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Abstract. When the Extended Kalman Filter is applied to variational assimilation (4DVar), respectivehGliil and

a chaotic system, the rank of the error covariance matri-Malanotte-Rizzoli (1991); Kalnay (2003 and references
ces, after a sufficiently large number of iterations, reducegherein). 4DVar is an advanced technique that seeks the
to Nt + N° where N and N° are the number of positive model trajectory that best fits the observations distributed
and null Lyapunov exponents. This is due to the collapsewithin a given time interval with the dynamical constraint of
into the unstable and neutral tangent subspace of the solutiothe model equationFéalagrand and Courtiet987. The op-

of the full Extended Kalman Filter. Therefore the solution is timal control theory ILe Dimet and Talagrand 986 allows

the same as the solution obtained by confining the assimilathe minimization of the 4D-Var cost function to be made with
tion to the space spanned by the Lyapunov vectors with nonfespect to the state at the beginning of the interval. The solu-
negative Lyapunov exponents. Theoretical arguments antion of the minimization problem is obtained by forward inte-
numerical verification are provided to show that the asymp-gration of the model and backward integration of the adjoint
totic state and covariance estimates of the full EKF and ofof the tangent linear propagator that yields the expression of
its reduced form, with assimilation in the unstable and neu-the cost function gradient.

tral subspace (EKF-AUS) are the same. The consequences The Kalman Filter was originally developed for linear sys-
of these findings on applications of Kalman type Filters to tems. Based on information about the error covariance of the
chaotic models are discussed. data and model forecast, the KF provides the optimal linear
estimate of the state of the system. A straightforward way of
extending the linear results to the nonlinear case is given by
the Extended Kalman Filter (EKFJ&zwinskj 197Q Miller

et al, 1999: in the EKF the error covariance is propagated

This work is motivated by the problem of data assimilation N time according to linearized model dynamics. In the fore-
in meteorology and oceanography. Atmospheric and oceaniEaSt_SteF’ the nqnhnear model is integrated, starting from the
observations are noisy and very scattered in space and tim@€vious analysis to obtain the background state, and the tan-
Dynamical models describing the evolution of the state of9ent linear equations propagate the analysis error covariance
the atmosphere and the ocean are chaotic and, moreovdf Obtain an estimate of the background error covariance.
the number of degrees of freedom is hugel@®). In the When obsgrvatlons becomel available they are assimilated in
Earth sciences, the classical problem of estimating the stati'e analysis step that combines the background and the ob-
from noisy and incomplete observations and the approximat&€rvations with the appropriate weights. The error covariance
knowledge of the equations governing the system’s evolutiorfSsociated with the state estimate at the analysis step is also
is known as data assimilation. updated.

Data assimilation methods can be classified in two cat- The problem of reducing the cost of the EKF that is pro-
egories: sequential and variational, the most notable irhibitive in many realistic circumstances has been addressed
the two classes being Kalman Filters and four-dimensionalPy @ number of authors. In geophysical science literature
reduced-rank approximations of the full EKIFukumorij
2002 Ghil and Malanotte-Rizzo]i199% Tippett et al, 200Q

Correspondence to. Trevisan Todling and Cohn1994 confine the forecast error covari-
BY (a.trevisan@isac.cnr.it) ance matrix to a subspace of lower dimension by means of

