Nonlin. Processes Geophys., 19, 3356 2012 4 "* .
www.nonlin-processes-geophys.net/19/345/2012/ GG Nonlinear Processes

doi:10.5194/npg-19-345-2012 in Geophysics
© Author(s) 2012. CC Attribution 3.0 License. -

Calibration of a radiocarbon age

D. J. Keenan
The Limehouse Cut, London E14 6N, UK

Correspondence td. J. Keenan (doug.keenan@informath.org)

Received: 4 February 2009 — Revised: 15 May 2012 — Accepted: 15 May 2012 — Published: 19 June 2012

Abstract. The calibration of a radiocarbon age to a calendarsurface atmosphere have about 1 ppt of their carbon content
date is reviewed. It is shown that the commonly-usedas!*C. Such organisms comprise almost all land-dwelling
programs for calibration sometimes give results that areplants and animals. (Other organisms — e.g. fish — have
significantly in error. slightly less of their carbon a¥'C; this affects how radio-
carbon dating works, and there are methods of adjusting for
it).

When an organism dies, carbon stops being absorbed.
Hence after 5730 yr, about half of itéC will have radioac-

Radiocarbon dating gives an estimate of the year in whichtively decayed (to nitrogen): only about 0.5 ppt of the carbon
an organism died. It involves measuring the concentration oPf the organism’s remains will b¥'C, and if the carbon of
14¢ (a radioactive isotope of carbon) in the carbon of thethe remains is found to be 0.25pf€, then the organism
remains of an organism. Initially, it was believed that an ac-would be assumed to have died about 11460yr ago. Thus, a
curate estimate of the year of death could be obtained vigimple calculation can find the age, since death, from'4@y
a simple calculation based on the rate of radioactive decayconcentration. (Remains older than about 50 000 yr, however,
During the 1950s, however, it was discovered that such a calhave aC concentration that is in practice too small to mea-
culation could be very inaccurate. Instead, the year has to b8Ure; so they cannot be dated g).
estimated via a more complicated procedure known as “cali- Ages are conventionally reported together with the stan-
bration”. dard deviation of the laboratory*C measurement, e.g.
The purpose of the present work is to examine the statis900+ 25 *C BP (“/C-dated, years before present). The true
tical underpinning of the calibration procedure. Even thoughstandard deviation, though, will often be larger than what is
calibration has been recognized for half a century, there arefeported, due to non-laboratory sources of error — e.g. the

it turns out, still some basic aspects to consider. admixture of impurities with the remains.
Although a tree may live for hundreds, even thousands, of

years, each ring of a tree absorbs carbon only during the year

1 Introduction

2 Overview of radiocarbon calibration in which it grows. The year in which a ring was grown can
o be determined exactly (by counting); so radiocarbon dating
2.1 General principles can be tested by measuring € concentrations in old tree

rings. Such testing found errors of up to several centuries.
It turns out that the concentration &fC in the carbon of

an isotope of carb;)lg which is radioactive with a half-life ¢ g,rface atmosphere has not been a constant 1 ppt, but has
of about 5730 years”"C is produced by cosmic rays in the \5rieq with time. Thus, the simple calculation of age from
stratosphere and upper troposphere. It is then distributed4: ~qncentration is unreliable.

throughout the rest of the troposphere, the oceans, and e rings; though, also provide a solution to this problem.
Earth’s other exchangeable carbon reservoirs. In the surfaceyo concentration o¥C in the carbon of an organism’s re-

atmosphere, about one part per trillion (ppt) of carbo¥@  1113ing can be compared with the concentrations in tree rings.
All organisms absorb carbon from their environment.

Those that absorb their carbon directly or indirectly from the

The term “radiocarbon” is commonly used to dendte,
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Tree rings that match, within confidence limits, give the years Choose a non-empty finite sEtC Z, to represent the pos-

in which the organism could have plausibly died. sible calendar years, i.e. the years spanned by the calibration
The matching procedure thus providesibration of 14C curve. LetG be the set of Gaussian probability density func-

concentrations. (Calibration via tree rings, though, does notions; choose a function: T — G, to represent the calibra-

extend back 50000yr; other ways of calibrating are there-tion curve. Radiocarbon ages are to be specified by integers,

fore being developed.) Ages that are estimated without calitounding ages as required. Represent the distribution of the

bration continue to be reported, and are called “uncalibratecsample’s'*C age by a probability mass functignon Z.

