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Abstract. A test for deterministic dynamics in a time series Valdivia et al, 1996 Chen and Sharm&006. Such models
data, namely the 0-1 test (Gottawald and Melbourne, 2004¢apture the dynamics of magnetosphere, especially during
2005), is used to study the magnetospheric dynamics. Thenagnetic storms and substorms. The magnetospheric sub-
data, corresponding to the same time period, of the aurorastorm is a process in which energy stored in the magne-
electrojet indeXAL and the magnetic field componeBy of totail through solar wind—magnetosphere interaction is re-
the solar wind magnetic field measured at 1 AU are used tdeased explosively, causing dramatic phenomena in various
compute the parametdf, which is zero for non-chaotic and regions of the magnetosphere and ionosphere. This coupling
unity for chaotic systems. For the magnetosphere and als@ strongly enhanced when the interplanetary magnetic field
for the turbulent solar windkK has values corresponding to turns southwardAkasofy 1981). A typical substorm, with

a nonlinear dynamical system with chaotic behaviour. Thisa time scale of an hour, consists of three phases, viz.: en-
result is consistent with the Lyapunov exponents computecergy storage in the magnetotail (growth phase), sudden un-
from the same time series data. loading or release of the stored energy (expansion phase),
and a return toward the quasi-equilibrium state (recovery
phase). Among the geomagnetic indices representing mag-
. netospheric phenomena, the auroral electrojet indidgds

1 Introduction AL, andAE (Mayaud 1980, derived from the magnetic field

h led sol ind tosph tem is a hi hIvariations in the high-latitude auroral zone, closely reflect the
€ coupied solar wind-magnetosphere system 1S a hig ?(eatures of magnetospheric substorms. During periods of en-
variable dynamical system with continuous exchanges o

hanced geomagnetic activity the westward electrojet, mon-
mass, momentum and energy through many plasma pr

includi i oayli 197 Ctored by theAL index, increases abruptly due to currents
cesses, including magnetic reconnectivadyliunas 1975. driven by plasma processes in the magnetotail. On the other

As a consequence of th_e cqntinuous solar _vyin_d driving, thenand, the eastward electrojet, which is monitored byAbe
magnetospherlc dynamics IS far from equmbrlum_a_nd hasindex, increases due to processes such as the partial ring cur-
been described as a nonlinear system that exhibits COM:ont closure via the ionosphere in the evening sedietd:

plex and irregular bghaviouSharma 1995 Klimas et al, stein et al.2006. Therefore, the analysis of thd_ and AU
1996. The complexity of the magnetosphere has been ex; jices can yield insights into the dynamics of different as-

tensively studied using different approaches. The first stud- ects of the magnetosphere. TAE index reflects the vari-

les were based on the autonomous behaviour of the magné:fbility of the magnetospheric substorms and is widely used

tosphere and thus used the data of the magnetosphere alofhethe studies of the d . . o
S i T ynamical behaviour, as in this paper. On
(Vassiliadis et al. 1990 1991 Shan et al.1991 Price and the longer time scales, typically 10 h, the magnetic storms are

Prichard_ 199.3 Sha”’.‘a et .a,l.1993 Sh.arma 1999, .a.nd the dominant phenomenon and the storm-time substorms are
emphasized its low-dimensional behaviour. Recognizing th%ost intense$harma et al2003

driven nature of the magnetosphere, the next stage of studies The theory of nonlinear, deterministic dynamical systems

considered the solar wind and magnetosphere as an inpu STovi
. N ovides a powerful approach to the study of large-scale
output system Rrice et al. 1994 Vassiliadis et al. 1995 tp P PP y g
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12 S. Prabin Devi et al.: Deterministic dynamics of the magnetosphere: the 0-1 test