1 Introduction
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Singular Value Decomposition (SVD), Eigenvalue Decom- The methodology of the present paper goes back to the
position (EVD) or projection on the leading Empirical Or- roots of the filtering theory, the EKF, to address questions re-
thogonal FunctionsRham et al.1998. A Monte Carlo  garding the number of degrees of freedom that describe the
approach, referred to as Ensemble Kalman Filter (EnKF)filter error evolution in a chaotic system of given unstable
(Evensen1994), provides ensemble representations for themanifold dimension. In this work we first show how it is
probability distribution of the state estimate. The EnKF possible to define a mathematically rigorous algorithm with
has also proven effective in reducing the computational costhe following properties: the solution of the Kalman filter
associated with the full EKF. In the EnKF, the ensemble-equations is reproduced when all degrees of freedom are con-
predicted error statistics are estimated from the ensemblsidered; with assimilation increments limited to a subspace
perturbations. In the forecast step their evolution is computedf the tangent space, a reduced order algorithm is obtained
as difference between nonlinear integrations of the model, avhere the estimated errors are confined to the most unstable
procedure similar to the breeding methdath and Kalnay  subspace of the system. We will discuss the equivalence of
1993 1997). For sufficiently small analysis errors, this pro- the full EKF with its reduced form (EKF-AUS) with assim-
cedure would give the same result as using the tangent linedlation in the unstable and neutral space, i.e. the span of the
propagator. first Nt + NC Lyapunov vectors, whertyt and N© are the
The various flavors of the Ensemble Kalman Filter (EnKF) number of positive and null Lyapunov exponents. Then we
testify the importance of this problem for real world ap- compare numerical solutions obtained with the full EKF and
plications (seeBlum et al, 2008 Kalnay, 2003 and refer-  the reduced algorithm EKF-AUS. Throughout the paper, the
ences therein). These include several ad-hoc refinements amified notation of kde et al, 1997 is used.
perturbing observations, covariance localization, additive or The results of this paper are based on the hypothesis that
multiplicative inflation. In particular, covariance localization observations are accurate enough to ensure small analysis er-
is beneficial to prevent filter divergence when the number ofrors so that the errors evolution is correctly described by the
ensemble members is small (for a review Bgensen2003. tangent linear operator. In practice these are the same hy-
In all these studies, how many members of the ensemble arpothesis of validity of the standard EKF algorithm. This hy-
needed is empirically estimated on a case to case basis.  pothesis is crucial for all the considerations we will make
Ott et al. (2004 estimate the local dimensionality (E- regarding the Lyapunov exponents and vectors, since they
dimension) from the perturbations of the Local Ensembleare well-defined along the true trajectory while here we ex-
Kalman Filter and the number of members of the ensem-tend their properties to the pseudo-trajectory determined by
ble necessary to represent the forecast error covariance ithe forecast-analysis cycle. This is reasonable if the pseudo-
different geographical regions (tropics, extra-tropics, polartrajectory remains close enough to the true trajectory.
regions). If the observations are so few and noisy that the analysis
We consider the application of the EKF to a chaotic sys-errors are large, the theoretical results of this paper do not
tem and we concentrate on issues related to the dimensiogpply directly. However, a straightforward generalization of
of its unstable subspac8o et al (1994 addressed a similar the EKF-AUS algorithm to account for the nonlinear error
problem in control theory; in reconstructing the state vec-behavior is possible, as discussed in the conclusions. Due to
tor of a chaotic system from the time series of an observechonlinear error dynamics, the perturbations will not remain
scalar, they showed that the control vector lies in the unstaexactly in the unstable and neutral subspace and it may be
ble space. The Assimilation in the Unstable Subspace (AUS)necessary to use a larger subspace. Indeed the results ob-
developed by Trevisan and co-authors, consists in confiningained with the 4DVar-AUS algorithniT¢evisan et al.2010
the analysis update to the subspace spanned by the leadirgiowed that, when observation errors are large enough that
unstable directionsTtevisan and Uboldi2004. Applica-  nonlinearity becomes important, the dimension of the sub-
tions to atmospheric and oceanic modalbgldi and Tre-  space where errors live also increases; in such case a larger
visan 2006 Carrassi et a]2008h showed that even dealing number of perturbations is needed.
with high-dimensional systems, an efficient error control can
be obtained by monitoring only a limited number of unstable
directions. The forecast error in these directions was esti2 The extended Kalman Filter and its reduction to the
mated with empirical techniques. More recendlygvisan et unstable space
al. (2010 formulated a reduced subspace 4-dimensional as-
similation algorithm, 4DVar-AUS (Four-dimensional Varia- 2.1 The extended Kalman Filter
tional Assimilation in the Unstable Subspace). The key result
of this study is the existence of an optimal subspace dimenin the extended Kalman filter, the state evolves according to
sion for the assimilation that is approximately equal to thethe full nonlinear equations and the tangent linear operator is
unstable and neutral subspace dimension. used to predict the approximate error statistics. The estimate
of the state, referred to as the analygisis obtained by com-
bining a forecast state’ with the possibly incomplete and
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noisy p-dimensional observatioryg =H(xx)+e; givenat  2.2.1 The forecast step
discrete timesy > 7o, k € {1,2,...}. The observation errar}

