replacing the vertical momen-
tum equation with the magnetohydrostatic balance relation:
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Thus terms (with possibly non-constant “phenomenological”’ coef-

. ficients) if the hypotheses of turbulent viscosity and turbulent

. i} B . magnetic diffusivity are applied to parameterize the stresses.
p = —g/ dzp + p |z1 ~—gp(z—z)+p |11’ 17 As already mentioned, thermal effects may be introduced
21 in the mMRSW equations, followingipa (1995 (cf. alsoDel-

lar, 2003. If an additional equation of advection of temper-

or ature (or potential temperatuég is added to the original set
22 of 3-D equations, it will give the 2-D advection equation by
P = +g/ dep+ p*|,, ~ 8h =2+ 1. (18)  Vvertical averaging:
Z

8,0 +V-V6 =0, (23)

Traditionally, the mean density is considered to be con-
stant in the RSW context, which will be our hypothesis
below. Yet this hypothesis may be relaxed in the case o
pure RSW, leading to the so-called Ripa’s equati®isa
(1999, i.e., shallow-water equations with variable mean den-
sity. mMRSW equations including thermal effects may be ob-
tained along the same lines — see below.

to be added to the systerh9)j—(22). Variable potential tem-
1perature in the buoyancy term if)(will lead to the replace-
ment of the terny VA by 6Vh + %hve after the vertical av-
eraging and proper renormalizations.

One may extend the simplest MRSW systé®)€(22) by
superimposingV layers of different mean density, still un-
der the magnetohydrostatic hypothesis, ending up (at the top
and at the bottom) either with a fixed (flat or not) or with a
free material surface. As a result, multi-layer mMRSW models
tarise, allowing one to include thearoclinic phenomenin
consideration. The structure of the multi-layer mRSW equa-
tions is clear from the above construction: they will inherit

e velocity and (magnetic) pressure terms from the multi-

ayer RSW equations, with the same addition of a magnetic
field in each layer as in Eql9). Mass is conserved layer-

2.3 Boundary conditions — multi-layer configurations

The final step consists of imposing boundary conditions ai
z1,2. In the simplest configuration, one of the material sur-
faces is fixed to be constant and the other is free with con
stant magnetic pressure above it, which leads to the mRS
equations as proposed@ilman (2000:

. 1 wise. As to the magnetic field equations, they will be the
OV V- VV+ f2AV+gVh= [V (hb®D))], (19)  same as in Egs2@) and @2) for each layer. We give as an
dh+V - (Vh) =0, (20) example the equations of.the two-lgyer MRSW with fixed flat
upper and lower boundaries at a distarite- const:

V.- (hb)=0 (21)

1 A 1 _
8,b+v-Vb:Z[V(hv®b))], (22) OVi+Vi-VVi+ f2pi + —Vm;

1 :

whereh = zp — z1, z1 = const, and we omit the barsandthe = [V (hib; ®b;))] i =12 (24)

index 4. Note that if for some reason the fixed material sur- !
8fhl+v(vlhl):09 h1+h2=H7 (25)

face is not flatz; = n(x, y), “magnetic topography# will

enter the equations with a replacemént> h — n(x,y) ev- 71 = (p1— p2)gh1+ 75, (26)

erywhere except for the gravity term. Note also that in thev . (4;b;) =0 27)

MHD context, unlike the standard RSW equations, the fixed 1

surface may be the upper one as well, with corresponding:b; +V; - Vb; = w [V (hivi ®b;))], (28)
1

changes in the mRSW equations.

We should emphasize that the mRSW equatidSs(22) where the subscripts= 1, 2 denote the lower and the up-
are obtained under the hypothesis of no dissipation and strigser layer, respectively, no summation over repeated indices
mean-field approximation. If molecular viscosity and mag- is supposedy;* are magnetic pressures in the respective lay-
netic diffusivity are kept in the original equationB£(3), it  ers,h; — thicknesses of the layers, the bottom topography is
is easy to see that, through the above-described vertical avaot introduced, for simplicity, and the subscripis omitted.
eraging procedure, they would result in terms proportionalThe one-layer RSW model is recovered in the ligit— 0.
to V2v and V2b (with two-dimensionalV) in the r.h.s. of
the Egs. {9) and @2). As was already mentioned, the devia-
tions from the strict mean-field theory would result in similar

1The relation between mRSW and Ripa’s equations, in partic-
ular their common Hamiltonian structure, was discusseDetiar
(2003.

www.nonlin-processes-geophys.net/20/893/2013/ Nonlin. Processes Geophys., 2088832013
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3 Properties of the barotropic mMRSW system and the
QG limit

3.1 General properties

The one-layer mRSW equation$9—(22) can be rewritten
in conservative form:

1
8,(hv)+V|:h (v®v—b®b)+§gh2}

+fh2zAav=0, (29)
d(hb)+2AV (hz-(bAV)) =0, (30)
dh+V - (vh) =0, (31)
V.(hb)=0, (32)

useful for numerical simulations.