natural systems, such as the Earth’s magnetosphere. TH007, which correspond to the peak periods of the last solar
techniques of phase-space reconstructidoatbanel et aJ.  maximum and minimum, respectively, are used. This choice
1993 Kantz and Schriebe997 yield the dynamical fea- of the periods of extrema in solar activity provides, in ad-
tures, such as low dimensionality and characteristic timedition to the study of the deterministic features, a means to
scales, inherent in the observational time series data. A kegtudy the differences in general. Since the storms and sub-
feature of this approach is its ability to yield these domi- storms are responses of the magnetosphere to the solar wind
nant dynamical properties inherent in the data, independentriver, the north—southh component of the interplanetary
of modelling assumptions. This has stimulated many applicamagnetic field (IMF), responsible for magnetic reconnection
tions to the time series data of natural and anthropogenic sysat the magnetopause, is used as a variable representing the
tems, and has provided an improved understanding of the ursolar wind. The analysis based on the 0-1 test is thus carried
derlying dynamics. During the last two decades, the nonlin-out on the IMF B,, measured at AU, and AL, during the
ear time series methods have been used to study the magneteame periods. So far the 0-1 test for chaos has been applied
sphere usind\E andAL index time series, and these studies to simulated data such as those generated from the integra-
have shown evidence of chaotic behaviour in the magnetotion of Lorenz equations and from laboratory experiments
spheric dynamics. The first studygssiliadis et al. 1990 (Falconer et a).2007 Chowdhury et al.2012. This paper
used the auroral electrojet ind&E for the reconstruction of  presents the first application of the 0-1 test to the observa-
phase space and found good evidence in support of the lowional data of a natural system. In order to validate the results
dimensionality of the magnetospheric dynamics. This wasobtained by this test, the Lyapunov exponents are computed
followed by a large number of studies using improved phaseusing the standard techniquddegger et al.1999 and the
space reconstruction techniques such as the singular specensistency among the results analyzed.
trum analysis $harma et al.1993 Pavlos et a].1994. The The paper is organized as follows: The next section is a
scaling properties of the magnetosphere have also been stubirief description of the 0-1 test algorithm used in the analy-
ied, for example, in the form of multifractal analysis, self or- sis of the magnetospheric data. In Sect. 3 the correlated solar
ganized criticality and intermittencyConsolini et al. 1996 wind and magnetospheric data and the analysis of the dy-
Chang 1999 Klimas et al, 200Q Freeman et al200Q Sit- namical behaviour using the 0-1 test, as well as comparison
nov et al, 200Q 2001). The low dimensionality of the mag- with results obtained from the computation of Lyapunov ex-
netospheric dynamics is mainly a geometrical property andoonents, are presented. The main results and their implica-
enables the modelling of the dynamics using a small numbetions are summarized in the concluding Sect. 4.
of variables. On the other hand the Lyapunov exponents are
directly related to the divergence of the neighbouring trajec-
tories and thus to the chaotic behaviour. The computation® Test for deterministic dynamics in time series data
of these exponents from the time series data of the magne-
tosphere Yassiliadis et al.1991, Pavlos et al.1999 yield The ubiquity of complex or irregular behaviour in time series
at least one positive Lyapunov exponent, thus showing thedata of many natural and anthropogenic systems has stimu-
presence of chaos. lated the development of techniques to characterize the in-
The low dimensionality and chaotic behaviour derived herent dynamical features. The most widely used techniques
from reconstruction of phase space from time series datare the different forms of phase-space reconstruction using
using time delay embeddind\parbanel et a).1993 Kantz  the time delay embedding\barbanel et a).1993. Implicit
and Schrieberl997) are subject to uncertainties, due mainly in this approach are the reconstructed trajectories, and many
to the limitations on the data and multiscale phenomenastudies have been developed to improve the reconstruction
(Ukhorskiy et al, 2004), in yielding clear dynamical trajec- (Kaplan and Glassl992 Kennel et al. 1992 Wayland et
tories. In the studies using the auroral electrojet indices, thel., 1993. However, in many cases the dynamical features,
phase space reconstructed from the data and its surrogatssich as trajectories, are not obtained clearly and this limits
were found to be similarRrice and Prichardl993 Price et  the ability of the techniques to yield conclusive results.
al., 1994). Similarly, the computation of the Lyapunov expo-  The 0-1 testGottawald and Melbourn&004 2005 for
nent is subject to uncertainties. Although the improvementscharacterizing the origins of the irregularity of a time series
in the phase-space reconstruction, such as orthonormality olisvercomes this limitation and thus provides an effective and
tained by using singular vectorSifarma et al.1993, have  independent technique. This test is based on two main com-
led to better results, it is important to use independent techponents. In the first given time series data are used to drive
niques for a better understanding of the magnetospheric dythe dynamics on a well-chosen group extension. The second
namics. In this paper, the 0-1 test for cha@sttawald and is a theoremNicol et al, 200]) that states that the dynam-
Melbourne 2004 2005 is used to study the deterministic, ics on the group extension is bounded if the underlying dy-
chaotic behaviour of magnetospheric substorms using cornamics is non-chaotic, but is unbounded and sub-linear if the
related data of the solar wind—magnetosphere system. Fatynamics is chaotic. The time series is used to compute a pa-
the magnetosphere tiAd_ index data for the years 2001 and rameterk, which can have values in the rangecX < 1,
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with the value of zero for non-chaotic and unity for chaotic square of p(¢;+») — p(f)] should asymptotically approach
systems. linear growth withz, for sufficiently largeN. For a finite
This method has many advantages over the methods dength of data, the mean square displacement is defined as
computing the largest Lyapunov exponents as signatures of | N=a
chaos underlying complex time series data, arising mainly — i oy 2
from the property that it circumvents the need for phase-M([a) Nlinoo N—-u«o j;[p(t]+a) pla)l’- (@)
space reconstruction. Moreover the form, nature and dimen- . _ , .
sion of the underlying dynamics are irrelevant for the test; 1his definition of mean square displacement requires
i.e. they do not pose practical limitations on the method ast < @ < N, whichimplies tha (z,) grows linearly in time
is the case for traditional methods involving phase-space rell @ IS in the range I o < N; practically best results are
construction. This method applies equally well to continuousopf[a'ned wherny < N/10. Th's_ te_st is based on the recog-
time or discrete time systems, to experimental or computed'tion that M (z,) is bounded in time for regular dynamics
data, and to data from ordinary or partial differential equa-"/hile scaling linearly with time for chaotic dynamical fea-
tions. The test is robust, in specific cases, to contaminatioff!"eS: Thus the scaling behaviour &f(z,) is the essential
by noise; that is, it can cope with the presence of Sigmf_element for the Fest, and is computed from its asymptotic
icant amount of noise in the data. All that is required aregrowth ratex defined as
time series data of an observation of the dynamics sampled . log(M (1))
at regular intervals; almost any reasonable function of the ZOHOOW' ®)
state of the system can be used. This makes the 0-1 test an . . :
especially ea)s/y test to implement. The test determines if a In the c_omputatlons .qu/[(t"). +D IS u_sed to aqu nega-
variable (to be defined later agt,)), derived from the time tive logarithms. For a time series of finite leng#,is com-