is assumed to be Gaussian with zero mean and knowmp In the forecast step, the tangent linear operktacts on the
covariance matriR. H is the observation operator. The es- perturbationsXx“ defined at (analysis) time=#_; (other
timate update is given by the analysis equation: terms in this and the following equations refer to time step
t=1t):
xZ:x,{—KkH(x,{)+KkyZ, Q)
X/ =Mx? (6)

Wherex,{ is the forecastobtained by integrating the model p
equations from a previous analysis time: whereX/ = [(Sxl ,8x2 ,...»8%u 1. Then x n forecast error co-
variance matrix:

f a
X, = MX_1). 2
k (X—1) ) Pl X XIT e
M being the nonlinear evolution operatdoK; is the gain ]
matrix at timez; given by: can be cast in the form:
pf —gfT/E/T 8)

: -1

Ki=P{HT (HP/H" +R) ", 3)
where then columns ofE/ are obtained by a Gram-Schmidt

whereH is the Jacobian df{. The analysis error covariance orthonormalization of the columns o€/. Them x m (in

update equation is given by: general non-diagonal) symmetric matfiX defined as:

P! = (I —KyH)P/, @  rf=g/TX/X/TES )
andP}: , the forecast error covariance, is given by: represents the forecast error covariance matrix, confined to
f the subspacé™ of the evolved perturbations. In the standard

P/ =MP{_ M, (5)  EKF algorithm ¢ =n), E/ isn x n and its columns span the

full space. In the reduced form algorithi/ is n x m and
its columns span an-dimensional subspac®” of the entire
phase space.

whereM is the linearized evolution operator associated with
M. We have assumed that there is no model error.

2.2 The algorithm EKF-AUS 222 The analysis step

We introduce an algorithm that belongs to the family of
square-root implementations of the EKFhrnton and Bier-
man 1976 Tippett et al, 2003. A reduced version is then
obtained from the full rank algorithm. We perform the assim-
ilation in a manifold of dimensiom:. Whenm is equal to the
numberm of degrees of freedom of the system, the algorithm
solves the standard EKF equations.

We consider a chaotic system with a numbgt of pos- Pi = (I —KH)E/T/E/T =E/T/E/T+
itive Lyapunov exponents and¥® of null Lyapunov expo- _Efrf(HEf)T[(HEf)rf(HEf)T+R]—1HEfrfEfT
nents. Whenn = N+ + N the reduced form, with Assimi- flef TfEfTuT e AT 4 p1-L (11)
lation in the Unstable Subspace (EKF-AUS) is obtained. =E [r —T/E/7H [(HE )T/ (HEY) +R]

At time 7 =1, _1, let then x m matrix X* be one of the ~ xHE/T/}E/T =E/T“E/T
square roots oP?, namelyP* = X*X“T and let the columns
of X =[6x{,8x5,...,6x;,] be orthogonal. At time = 1,
the vectorsix!, i =1,2,...,m are arbitrary independent ini-
tial perturbations. (Here and in the following we drop the
time-step subscript from the equations since, unless other-
wise stated, all terms refer to the same time &fep where the columns of the@n x m) orthogonal invertible ma-

In the standard EKF algorithm, the number of perturba-trix U are the eigenvectors of the symmetric maffik =
tions is equal to the total number of degrees of freedom ofyr«u’ (to numerically obtain the eigenvalues and the eigen-
the systemi = n. In the reduced order algorithm referred to vectors off®’ we use the power iterations methd@djub et

as EKF-AUS the number of perturbations is equal to the di-a|,, 1996) andT,, = d|aQy2] is diagonal. Therefore, the
mension of the unstable and neutral manifotd= N * + N° columns ofE“ = [, €4, .. ] obtained by