14C ages”, or simply ¥4C ages”. By definition, for alla € Z and ally € T,
2.2 Anillustrative example Pr(age= alyear= y) = / () (x) d. 1)
la—1/2,a+1/2]

The two most commonly-used programs for calibration seem

to be OxCal (Bronk Ramsey, 2001) and Calib (Stuiver aHQDenote this quantity by, (a). By Bayes’ Theorem, and as-
Reimer, 1993). Outputs from those programs are shown insuming a uniform prior distribution ofi’ (i.e. the calendar

Flg 1, fora sample whos¥éC age is 2506 10014C BP. years are a priori equa"y probab|e)'
The plot from OxCal displays a bell curve in light red.
A similar bell curve, in greys, is displayed in the plot from Pryear= yjage=a) = py(a)/zt Tpt(a)_ )
€

Calib. The bell curve represents the samie age, with the
scale on the vertical axis pertaining. (Note that the OxCal andrhus
Calib vertical scales have different extents.)
The OxCal plot also displays a thick blue line. A similar Pr(year= y|age distributiorny)
thick line, in grey, is displayed in the Calib plot. The thick .
line is the “calibration curve”. The calibration curve repre- - Zan q(a)- py(a)/ZzeT pi(@)pi(@). ®)
sents the tree-ringf’C concentrations used in the calibration . . o .
. : . Equation (3) is the principal result of this paper.
procedure. There are at least two issues here. First, the cali- . . .
In the outer summation, the range is effectively small, be-

bration “curve” is not a curve in the common sense; rather, . .
. . S cause the terms rapidly approach 0. Hence, computer imple-
each point on the curve has a potential error, which is usually . : X
o L _ “mentation of Eq. (3) is straightforward. That makes Eq. (3)
specified by the standard deviation of the measurement: in . ; o L
the basis of what might be called a “discrete calibration

Fig. 1, the top of the thick line indicates the upperidound, method”
and the bottom of the thick line indicates the lowertdound. '
Second, both OxCal and Calib treat the curve as continuous;,s 2
doing so requires interpolation, because we do not h#@e '
measurements in continuous time, only for each tree ring;, a5 implementation of Eq. (3), the inner sums can be pre-
i.e. for each calendar year. (We might not even have a direc&omputed, e.g. for all positive < 50 000.

measurement for each year, as in practice tree rings are often 4, com

not measured individually, but in sequences of ten; that is nog, instancep, (a) = ¢(y)(a). The accuracy of that approx-
yv(a) = .

important, though, for the analysis here.) imation can be easily checked. Lety) have mean. and
The OxCal plot additionally displays a greyed area, alonggtandard deviationr. Numerical tests (not shown) demon-

fthe _horizontal axis. In the Calib plot, a similar greyegl_ arédgyrate that for integer < [5, 500], which easily covers the
is displayed. The greyed area represents the probability dissactical range, the inaccuracy is less than the error due to

tribution of the calendar years for the sample. It is the ma'nchanging,u by 1 — a change that is smaller than what can

output of the calibration procedure. In this example, 95 % of ;o feasibly measured. Other approximationsfpta) could
the greyed area lies within the range 814-398 BC, which isalternatively be used.

displayed _explicit_ly in the OxCal plot. That range is thus @  \with a continuous variant of Eq. (3), it might be compu-
95 %-confidence interval for the date of the sample. tationally feasible to evaluate the probabilities via numerical

Implementation considerations

putational efficiency, (a) can be approximated.

integration.
3 A discrete calibration method The probability distribution of a radiocarbon age is not
exactly Gaussian. Rather, thé4T observation is Gaussian
3.1 A formal derivation (Stuiver and Polach, 1977), and so the radiocarbon age is ac-

tually log-Gaussian. It would be simple to redo the forego-
Our goal is to determine the probability that a given sample ising using a log-Gaussian distribution (or using th€'© ob-
from yeary, for each possible calendar yearWe have two  servation directly). For radiocarbon, the distinction between
inputs: (1) a calibration curve; (2) the sample’s radiocarbonthe two distributions is immaterial, unless the age is near the
measurement, i.e. a Gaussian distribution for the sample’sneasurement limit, and so it is usually ignored in the litera-
14C age. ture.
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Fig. 1. Calibration graph of 250& 10014C BP (via the IntCal04 calibration curve; Reimer et al., 2004), using OxCal 4.0 (left) and Calib 5.0
(right). The two programs give essentially the same result.

As a second example, consider 4538014C BP (this ex-
ample is used by Telford et al., 2004). Calibrating via OxCal
and Calib gives the graphs shown in Fig. 3. The calibration
graphs from the BCal program and the program of Fairbanks
et al. (2005) are very similar to those from the OxCal and
Calib programs (figures not shown).