series data, corresponds to Brownian motion. This test haguted by performing a least square fit of (3¢t + 1)) ver-

been applied successfully to many known deterministic sys—sus lodra), n the range .K @ < N/10. The processes and
e underlying complexity are then characterized as non-

tems and showed near-perfect correlation between this teé tic fork ~ 0 and chaofic i€ ~ 1. In practice th 0
and the standard methods of computing Lyapunov exponentsc. acticiorf =5 a aocticit = 1.1n practice the co
uted values oK for most time series data are expected to

For example, this test has been applied to the well-knowrT, bet th wo limit
Henon-Heiles and Lorenz systems, and found to be useful af® Detween these two imits.
The application of this test to well-known systems has

a marker of the transition from regularity to cha@afrow - . . .
. o . : demonstrated the validity of this technique. For the eight-
and Levin 2003. The application to the time series data from . X .
n2003 PP dimensional Lorenz systenh@grenz 1996, K has values in

laboratory experiments has shown its utility as an analysis )
tool (Falconer et a).2007 Chowdhury et al.2012. These th_e ra?hget g]_QLS (Gottawa;ld ar_1d I\I/Ielblourr?Q(i_OE);[r?ons(;c_i- i
results support the clainGpttawald and Melbourn€004 ering that tne Lorenz system IS clearly chaolic, this indicates

that the dimension of the dynamical system and the naturéhat thf CIﬁ(S(TS tOf gctu;l Sﬁ'srt?jms’twg'fh e:re czaotlﬁ’t:ail- nd
of the underlying equations are not directly relevant, since! €S, are likely to be smafler due o the presence ofnoise a

the 0-1 test does not require the phase-space reconstructidlf n-chaotic features.