Using the definition oP/ of Eq. @) the Kalman gain expres-
sion becomes:

K :EfI‘f(HEf)T[(HEf)I'f(HEf)T+R]_1 (10)

and the usual analysis error covariance update,4geéds:

The analysis error covariance matR% can be written as:

Pt = EfTYEST —ESUreuTE/T

= E“T“E“7, (12)

E‘=E/U (13)
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span the same subspaS& as the columns oE/. Con-
sequently, the analysis step preserves the subspéacan
important point in the subsequent discussion (see Sec.
on the comparison of our scheme with tBenettin et al.
(1980 algorithm. The square root ¢4, written asP* =
E‘T¢E*T = X*X*T | provides a set of orthogonal vectors:

X4 =E4(T%)Y2, (14)
The columns of
X =[1€], 7265, ..., ym €, 1 =[8X], 85, ..., 8%, 1 (15)

are the new set of perturbation vectors defined after the anal

ysis step at time, that enter the forecast ste@) @t the next
time stepr11. Their amplitude is consistent with the analy-
sis error covariance in the subspa®®

Notice that, as in other Kalman square root filters, with
the introduction of£* andE/, forming the full forecast and

analysis error covariance matrices can be avoided. The ana]

ysis equation is the usual Eql)(with K given by (@0).
Whenm =n, K is the usual Kalman gain. In EKF-AUS
(m = N+ NO) the analysis increment is confined to the sub-
spaceS™ spanned by the: columns ofE/ in view of the
form of K.

2.2.3 Numerical Implementation

2.3)
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6. we diagonalize the: x m matrix <. We put the nor-
malized eigenvectors df in the orthogonak x m
matrix U and then we obtaii“ = E/U. BothE/ and
E* aren x m.

7. we multiply thei-th column ofE® by the square root;
of i-th eigenvalue of'“ obtaining the new set of pertur-
bationsX{.

2.3 Further discussion on the EKF-AUS algorithm

In summary, the EKF-AUS algorithm is obtained by reduc-
ing the dimension of the subspac®”, where the analysis
update x? —x/ and the estimated analysis and forecast er-
ror covariance®® andP/ are confined. It will soon become
clear whym is set equal to the dimension of the unstable and
neutral subspace.

During the forecast step the error evolution is governed by
|§q. (6). Suppose that at a certain timgethe firstN * 4+ N of
them perturbations are confined to the unstable and neutral
subspace, that is the columnsksf span the same subspace
as the leadingv™ + N Lyapunov vectors. After the fore-
cast step, this subspace is mapped into the unstable subspace
referred to the state’ at timez.1. The new perturbations
X/ are amplified but they are still confined in the subspace of
the leadingV+ + N° Lyapunov vectors. These perturbations

start with a number of perturbationsthat is at least as large  The remainingn — N+ — N° perturbations, being recurrently

asNT + NO. If an independent estimate of " + N? is not
available one can start with an initial guess forthat is an

orthogonalized, are deprived of the component along the un-
stable manifold like in thd&enettin et al(1980 algorithm,

overestimate ofvt + N9, We now summarize the different While the component along the stable manifold is damped
steps of the EKF-AUS algorithm as they are performed in theduring the forecast (the validity of this reasoning does not re-

numerical implementation:

1. we evolve the state vectaf _,; with the full nonlinear

model equations and thex m matrix X{_, using the

tangent linear operatd, as in Eq. 6), obtainingX,’:
at time stepx

. we orthonormalize the: columns of)(‘,zr obtaining the
columns ofg/

. we calculate then x m covariance matriX'/ through
Ea. ©)

. we perform the analysis on the state vector as in Eq. (
with K given by Eqg. 10)

. we calculatem x m covariance matrix@® that after
Eqg. (11) can be written as

r< =r/—r/e/THT

x[(HEST (HEN)T +R]THE/T/. (16)

(notice that the matrix to be inverted has the dimension

p of the number of observations)

Nonlin. Processes Geophys., 18, 2236 2011

quire the orthogonality of the stable and unstable manifolds).