Calibrating 4530t 501“CBP via the discrete method
gives the graph in Fig. 4. As in the first example, the results

s ‘ from standard calibration programs substantively differ from
S T I TR R TR the result given by the discrete method.
Fig. 2. Calibration graph of 2508 10014C BP (via the IntCaloa AS third example, consider 43@070“CBP. Using the
calibration curve; Reimer et al., 2004), using the discrete methoddiscrete method, the 95.4 %-confidence interval for the cal-
The height of the black line indicates the probability for the cor- ibrated date ends in 2709 BC. Using OxCal 4.0, the confi-
responding calendar year (scale not shown). Thextents of the  dence interval ends in 2668 BC, and using Calib 5.0 the con-
calibration curve are indicated by the dotted blue lines; the verticalfidence interval ends in 2666 BC. (All calibrations are via the
axis, shown in blue, pertains to the calibration curve. IntCal04 calibration curve; Reimer et al., 2004.)
Sometimes the calibration graphs produced by the stan-
) ) dard programs are essentially the same as those derived by
4 Discrepancy with other methods the discrete method. In general, the differences between the
standard programs and the discrete method will be immate-
rial if the calibration curve is steeply decreasing within the
The discrete calibration method described in Sect. 3.1 somep_IaUSIbIe age range of the sample. For examplg, the calibra-
times gives results that are significantly different than thosel!On CUrVe Is steep across 24002360 BP (see Figs. 1 and
produced by commonly-used calibration programs. As an?) SO the callbrano&graphs produced by the standard pro-
example, consider again the age 230000'4C BP. Using grams for 235@& 15-“C BP are essentially the same as the

the discrete method gives the calibration graph illustrated ird"@Ph produced by the discrete method (figures not shown).

Fig. 2. In Fig. 2, the area under the solid black line should be
compared with the greyed area along the horizontal axis in

Fig. 1: the two are obviously very different. This subsection presents an intuitive explanation for the dis-
The calibration graphs from the BCal program (Buck crenancy between the standard programs and the discrete

et al., 1999) and the program of Fairbanks et al. (2005) (fig-pethod.

ures not shown) are very similar to those_ fron_1 OxCal and oy 4 first example, suppose that we have both a sample’s

Calib. Thus, the results from standard calibration programsgdiocarbon measurement and a calibration curve with no er-

are very similar to each other — but substantively differ from s j o all the standard deviations are zero. Assume that the

the result given by the discrete method. calibration curve looks like that shown in Fig. 5.
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4.1 Examples

.2 Anintuitive explanation
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Fig. 3. Calibration graph of 453& 50 14C BP (via the IntCal04 calibration curve; Reimer et al., 2004), using OxCal 4.0 (left) and Calib 5.0
(right). The two programs give essentially the same result.
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Fig. 4. Calibration graph of 453@& 50 14CBP (via the IntCal04

The result substantively differs from the result illustrated in Fig. 3. l4cBp.

If the sample’s measurement were exactly 18DBP,

then the calibration graph would look like Fig. 6 (assuming

each calendar year is a priori equally probable).

the number of calendar years that have an age ot4D8P.
For instance, if the calibration curve had twenty calendarcalculated (even by hand). It is shown in Fig. 7.

It is perhaps worth doing partial visual checks on Fig. 7.
bility that the sample was from any given one of those yearsFor instance, the probability that the sample H&3 age 90
would decrease from 0.10 to 0.05. More generally, the for-is 1/4 (by Table 1), and there are two calendar years whose
mula for the probability of the sample being from calendar 14C age is 90 (by Fig. 5: years 20 and 21); so those two years
should have total probability, after calibration, of4l and
indeed Fig. 7 displays this. Additionally, the sum of all the

years with age 108'C BP, instead of ten, then the proba-

yeary is

(probability that calendar yearhas radiocarbon age 100 BP

4
(number of calendar years that have radiocarbon age 100(82’

where the probabilities in the numerator are all either O or

(in this example).

Next, make the example somewhat more realistic and sup

130
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110

100

142 age

o0

20

704

Calendar year

Fig. 5. An idealized calibration curve, with one measurement for
calibration curve; Reimer et al., 2004), using the discrete methodeach calendar year and ages exactly 120, 110, 100, 90, and 80

24 (probability sample has age -

(probability yeary has ager)
(# of years that have age

®)

where the sum is taken over all possible radiocarbon ages
Notice that the non-zero probabilities in Fig. 6 depend on As an illustration, consider the sample distribution given
by Table 1. The calibration graph for the sample is easily

probabilities is 1.
Figures 7 and 2 have some similarity because they each

plllustrate how a broad plain in the calibration curve can lead

to a low plain in the calibration graph, with peaks on either
side. The standard calibration programs do not produce that

pose that the sample’s measurement is not known exactl)ﬁ.hape (see Fig. 1).