of conventional nonlinear time series methodbdrbanel et

al, 1993 Hegger et al.1999. Sun et al(2010 illustrated 3 Deterministic dynamics of the coupled solar

the selection of parameters of this algorithm by numerical  wind-magnetosphere system

experiments and also validated the reliability and the univer-

sality of the test algorithm, by applying to typical nonlinear The magnetospheric conditions vary widely depending on

dynamical systems, including fractional-order dynamic sys-the intensity of the solar wind driver, and its dynamical char-

tem. acteristics may reflect this dependency, at least partly. In gen-
The 0-1 test can be implemented readily for a given datumreral, the two limits in the range of activities are expected to

¢ (ty) attimer, (@ =1,2,3,---N) with a fixed interval and  correspond to the solar maximum and minimum. Keeping

representing the underlying dynamics. Choosing a randonthis in mind the years 2001 and 2007, which correspond to

constantceR, a real number (0.7 in this study), a function the last solar maximum and minimum, respectively, are cho-

p(ty), is defined as sen for this study. Among the various databases of the plasma
o and field variables of the magnetosphere, the auroral electro-
1) = 1) codic). 1 jet indices have been used extensively in the study of its dy-
plia) ;m 1) cosje) @ namical behaviour. The indéX reflects the magnetospheric

variability; considering substorm time scales-of. h, the 5-
To characterize the growth of the function defined in min averaged data are used.
Eqg. (1), the test uses the mean square displacements. For The solar wind data provided by ACE spacecraft, at the
Brownian motion, the average 0p(t; o) — p(te)] is ex-  first Lagrange pointf{1) upstream of the magnetopause, pro-
pected to grow ag/7, for @ =1,2,3, ..., N. Therefore, the  vide time series of the plasma and field variables driving the
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Table 1.The K values of the 0—1 test for chaos and the correspond-

ing Lyapunov exponents, computed using the Hegger et al. (1999)
algorithm, for the 3-month epochs of 2001 and 2007.
Year Epoch Time series K K LE LE
z length” (AL) (B2) (AL) (B2)
z 2001 Jan-Mar 0.7596 1.0949 0.1313 0.1110
E Apr-Jun 0.8320 0.8101 0.1255 0.1052
R . . . L | Jul-Sep 0.8159 0.7940 0.1219 0.0983
00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 Oct-Dec 20000 0.7558 0.9844 0.1227 0.0855
01 Jan 1 Q1 Mar 1 01 Moy 1 a1 a1 01 Sep 1 01 Hew 1
. , 2007 Jan-Mar 0.8335 0.9171 0.1016 0.0914
! Apr-Jun 0.9352 0.9760 0.1080 0.1027
Jul-Sep 0.8153 1.0071 0.1063 0.0986
Oct-Dec 0.7752 0.6946 0.0964 0.0905

