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Abstract. By employing an analytical model for a constant- though the model is quasi-three-dimensional (the ellipsoid
vorticity distributed vortex, namely, the ellipsoidal vortex vortex has a nonzero vertical scale), the dynamics within the
embedded in a constant buoyancy frequency shear flow, theortex is non-divergent at each horizontal plane, so, the dy-
problem of the passive scalar transport through the vortex'snamics of each horizontal section of the vortex is similar to
boundary is addressed. Since the model's governing equahe one of the classical Kida vorteKifla, 1981).
tions do not allow such transition to occur, we implement Such an ellipsoidal vortex has the prominent feature of
a low-scale diffusion process into the vortex model. Takingpreserving its boundary form in a linear shear flow, being
into consideration the diffusion term, we study the passivegenerally motionless or performing periodic or aperiodic mo-
scalar transport in a steady state (the boundary of the elliptions. However, the surrounding fluid being affected by the
soidal vortex does not change in time) and in a perturbed statboundary change can exhibit irregular dynamisl¢ani and
(the boundary of the ellipsoidal vortex changes in time peri-Wisdom 199Q Dahleh 1992 Zhmur et al, 2011), namely,
odically) within the time scope corresponding to the charac-the exponential divergence of close trajectories for a finite
teristic life cycle of a mesoscale oceanic eddy. An increasdime, the phenomenon is widely known in fluid mechanics as
of the passive scalar transport through the boundary in thehaotic advectionAref, 1984 2002.
perturbed state in comparison with the steady state due to The most evident advantage of this model is an analyti-
the irregular dynamics of the surrounding flow is shown. Thecally derived stream function that provides an opportunity to
applicability scopes of the investigation for studying oceanicobtain some insight into the leading order dynamics, such
eddies in nature are discussed. as the response to external shear, and strain, and the possi-
bility of different motion types (rotation, oscillation, elonga-
tion) of vorticity patches in shear flows. However, the pos-
sibility to derive the stream function restricts the number
1 Introduction of processes that, in one way or another, affect the vortex
dynamics in the ocean. The main restriction of this ellip-
An ellipsoidal vortex is a constant-vorticity distributed vor- ggidal vortex model is that its governing equations do not
tex model for studying the dynamics of oceanic meso- andy|jow the fluid particles from the vortex and surroundings
submesoscale eddies as a whole and for studying the dynamg cross the vortex boundary, so, there is no exchange of
ics of passive scalars comprised within the eddies and theifiyig particles between the vortex and exterior flow. The vor-
surroundings Zhmur, 1988 1989 Meacham et al.1994.  tex's houndary in this case plays the role of a barrier that de-
The ellipsoidal vortex model is constructed under the quasinjes scalar transport including the chaotic one through itself

geostrophic approximation and the buoyancy frequency con(grown and Samelsor1994). In order to somehow generate
stancy assumption of the surrounding linear shear flow. Al-
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such fluid particle exchange, in this paper, we suggest implethe one of the meso- and submesoscale eddies in the ocean

menting a low-scale diffusion process to the ellipsoid vortex(Meacham et aJ.1994). Givena, b, andc being the semi-

model, so that such fluid particle transition between the vor-axes,f is the angle between semiaxisand the x-axis. The

tex and its surroundings can occur. ellipsoid evolves in a linear shear flow, withandy being
Thus, the main aim of the paper is to study how the imple-the strain and surrounding vorticity components of the linear

mentation of the diffusion process affects the scalar transporshear flow. The ellipsoidal form is governed by the following

within the vortex and its surroundings. Such a problem isequationsZhmur, 1988:

of interest partly since, according to satellite measurements u db

(Chelton et al.2007, 2011), an oceanic mesoscale eddy al- — = gecos(20), — = —bec0s(20),

though it can last quite a long time it always disappears due dr

to a certain loss of its vorticityRalasuriya and Jong200%, do oty al+ bzesin(ze) )
Balasuriya 2004. This suggests that the eddy’s boundary dr a2 — b2 ’
permits the eddy’s vorticity to pass through it while the back-  here
ward flux of the exterior vorticity does not compensate the
loss. oo
= 4
O/ (a2+ ) b2+u)«/é(u) )