Magnetic potentiakan be introduced for vertically inte-
grated horizontal magnetic fields, thus resolving the con
straint 32):

hb=2AVA,= §A+V-VA=0, (33)

The magnetic field therefore may be eliminated in favor of

A in Egs. 9 and Q9). The system thus becomes a RSW
system with additional forcing in the momentum equations

due to the magnetic field that is determined from the pas

sively advected magnetic potential:

VA

1
IV+V-VV+ fZAV+gVh = —EiAj<A, p

). @
to be completed with Egs3() and @3). Here and below/s
denotes the Jacobian.

As was repeatedly mentioned in the literature,@éllar

(2002, the main difference between the RSW and mRSW
systems is non-conservation of potential vorticity (PV) in the
latter. The only Lagrangian invariant, therefore, is the mag-

netic potential4, cf. Eq. @3).
3.2 Quasi-geostrophic approximation

The limit of strong rotationis characterized by the small-
ness of both Rossby numbRo = % and magnetic Rossby

numberRom = foiL, whereU andB are the typical averaged
velocity and magnetic field in the fluid layer, ahds a typ-

ical horizontal scale. Supposing that both Rossby numbers

V. Zeitlin: Remarks on rotating shallow-water magnetohydrodynamics

while the first ageostrophic correction acquires a magnetic
addition:

o = (0 +v0 ) ol” + 7 (4,9,4)

b = - (a, +vO. v) v + 7 (A, 0xA). (37)

Here H is the mean depth of the layer, alhé= H (14 Ron).
When plugged into31), together with 83) this gives the

quasi-geostrophié/HD equations (QG MHD):

1
V20 +T (0, V) — —30m—J (A, V24) =0,
d
dA+T (1, A) =0. (38)

In the limit of infinite deformation radiu®kg — oo, the
equations in38) become the standard 2d MHD. It is worth
noting that, in non-magnetic RSW, the corresponding clas-
sical QG equation may be derived straightforwardly from

the PV equation, and expresses the Lagrangian conserva-
tion of PV. In Eulerian terms this is translated in terms of
conservation of the Casimir functionals — any function of
quasi-geostrophic PV defined a&n — #n, if integrated

d

over the domain of the flow, is conserved. Here, although
PV is not conserved, we still have QG MHD equations. In-

'stead of a family of PV Casimirs, we now have two families
‘of Casimirs EZeitlin, 1992: integrated functions of the mag-

netic potential, and integrated functions of magnetic potential
times quasi-geostrophic PV.

If the g effect is introduced, witlg of the order ofRo, as
usual, the systenB8B) becomes

3 V2n+ T, V?n) — Rigam —~ J(A,V2A)+ Bayn =0,
»A+T (1, A)=0. (39)

The system39) with infinite deformation radius (and with
addition of turbulent viscosity and conductivity) was recently
introduced heuristically and was studied numericallyfa
bias et al(2007 in the context of solar tachocline. The same
system, or rather its two-layer counterpart following from the
system 24)—(28) and used below in Sect, were recently
derived directly from the full MHD equations bymurhan

(2013.

3.3 Linear wave spectrum on thef- and B-planes, and
the role of external magnetic fields

are of the same order of magnitude, and applying the stanyns oG version of the mRSW equations was derived above

dard straightforward expansion

v=vO(x,y,T)+ Rov®P(x,y,T) + O(Ro? (35)

for motions of the scalé. « Rg = @ depending only on
slowtimeT o Rot, cf. Zeitlin (2007), we get that the leading
order velocity field is, as it should be, geostrophic:

o) =den, vy =—dyn, (36)

Nonlin. Processes Geophys., 20, 89838 2013

in a semi-heuristic manner, by using the slow time scale,
and thus filtering “by hand” the fast inertia—gravity waves.
A more formal justification of this limit via the separation
of fast and slow variables and systematic fast-time averaging
may be achieved, following the lines Beznik et al (1992
andZeitlin et al.(1992. The situation, however, will be more
tricky in the presence of the external magnetic field. Indeed,
it it easy to see that, due to its Lagrangian conservation char-
acter, the magnetic field equatidsg] is “slow” and does not

www.nonlin-processes-geophys.net/20/893/2013/
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change the linear, i.e., inertia—gravity, wave spectrum of the
RSW system in the absence of background magnetic fields ;0

Thus, the procedure ®eznik et al(1992 andZeitlinetal.  —— [Vzrri* - (—1)iDj1n] — J(A;,V?A) =0,

(1992 should work for perturbation about the rest stattn- dr ~

out background magnetic fielddowever, the Alfvén waves d"—A- -0 i—12 (42)
that should appear if a background magnetic field is present, da T

do not have a spectral gap, see below, and may invalidate th@here
slow-fast separation in this case. This issue will be addresse%(O)

in detail elsewhere. (’j— ()= )+T(x)..), i=12 (43)
We recall that the linearization of Eqsl9)—(22) about 4
the state of rest = H on the f-plane f = const, with con- Here D; are nondimensional thicknesses of the layers, and

stant magnetic fieldh = B, results in harmonic wave solu- 7 denotes a nondimensional interface deviation. In the stan-

tions with wavefrequency and wavevectok satisfying the ~ dardin GFD limitpz—p1 — Oitis simply expressed in terms

following dispersion relation, cShecter et al2007): of the pressure differencg:= 2 — 71. No summation over
repeated indices is understood, and stars; are omitted.