significantly, thereby decreasing the efficiency of the imple-
. . mentation significantly. Taking all of the above into consider-
Do?ohu;‘[iiuol GQupoo  monon  0oo000 Goonon  oonac ation, an approximate value of the sequence |e|hgﬂ1ﬂOU|d
be selected so that the data explore enough regions of the
Fig. 1. The componenB, of IMF and auroral electrojet indeAL attractor. The greater th¥ is, the closer to ideal value of
for the years 2001aandb) and 2007 ¢ andd). The dashed vertical K. The plots ofK as a function of the time series length
lines mark the three-month periods or quarters. N are shown in Fig. 2. It is seen that in all the cases the
values ofK initially show a linear increase witlv and con-
verge to finite values for larg&. Many runs of the algo-
magnetosphere. The coupling of the solar wind to the mag+ithm were carried out for data sequences of variable lengths,
netosphere is enhanced during periods when the interplaneand it was observed that valuesfofare reasonably constant
tary magnetic field (IMF) is mainly southward, and thus the for N > 15 000. This clearly indicates that proper coverage
z-componentB, is considered the primary driver of magne- of the state space occurs fof > 15 000. Figure 3 shows
tospheric activity. The 5-min averaged IMF; data at JAU the plot logM (¢,) vs. logz,) for the third quarters of 2001
(ACE data) during the same periods asAtietime series are  and 2007 for theAL indices and IMFB, calculated with
used for the analysis. The aim is to identify if the nonlinear 20 000 points, and the correspondikgvalues are shown.
chaotic behaviour of the magnetosphere is indeed inherent iThese values, close to unity, clearly indicate the presence
its dynamics or is a direct response to the solar wind driver.of chaotic behaviour in the time series data. Similar analy-
The AL and B, used in this study have been obtained from ses were carried out for all the data segments correspond-
the OMNI database (CombinedAU IP Data; Magnetic and ing to the 3-month periods of the years 2001 and 2007. The
Solar Indiceshttp://spdf.gsfc.nasa.ghv computed values ok with N = 20000 for all the cases are
The IMF B, and AL index are shown in Fig. 1 for the shown in Table 1. Also shown in this table are the values of
two years 2001 (panels a and b) and 2007 (panels c and d)he largest Lyapunov exponent (LE) for these periods, and
For each year the data are divided into four quarters (marke@re discussed below.
by the dashed vertical lines). The differences in the activity The existence of a positive Lyapunov exponent is an indi-
levels in these two cases are evident in both the IMF anccator that determines the chaotic nature of the dynanas.
magnetospheric data (note the different scales for the twailiadis et al.(199]) calculated the Lyapunov exponents for
years). TheAL variations for the intense geomagnetic sub- the AL time series and obtained positive values in the range
storms have very high values, reaching close to 3000 nT irof 0.06—-0.17 mir®, which clearly indicated the presence of
a few cases during 2001. During 2007, the quiet period neachaotic behaviour in thAL time series. In this analysis of the
the last solar minimum, the pe&it_ values are reduced by a AL time series using the 0-1 test, we have obtained the values
factor close to two. It should however be noted that the anal-of the K parameter all approximately close to 1, indicating
ysis presented in this paper focuses on the overall behaviouhe presence of chaotic behaviour. Thus, the results of anal-
of the dynamical system in these two periods. ysis using the 0-1 test are in good agreement with the ear-
For each of the data segments, the valueX aire com- lier results Yassiliadis et al.1991). For a more direct com-
puted using Egs. (1)—(3). Although the length of each timeparison, the Lyapunov exponents are computed for the data
series data should be very large, there are practical considsegments shown in Fig. 2 using the TISEAN packéageg-
erations that limit the data size used in the computations. Ager et al, 1999. Here the time series data are represented as
the algorithm involves computational loops, larger data se-a trajectory in an embedded space and the Lyapunov expo-
quences lead to longer loops and the execution time increasagnts are calculated by searching for all neighbours within