2 Ellipsoidal vortex model
. o o is the proper rotation of the ellipsoidal vortex without any
A detailed derivation of the ellipsoidal vortex model can

be found, for instance, iMeacham et al(1994. Here, we ~ SXternal flow,c = Fo & =(a®+u) (07 + 1) (Cz""“)’
present only the derivation’s points that are necessary for théV =const is the buoyancy frequenqy const is the Cori-
present paper. First, the basic approximations of the ellip0liS parametero =a —y, a = const#0 is the ellip-
soidal vortex model are the quasi-geostropfiiplane flow ~ SOid vortex’s vorticity. System3) governs the dynam-

in an infinitely deep ocean with a constant buoyancy fre-ics of the ellipsoidal vortex’s boundary. According to
quency,N =const. Also, it is worth noting that all the fol- Zhmur and Pankratofd989, the vortex can perform three
lowing expressions are already dimensionless (for details segharacteristic types of motion: two periodic —rotation and os-
Zhmur et al, 2011). By introducing the length scald,*, cillation, and one aperiodic — infinite elongation. Also, there
the depth scaleH*, the velocity scalel/*, and the buoy- aré parameters when the vortex is aligned along the strain
ancy frequency scaley*, one can construct the timescale, and becomes motionless. These types have been thoroughly
T* — U*, and the stream-function scale* = U*L*. Given  studied inZhmur et al.(201). In this paper, we are only
these scales and approximations, the potential vorticity coninterested in the periodic types, since these generate the ir-
servation law becomes true in the simplified foeglosky ~ regular fluid advection in the surrounding flow.

1987): Thus, we will further study passive scalar transport in-

duced in the resulting velocity field being jointly gener-
%q 0, ) ated by the linear shear and ellipsoidal vortex (for details see
dr Zhmur et al, 2011),

- 2 ~ . ~
where g = Apy + %%2% is the potential vorticity, and u = ex —yy +C0o9v + sindi,

Ah = 88—22 +- 3—2 is the horizontal Laplace operat@, = 2 + v =yx —ey +sin0v — cosda, (5)
U= ax +ugs W|th the horizontal velocities; andv, sat|sfy|ng where
the geostrophlc relations,

o
- - ydu
oy oy u= c/
u 3" U= ox 2) / (0% +n) VEW)
Y is the geostrophic stream function that defines unamblgu T xdu
ously the dynamics of the flowPgdlosky 1987). = f JEGQ
In this simplified formulation, the potential vorticity, is A

a Lagrangian invariant meaning it can be treated as a pas-

sive scalar. Thus, one can choose a certain volume of thg& = x cosd + ysing,
fluid whose vorticity is different from that of the surround-

ing flow, and then study the evolution of this volume. A few
volume forms are known to preserve their boundary in a lin-and A determines whether a fluid particle belongs to the el-
ear shear flow. One of these is the ellipsoidal form whichlipsoidal vortex or to its surroundings. For a particle within

is believed to be of use for comparing its dynamics with the vortex one should take= 0, while for a particle in the

y = —xsind + ycos,
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surrounding flow one should use the positive raot; 0, of
(Nz)z

e ot =1

By using Eqs 5) and (3) one can evaluate trajectories
of fluid particles within the ellipsoidal vortex and in its sur-
roundings. Since the lengths of the vortex’s semiaxes depend
on time periodically (although the ellipsoid always stays el-
lipsoidal), the surrounding fluid undergoes a periodic pertur-
bation inflicted by the vortex’s form oscillation.