The details of the scaling and the procedure may be found in
Zeitlin (2007, Chapters 1 and 2). Their extension to the MHD
. . . . S S > case is straightforward.
wh|chzg|ves, |n2th_e limit of n,o rotat|0ml,>_ = (B:k) ;= On the g-plane, the terms8d,x; should be added in
(B-k)*“+ gHk<, i.e., Alfvén and mixed Alfvén—gravity . o L
waves Eqg. @2), and formal linearization of Eq4@) will give baro-
L . o clinic (and barotropic) mixed Alfvén—Rossby waves in the
Likewise the formal linearization of the syste®9 over - .
: ; presence of a background magnetic field. It is well known,
the rest state with constant background magnetic field ; -
. : : . however, that in the baroclinic system Rossbhy waves can
n =0, A= B1y — Box results in harmonic solutions with ;
: also propagate due to the velocity shear between the lay-
wavefrequency» and wavevectok = (k1, ko) with the fol- . - .
. ; ) o ers even in the absence pf For QG motions described by
lowing dispersion relation: . S .
Eq. @2), a shear corresponds to an interface inclination via
the geostrophic balance. It is also well known that on the
f-plane, any shear is unstable for sufficiently long wave per-
turbations due to thbaroclinic instability(on theg-plane a
threshold for the instability exists), dPedlosky(1982. Let
corresponding to mixed Alfvén—Rossby waves. Indeed, inus see how incorporation of the magnetic field influences the
the limit of vanishing magnetic field4Q) gives the usual baroclinic instability. By linearizing about the state
Rossby waves, and in the opposite limit of vanishphgt nf=—Uy, A =By, (44)

gives the Alfvén waves. . ) . .
It is clear from Eq. 41) that, in the presence of the with constantU;, B;, and looking for harmonic solutions

background magnetic field, the frequency spectrum is notith wavefrequency and wavenumbek in the strongly de-
bounded from above anymore, and the formal validity of the9enerate, but simplest to analyze cdse= D> = D, Uy =
system 89) as “slow” limiting equations of the full mRSW —Uz="U, we arrive at the following dispersion relation:
equations remains to be proved. \/

gHK® + f?

2 2
=B k) +
10) ( ) 5

+ %\/(ng2+f2)2+4f2(B-k)2, (40)

Bk ( Bk1

2
————— %t | =———] + B0 @1
2(k2 4+ Ry 2(k2 + Rd2)> B-0% @D

In any case, the known effect of the “elasticity” of the mag- , — + yk, A+ B% + B%)kz +D l(B% + B% ) .
netic field leading to Alfvén waves is well represented in the k?+2p-1
barotropic mRSW and its “slow” version. We will see that The standard baroclinic instability res@#edlosky(1982) is
this effect will play a stabilizing role when baroclinic effects recovered in the limi; » — 0.
are included. Thus, if the magnetic field is strong enough in any layer,
the baroclinic instability disappears. Such a stabilizing effect
of the magnetic field could be anticipated due to its “elastic-
ity” mentioned above. It is characteristic, in fact, not only of
The multi-layer mRSW can be treated in a similar way asthe large-scale slow-evolving geostrophic baroclinic instabil
the one-layer case, by introducing magnetic potentials fOIJty, but also of the rapid ageostrophic instabilities such as the

each layer. The QG approximation may be as well developedfeIVin_|—|(|3(|mfhc}|]tZ Oone, Whi.Ch c<231rI1 be easily .Strlgliedzg] the
again along the standard lines, giving the following 2-layer ' &MEWOrK O the non-rotating 2-layer equatiorsi}~(28)

QG MHD equations for (magnetic) pressures and magnetié:’y linearizing about the basic state with horizon'FaI yelocity
potentials in the layers in thé-plane approximation: shear between the layers. Although the magnetic field does
not cure the instability, its influence is stabilizing, adding up

with gravity (not presented).

(45)

4 Effects of baroclinicity

www.nonlin-processes-geophys.net/20/893/2013/ Nonlin. Processes Geophys., 2088832013
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5 Concluding remarks

Thus, we have shown how the mRSW model Gifman
(2000 arises from vertical averaging of the MHD equa-
tions for the rotating fluid in the gravity field, and applica-
tion of the mean-field and magnetohydrostatic hypotheses.
Multi-layer generalizations easily follow from this construc-
tion. Although it is important to keep in mind the limits of References
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