S—m AL—index
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Fig. 2. The values oK versus the time series lengthfor different time windows of\L index and IMFB, during 2001 and 2007.
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Fig. 3. The computation oK values from the logV (t,) + 1) vs. logty) plots from the 5-min averagedl index and IMFB; during July—
September 2001 and 2007, usiNg= 20 000 data points. The slopes of the curves converge well, yielding the&lues. The cases for the
other epochs have similar features.
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a neighbourhood of the reference trajectory as a function ofal., 1995 Ukhorskiy et al, 2004 Chen and Sharm&006.
time. We have embedded the time series data in four dimenHowever the magnetosphere is a far from equilibrium system
sions and used a delay of six for the purpose of computingand the observed features cannot be interpreted as a deter-
the largest Lyapunov exponents. The Lyapunov exponentsministic system alone. Such driven nonequilibrium systems
shown in Table 1, agree well with the results of the 0—1 testexhibit global features that allow dynamical modelling and
for the presence of chaos, and the values agree with the eaat the same time show multiscale featur€orisolini and
lier values Yassiliadis et al.1991). Chang 2001, Ukhorskiy et al, 2004 Zelenyi and Milovanoy
The K values shown in Fig. 2 and Table 1 have similar val- 2004). Also the magnetosphere exhibits long-range correla-
ues for the solar minimum (2001) and maximum (2007). Thistions (Sharma and Veeramarfi011), and for such systems
however does not mean that the levels of magnetospheric dythe 0-1 test has limitations in providing the detailed features
namics during these periods of very different driving by the (Hu et al, 2009. Thus, while the results of the 0-1 test by
solar wind are similar. The 0-1 test provides a characterithemselves may not be conclusive, it provides additional ev-
zation of the inherent nature of the dynamics, viz. regularidence of the deterministic aspects of the magnetosphere. In
or chaotic, but does not quantify the differences in the de-the studies of open systems, the framework of self-organized
tails. This is especially true in the case of the solar wind—criticality has been used often and the magnetosphere has
magnetosphere system, which is a system far from equilibbeen viewed as such an avalanching sys&hapman et a.
rium. This is also consistent with the results from the appli- 1998 Consolinj 1997 Uritsky and Pudovkin1998 Uritsky
cations of the 0-1 test to multiscale systems such as thoset al, 2002. The consistency of this scenario with the re-
with 1/f* spectrum of fluctuationdHu et al, 2005. sults presented here is not clear as self-organized critical sys-
The results for the solar wind, shown in Fig. 2 and Table 1,tems do not have positive Lyapunov exponents characterizing
show signatures of chaos, in termskdfvalues being close to  exponential divergence of nearby trajectori€hén 1990.
unity, for all the epochs. In fact thE values are somewhat However it is nontrivial to isolate such features from the data
larger than those for the magnetosphere for the same perif systems far from equilibrium, such as the magnetosphere.
ods, and they converge to these values at smaller data sizes The database used in this study corresponds to periods
(Fig. 2b and d). Th& values close to unity for thAL data  of strong and weak geomagnetic activity, as represented by
are consistent with the widely accepted view that the mag-the years 2001 and 2007, corresponding to the last solar
netosphere has coherent dynamical features arising from itmaximum and minimum, respectively. The magnetosphere
internal dynamics, often referred to as the loading—unloadings strongly driven by the intense solar activity during the so-
behaviour. At the same time the magnetosphere has featurdar maximum and exhibits strong coupling to the solar wind,
that are closer to turbulence, which are directly driven by theresulting in better predictabilityGhen and Sharm&006.
solar wind. The 0-1 test does not differentiate these featureblowever the 0-1 test does not provide significant details of
but is able to extract the dynamical features co-existing withthe differences between these two periods of widely different
the noisy behaviour. On the other hand the solar wind is tur-activity levels.
bulent and thek values close to unity indicating determin-
istic dynamics seem contradictory at a first glance. However,
turbulence in a wider sense is viewed as a high-dimensionaficknowledgementsThe  authors  gratefully ~ acknowl-
dynamical system that manifests deterministic chBotitet ~ €dge the CDAWeb at Space Physics Data Facility,
al, 1998. Thus the data of a turbulent system are expected!ttP-/cdaweb.gsfc.nasa.gov/isablic/ for the OMNI data

. . set used in the present study. The research at the University of
to yleld. features OT dynamlcal chaos ar.Id the results for theI\/Iaryland was supported by NSF grants DMS 0417800 and AGS
solar wind magnetic fiel#, can be used in these terms. The

S . 1036473.
0-1 test thus detects the presence of deterministic dynamics

but does not distinguish low dimensionality from the case of gjted by: G. Lapenta
high-dimensional systems. Since most extended systems iReviewed by: two anonymous referees
nature are high dimensional, this limits the effectiveness of
the 0-1 test.
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