System §) of the governing equations is a dynamical sys-
tem with “one and a half degrees of freedorhiohtenberg
and Lieberman1983 Zaslavsky 1998, where an additional
half degree of freedom implies a time-dependent perturba-
tion of a stationary dynamical system. In the problem under
consideration, such a time-dependent perturbation arises due
to the periodic motion of the ellipsoidal vortex. So, this per- Fig. 1. A phase portrait of stationary syste) @se = 0.1, y =0,
turbation leads a part of trajectories of the surrounding ﬂuidg% =1.0551,6 (0) = %. The bold black curve is the separatrix
particles to exhibit chaotic behaviour (the exponential diver-dividing the closed recirculation zone (red lines) with the vortex (the
gence of close trajectories for a finite time). Although the grey region), and the hyperbolic exterior flow region (blue lines).
model allows us to study the fluid dynamics at different hor-
izontal planes, the present study is concerned only with the
dynamics of the sectiory,= 0, throughout the paper. Scal-
ing parameters of systerB)(were chosen as=0.1,¢ =1,
andy = 0. Figurel shows a typical stream-line pattern of
stationary systenbj with the exterior flow where the strain,
e = 0.1, is dominant over the rotatiop, =

System §) is stationary when the vortex (grey zone in the
figures) is motionless, and, consequently, does not change its
semiaxes’ lengths. The stationary system'’s initial values are
“E ) = 1.0551,0 (0) = Z (for details se&hmur et al, 2011).
Whene > y then the exterior flow (blue lines in Fid) is
hyperbolic, and in the vortex vicinity, a closed recirculation
zone appears (red lines in Fig). The bold black curve de- -
marcating these two motion types is a separatrix with two A T T R
hyperbolic critical points. I < y then the vortex rotates in -2 0 2 X
the same direction as the exterior flow, hence it does not gengijg » A poincae section of systensy aszggg =2,0(0) = Z with
erate any specific closed recirculation zone and, therefore, Ngye parameters corresponding to FigThe bold black curves are

separatrix forms. the separatrix of the associated steady state.
The dynamics of systend)is regular, that is, the fluid par-

ticle trajectories coincide with stream-lines similar to those

shown in Fig.1 if the vortex is motionless, what can be polic points, and another 20 along the line, which is orthog-
achieved only by specifically choosing0) , 5 (0), andé (0).  onal to the first one in order to show the islands of regular
However, in the general case, that is, if one chooses initiaimotion, and then followed their trajectories for 30 perturba-
values of the parameters arbitrarily, the corresponding vorteXjon periods. The perturbation period in this case is equal to
performs periodic or aperiodic motions. T = 1.89166. Further we will use this period as a characteris-
The periodic motion can be of two types, oscillation and tic timescale. We will refer to this case as the perturbed state
rotation; while the aperiodic one is infinite elongation (for (3 detailed study of the advection generated by the perturbed
details sedvleacham et a,|.1994 Zhmur et al,. 201]) In this System was conducted #zhmur et aL 20_‘]_:])
study, only periodic motion is of interest. When oscillating  we should emphasize a few points that are essential to the
or rotating, the vortex perturbs the fluid particle dynamics in further analysis. If the system is perturbed by the vortex mo-
its vicinity, which results in chaotic advection. Figuzel-  tjon, a large body of fluid in the vicinity of the vortex (the
Iugtrates a Poincérsection of the perturbed syste®) @s  region filled with disordered points in Fig) starts moving
ZE ; 2,6 (0) = %, and the other parameters correspond tojrregularly, that is, two close fluid particle trajectories expo-
those as in Figl. To construct this Poincarsection, we npentially diverge in a finite time. Also, a certain amount of
placed 20 markers along the line, which links the two hyper-the fluid (two “islands” of regular motion astride the vortex)

M TN WA\ VI I /A, SR/ S
-4 -2 0 2 4 X
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is involved in regular motion (a great body of literature con- 2005. Now, one can solve Eq7) instead of Eq.®). By ex-
cerning chaotic advection in geophysical hydrodynamics carploiting the characteristics of Eqr), one can readily obtain
be found inKoshel and Prant2006 Koshel et al. 2008

lzrailsky et al, 2008. . o =V w0 +p0). 1O =r0,
It is worth mentioning that the trajectories of fluid parti- g dt
cles, contained within the ellipsoidal vortex (grey region), 25,1 =0, §(0)=qo(ro). (10)

cannot intersect the vortex’s boundary. To allow such inter-dt

sections to occur, we suggest implementing the diffusion pro- .
. . m rr n with -
cess into the vortex system. Further we will show that the. System L0) corresponds to systeflwith U (r (1) , ) be