bility distribution. Then the probability of the sample being

from calendar yeay is

Nonlin. Processes Geophys., 19, 34350, 2012

Instead, suppose that the measurement has a discrete proba—The standard calibration programs produce a result that

Is different from the discrete method because they do not
consider how the probability of a given calendar year is less-
ened if the year has the same, or nearly the same, radiocarbon
age as other calendar years. The issue is illustrated in Figs. 6

www.nonlin-processes-geophys.net/19/345/2012/
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010 ® o o0 0 0 0 0 0 Table 1. Sample’s measurement.

" 14C age  Probability
g ”“ﬁi 90 1/4
100 12

110 4
0.024
S A R SR Finally, the line of reasoning that lead to Eq. (5) can be
Calemar year extended, by supposing that the calibration curve has uncer-

. I . . tainty. That is, we take each point on the curve to be a (dis-
Fig. 6. Calibration graph of a sample whose radiocarbon age is ex- Lo - .
actly 10014C BP (via the calibration curve in Fig. 5). crete) distribution. Then the probability of the sample being
from yeary is similar to what is given by Eq. (5), except
that the denominator (# of years that have agjehanges to
a2 e o e ¥, (probability that year has agez), with ¢ ranging over
all calendar years. That leads to Eq. (3) again, i.e. this line
of reasoning gives an alternative derivation of the principal

result.
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5 Combining ages

0oz

. ; ; ; . Occasionally, repeated radiocarbon measurements are made
’ : ! : N ¢ ¢ B B on a single sample, in order to improve precision. Ward and
Wilson (1978) describe a statistical method for combining
Fig. 7. Calibration graph of the sample whose age distribution is repeated measurements, and their method has become stan-
given by Table 1 (via the calibration curve in Fig. 5). dard in the literature. The same method has also been used
when measurements are made on different samples; such use
is considered in this section.
and 7: the more calendar years that lie on the central plain, Ward and Wilson (1978) consider two distinct cases.
the lower the probability each year on the plain should have Case | is where all the measurements are made on the same
The underlying issue can perhaps be seen more easample, which is believed to be homogeneous. In this case,
ily with a simpler example. Assume that the calibration the authors advise first doing a simple statistical test, based
curve has only three years: 9, 10, 11. Additionally, as-on the chi-squared distribution, as a partial check that there
sume that those years hav&C ages 110, 100, 100, with was no measurement, or other, error. Assuming that the test
the standard deviations being zero (as in Fig. 5). Sup-s passed, the radiocarbon measurements are combined via a
pose that the sample’s measurement has a probability dissimple weighted average (with the weights being the inverse
tribution with Pr(age=110)=1/2 and Pr(age- 100)=1/2. variances).
What is Pr(yeae=9)? To answer the question, note that Case Il is for when “one does nkhowwhether all deter-
“year=9" is true if and only if “age=110" is true, and  minations are estimating the same date (or effectively indis-
thus Pr(yeae 9)= Pr(age= 110); so the answer is/2. The  tinguishable different dates)”; the emphasis is theirs (Ward
method used by the standard calibration programs, howevegnd Wilson, 1978, p. 21). Case Il is thus for measurements
would not give that answer, but instead giy&1 of different samples. In Case Il, the same chi-squared statis-
The standard calibration programs give an incorrect an+ical test is used as in Case |. The authors say that if, as a
swer because of the way they treat the sample’s measurgesult of the chi-squared test, “the estimates of the real dates
ment. Specifically, if the sample’¥C age isn + s 1*C BP, are judged not to be significantly different and, if from ar-
the standard programs do not (generally) consider the probachaeological considerations, it is deemed appropriate, then
bility distribution of the age to be Gaussian (or log-Gaussian)the radiocarbon determinations can be combined” (p. 23). As
with meanm and standard deviation For instance, the pro- the authors state, though, there is a “fundamental difference”
grams might effectively presume that Pr(age:) is greater  between Case | and Case Il: the simple weighted average that
than Pr(age- m), or they might presume that Pr(agen) is is used for combining measurements in Case | should not be
less than Pr(age m) — depending on the calibration curve. used in Case Il. Instead, a more complicated method must be
That is incorrect, because the sample’s radiocarbon age igsed. An approximating method is described by the authors.
derived from a lab measurement that has a known Gaussian The distinction between Case | and Case Il has not always
distribution. been considered in subsequent literature. In particular, we

Calendaryear
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