The main difference between our algorithm and that of
Benettin et al(1980 is introduced in the analysis step. In
our algorithm, use is made of Ed.1) to redefine the pertur-
bations. These are confined by construction to the subspace
spanned by the columr&/ and after the analysis step the
span of the columns dt? and of the columns oK* will
be the same space spanned by the columiis/afis shown
in Sect. 2.2.2. For a detailed proof of this fact we refer to
AppendixA.

Another difference fromEenettin et al. 1980 is that in
our case the vectors at the end of the analysis step are or-
thogonal but not orthonormal, so that perturbations that are
damped during the forecast are not artificially “kept alive”
(as it happens with the orthonormalization steBehettin
et al, 1980. The (I —KH) term has a stabilizing effect that
tends to reduce the amplitude of perturbations in view of the
existence of observation€érrassi et al2008. As a conse-
guence, when the amplitude of perturbations is redefined af-
ter the analysis step the decaying modes are further damped

while the unstable modes are kept from diverging.

In conclusion, arbitrary initial perturbation vectors, the
columns ofX? att = tg, subject to successive forecast and

www.nonlin-processes-geophys.net/18/243/2011/
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analysis steps will, in the long run, be confined to the unsta- .~ 5 ~

ble and neutral subspace. In view of this reasoning, based on3 3l @ @ @ ]

the linearization of the error dynamics, it is argued that the & % [ PO ® @ n=80 ]

EKF and EKF-AUS algorithms will asymptotically produce Eole

the same estimate of error covariances. The numerical resultsm,\ 5

confirm the validity of these statements. =) 41 © © ® -
¢From previous considerations, if we choose an initial = >} © © ® @ n=60 ]

number of perturbations > N* 4 N9, m — N+ — NO pertur- £ lle @ ]

bations will be damped by the assimilation process. On the

contrary, if we choose: < N* + NO, some unstable direc- > g i 1

tions will be ignored and, consequently, the filter will even- E g - ° © @ @ ®]

tually diverge. 2 ileg ® ® @ | | ‘n—4(‘) ]

2 4 6 8 10 12 14 16 18
3 Numerical results Ga (x10°)

Fig. 1. Average root mean square error of the algorithms: EKF (full
circles), EKF-AUS (empty circles) for systems with= 40, 60,80
degrees of freedom, as a functionagy, the observation error stan-
ard deviation. The average was performed over 1000 assimilation
eps (50 time units) after a stabilization period of the same length.

We now compare the numerical results obtained with the re
duced EKF-AUS algorithm with those obtained with the full
EKF, when the EKF algorithm itself is stable and no filter
divergence is observed. Experiments are based on Lorenz9
model Lorenz 1996, that has been widely used for testing
data assimilation algorithms. The governing equations are:

0.018 where filter divergence is not observed; for values of

—xj=Xjy1—Xj_2)xj_1—xj+F (17) 00> 0.02, divergence possibly occurs in both EKF and EKF-
dt AUS algorithms. Themserror was averaged over 1000 suc-
with j =1,..,n. The variables; represent the values of cessive assimilation times or 50 time units, after waiting a
a scalar meteorological quantity atequally spaced geo- transient time of 50 time units for the filter error to stabilize.
graphic sites on a periodic longitudinal domain. The modelThe sets of points displayed in the figure refer to EKF and
has chaotic behavior for the value of the forciig= 8, used  EKF-AUS, (n = 14, 20,26) and show that the average error
in most studies. The number of variable®f the model is s statistically the same. The results show that, in agreement
varied to obtain different systems with a different number of with the theory, for sufficiently small values o#, error dy-
degrees of freedom and, consequently, a different number ofiamics is linear and the estimation error grows linearly with
positive Lyapunov exponents. With= 40,60,80 the sys- the observation error. Notice also that the asymptotic aver-
tems have 139,25 positive Lyapunov exponents, respec- age error is about the same in the three model configurations
tively. with n = 40,60,80. This is because the number of unstable