S P : ing the right-hand terms of Egb), andp () being the diffu-
10|nt_|nfluence IOf tf;e dtlffusgm ptr_ocesifantd t:;]e |][Ire_gular tdyl sion term. Then, by making use of the Monte Carlo method,
hamics, hamely, chaolic advection, atlects the TUld particle, o ..\ o inio consideration the diffusion process along the tra-
transport differently compared to the one with diffusion and

regular motion. The former we will refer to as the perturbedjectOry of a passive scalakgshel and Alexandrovd 999.

state case, and the latter as the steady state case.
4 Diffusion affected transport in the steady state

3 Diffusion implementation Now, we present the numerical simulation results. First, we

should mention a few remarks concerning the numerical cal-
So, the next step is to implement a diffusivity into system cyjations. Figures 1 and 2 were initially obtained exploiting a
(5). Therefore, consider passive scalar motion in a prescribegnethod with an adaptive step control, namely, the Bulirsch—

velocity field, U (r, 1): Stoer algorithm, that uses Richardson extrapolation with the
) ) 52 modified middle point method. However, this method cannot

(_ LU 1) _) (1) =k——q (r.0), be applleq to calculate traje_ctorles of a stochastic dynamlcgl
ot or el system, since the stochastic perturbation depends on the in-

tegration step. Hence, in order to correctly model a stochas-
q(r,0)=qo(r), (8) tic process, the integration step must be constant throughout
the calculation. Therefore, to achieve an acceptable precision
of our calculations, we use the Euler method with a suffi-
eciently small integration step. Thus, first, we chose the inte-
gration step, comparing the obtained deterministic trajecto-
ries of Figs.1 and2 with the ones obtained by the Bulirsch—
Stoer algorithm, and then, calculated the stochastic process
realizations using the Euler method with the constant inte-
gration step. The step we used is #0a smaller step would

wheregq (r,t) is a scalar field of a passive admixture (un-
der certain circumstances it can be, e.g. salinity, temperatur
vorticity), andk is the diffusivity. Expressiong) is already
written in a dimensionless form.

Now, we introduce an auxiliary scalar fielgl(r, ¢), being
described by the following stochastic equation:

ad d J . . . . .
<8_ + U (r,t) 8_) q(r,t)= —p(t)a—q (r,1), result in an overwhelming calculation time.

! r r First, we have executed simulations of the diffusion-
G (r,0) = qo(r) ) affected passive scalar transport in stationary systedp (

so, the initial parameters correspond to Biglhe ellipsoidal
with p () being a delta-correlated vector random Gaussianvortex in this case is motionless, so, the passive scalar advec-

process which does not depend Biir, 1), and satisfies the  tion both within the vortex and in the surroundings is regu-
conditions: lar, that is, the trajectories of passive scalars coincide with

the stream lines. To study the dynamics of a scalar concen-
(p®) =0, (pip;jt))=2c8;;8(t—1"), i,j=12, (8) tration field, we have distributed uniformk 1000 mark-
ers within the vortex region (the locus of each marker cor-
wheres;; is the Kronecker delta (7) is the Dirac function, responds to the cell of a net covering the vortex), and then
andt, ¢’ are two consecutive instants in time. executed 1000 realizations of procgsg). Thus, the initial
The solution of 6) corresponds to the averaging concentration within the vortex is 1000 markers in each cell

(Klyatskin, 1994 Koshel and Alexandroyal999in the so-  of the uniformly distributed net covering the vortex. Then we
lution of Eq. (7) over an ensemble of realizations of process have traced trajectories of the markers for a time interval, and

p (t) such that memorized the positions the markers have reached.
Figure3 shows the concentration field at the indicated time
qr,t)=(q(r,1)p. 9) as the diffusion is equal te = 102, and the model’s pa-

rameters correspond to Fifj. The bold black curve is the
Equation 0) represents the solution of E@)(in the form  vortex’s boundary that does not change due to stationarity.
of a continual integral Nlesinger 1971 Klyatskin, 1994 According to the figure, diffusion affects the scalar transport
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-2 0 2 X
(@) T/4 (b)5-T

Fig. 3. Scalar concentration field at the indicated time-as 102 corresponding to the parameters as in Eigrhe bold black curve is the
vortex’s boundary corresponding to the initial scalar distribution. Concentration (number of markers) is shown by colour.

weakly through slow spreading of the vortex’s boundary (see pdf,
Fig. 3a at timeT /4, whereT = 1.89166 is the characteristic |
period of vortex rotation). The concentration field withinthe 53|
vortex undergoes little changes due to diffusion, and it stays
almost equal to the initial concentration filed. Since there is
no source of markers, in the course of time, the concentra-
tion decreases within the vortex, and markers occupy the sur-
rounding space (see Figp at time 57'). Hence, in the steady
state, the concentration field outside the vortex spreads nor-
mally according to a Gaussian distribution.

Figure 4 illustrates the probability density of the marker :
distribution as a function of the values, at the y=x line, 0.1
which determine equal-area elliptic rings. In other words, I
Fig. 4 depicts how many markers are located within ellip-
tic rings of same area S at a given instant. All the rings |
belong to one elliptic family with ellipticitys g = 1.0551. ok
The number of markers is normalized by the total number of 0
markers,~ 10°, and by the ring area\ S = 0.15. The curves
show that the marker spreading indeed progresses as a Gaudg. 4. Probability density as a function of the elliptic rings’ major
sian process both within and outside the vortex. It is alsoSe€miaxisz in the steady state case. The curves depict the probability

of essence whether the stochastic process is significantly afi€nsity at the instants corresponding to different number of the vor-

fected by the numerical error. To confirm that our results aregi)irzgtsgggxpemds' Vertical dashed line marks the major semiaxis

stable, we calculated the discrepancy between the step we '

used and the step of 16 for the probability density function

curves shown in Figd. The corresponding relative error is 5  Diffusion-affected transport in the perturbed state

0.00488. Thus, we conclude that the calculation error does

not affect our results significantly. In this part, we will analyse the diffusion-affected transport

The next part of the study is concerned with the perturbedn the perturbed case, that is, when the vortex changes its

state, when the vortex’s boundary changes in time, whichsemiaxes’ lengths periodically. As the initial conditions we

leads to the irregular dynamics outside the vortex. choseﬁ% =2, andd (0) = 7 (see Fig2). With these initial
conditions, the vortex rotates slightly changing its semiaxes’
lengths. As opposed to the steady state, the passive scalar
advection outside the vortex is now irregular, however, within

the vortex, the advection is always regular.

02+

|
a3
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-2 0 2 X
@T1/4 (b)5/4-T

2 0 2 X -2 0 2 X
(©2-1 d5-T

Fig. 5. Scalar concentration field at the indicated time as 1072 corresponding to the parameters as in Bay.The bold black curve is the
vortex’'s boundary corresponding to the initial scalar distribution. Concentration (number of markers) is shown by colour.

Figure5a, b, ¢, and d depict the concentration field at the marker to jump from one deterministic trajectory to another
time corresponding to a quarter of the vortex’s rotation periodequals the probability of it to perform a reverse jump to the
(T/4),t054-T,2-T, and 5 T rotational periods, respec- initial trajectory, but, in the perturbed state, these chances are
tively. not equal. In this case, if a marker jumps to another determin-

Now we underline a few peculiarities which can be seen inistic trajectory due to diffusion, this trajectory exponentially
Fig. 5. First, since within the vortex the dynamics is always diverges from the marker’s initial one, and the probability of
regular, the markers spread according to a Gaussian distribla reverse jump to the initial trajectory decreases compared to
tion, same as in the steady state, however, outside the vortethe initial jump probability.
the markers spread otherwise due to chaotic advection. To Second, the regions (“islands”) of regular motion astride
demonstrate this explicitly we plotted Fig, which shows the vortex corresponding to nonlinear resonances rotate to-
the probability density as the corresponding rings’ elliptic- gether with the vortex, and the diffused markers get into these
ity is equal toj(—g) = 2. In accordance with Fig6, within regions much later than into the every point of the stochastic
the vortex (on the left of the dashed vertical line), the markersea (see Fighb, ¢). Within these islands, the marker spread-
spreading progresses the same way as in the steady state caisg, progresses the same way as within the vortex, namely,
but outside the vortex the spreading obeys another law. according to the Gaussian distribution, since no exponential

It seems that this law should be a power law, what is indivergence of close trajectories occurs.
agreement with the works dfones 1994 Rom-Kedar and Comparing Figs3b andsd, which correspond to the same
Poje 1999 This difference between the steady and perturbednstant in time, one can see that the marker spreading pro-
states in the distribution laws outside the vortex, roughlygresses much faster in the perturbed state. In the perturbed
speaking, is because, in the steady state, the probability of atate the scalar concentration within the vortex is not equal
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Pdf: 1 a=a,
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Fig. 7. The part of markers which are located outside the vortex at
pinstantNr - T. The green and red curves correspond to the perturbed
fand steady states, respectively.

Fig. 6. Probability density as a function of the elliptic rings’ major
semiaxisa in the perturbed state case. The curves depict the pro
ability density at the instants corresponding to different number o
the vortex rotation periods. Vertical dashed line marks the vortex’s
boundary.

possibility of the scalar to jump back on the initial trajectory

to the initial concentration almost everywhere, while in the Since the distance to this initial trajectoryise* ™", wherei.*
steady state the initial concentration remains almost the sami§ the Lyapunov exponent, andis a characteristic diffusion

in the vicinity of the vortex’s centre. Given the length of the timescale.

vortex’s boundary is equal in both cases, and the boundary Comparing the steady and perturbed states which induce
throughput is hence also equal, the different rate of the scalaihe regular and irregular dynamics, respectively, we have
spreading is because, in the steady state, once a marker l&fhown that the scalar transport through the vortex’s bound-
the vortex, it has the same probability to return inside the@’y is more effective, i.e. the scalar emanation from the vor-
vortex, while, in the perturbed case, the chance of leaving€X happens at a higher rate, in the perturbed state. This is
the vortex is higher than the chance of returning inside it.2S0 caused by the exponential divergence since the proba-
This leads to the conclusion that the draining from the vortexbility of a scalar to return to the vortex in the perturbed state
is much effective in the perturbed state. Figdreepicts the is lesser then the one in the steady state, and, hence, the vor-
part of markers which are located outside the vortex at instant€X emanates scalars faster in the former case.

Nr-T. The green and red curves correspond to the perturbed To conclude, we would like to discuss the applicability
and steady states, respectively. One can clearly see that ttfgopes of the presented study to the real ocean. In the ocean,

scalar detraining of the vortex progresses much faster in théhe problem of reliable determination of the diffusivity,
perturbed case. is quite challengingNlonin and Ozmidoy 1985 Van Dam

et al, 1999 Zhurbas and OH2004), however empirical esti-
mates give an assessmekit/) ~ [*/3, wherel is the corre-
6 Conclusions and discussion sponding scale that the diffusion affects mostly. Our dimen-
sionless diffusion parametercorresponds to dimension pa-
The cooperative impact of diffusion and advection on therameterk as follows: K ~ U*L*k, whereU*, andL* are
scalar transport in the model of an ellipsoidal vortex embed-the characteristic velocity and size scales of the vortex mo-
ded in a linear shear flow has been addressed. Two types dfon. Since the governing equation of the vortex dynamics
advection, namely, regular and irregular (chaotic) have beerare derived by exploiting the quasi-geostrophic approxima-
dealt with. The combined effect of the former and diffusion tion, our characteristic parameters are to correspond to the
has been shown to result in a normal spreading of scalarsesoscale dynamics. Thus, by choosing the buoyancy fre-
outside the vortex, while with chaotic advection the transportquency, Coriolis parameter, total depthds= 2 x 103571,
outside the vortex seems to tend to a polynomial-law depenf =10*s1, H =4x10*m,U* =0.1ms %, L* =10Pm,
dence. This is because chaotic advection results in the exp@nd« = 10-2, we obtain an estimate& ~ 10? m®s™1, that
nential divergence of close trajectories. Then, given diffusionaccording toOkubo (1971 corresponds to the apparent dif-
is implemented into the system, the possibility of a scalar tofusion scale of ~ 10°m.
jump on a close trajectory due to diffusion is not equal to the
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