All simulations are performed in a perfect model scenario,directions is proportional to the extension of the spatial do-
that is a trajectory on the attractor of the system is assumedhain and the number of observations that can detect them
to represent thérue state evolution. Observations are cre- increases by the same proportion.
ated by adding uncorrelated random noise with Gaussian dis- To help interpret the finding that the two algorithms give
tribution (zero mean, varianaeg) to the true state. The statistically equivalent results, we study the behavior of the
assimilation experiments with EKF and EKF-AUS use the error covariance in the EKF. At time= 0, the EKF is ini-
same reference trajectory and the same observations. Thealized with an arbitrary estimate & whose rank is the
performance of the assimilation is measured by the analysame as the total number of degrees of freedom. The rank
sis error, the root mean squanmeng) of the difference be- of P4 is shown in Fig2 for the caserg = 0.01, as a function
tween thetrue and the estimated state vectors. Observationf the number of iterations and for three system configura-
are taken at discrete times corresponding to the assimilatiotions, @ = 40,60 and 80). By rank oP“ we mean in prac-
timest,. Results shown refer to the following parameters buttice the number of eigenvalues that exceed a given threshold
different choices of observational configurations gave quali-value. In all cases we observe that, changing this value in the
tatively similar results. The time interval between observa-range 108-10-11, the asymptotic rank estimate varies by
tions is Q05 (=4 time integration steps); every other grid one unit. To obtain the eigenvalues®f we use the power
point is observed and the observation points are shifted byterations methodGolub et al, 1996. As shown in Fig2,
one at each observation time. the rank value, initially equal to the total number of degrees

Figurel shows themsestimation error for the three sys- of freedom, decreases until it gradually approaches a value
tems ¢ = 40,60,80) as a function of the observation error very near, in each system, to the dimension of its unstable
standard deviationyg. Values are in the range@2< o < and neutral subspace.

www.nonlin-processes-geophys.net/18/243/2011/ Nonlin. Processes Geophys., 25022611
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40 : : : : ; ; . ; 0.0001
n=40
L n=60 —— 1e-05 ]
35 =80 -
sob \ e @ 1e-06 E
o TN e 2
s N e g  1e07 ]
S 25t o
© (=)
o o 1e-08 3
20 © AUSNn=40 O ©
o
1e-09 F EKF n=40 3 ]
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Fig. 2. Rank of the analysis error covariance ma®ixin the EKF  Fig. 3. Eigenvalues of the analysis error covariance matrix at final
algorithm. Forn = 40,60,80, the dimension of the unstable and time of assimilation with: EKF (full) and EKF-AUS (empty) for
neutral space is 120,26, respectivelyog = 0.01. systems with: = 40,60, 80. o = 0.01.

The analysis error covariance matrix was explicitly written 4 Conclusions
in Eq. (12) in terms of the orthonormal badts' of the anal-
ysis error, the eigenvalues & being the error variances We considered a system with a chaotic attractor and studied
in this subspace; this formulation was useful to interpret thethe consequences of the existence of an unstable manifold on
behavior of the error covariance in the stable and unstablehe evolution of filter solution error. The algorithm we pre-
directions. The estimated errors in the stable directions aresented reproduces exactly the EKF equations when all de-
damped during the forecast step and are reduced by the efirees of freedom are considered. The idea of confining the
fect of the(l —KH) term at analysis step. We conclude that assimilation in the invariant unstable and neutral subspace
only errors in the unstable directions, that amplify during theis not new and was exploited in a series of papers, including
forecast step, can survive along the sequence of successitke formulation of the 4DVar-AUS algorithnTfevisan et al.
forecast and analysis iterations. 2010; it was the original purpose of the present work to ap-

The numerical results confirm this argument: the rank ofply the same idea to the Kalman Filter. The most important
the error covariance matrix of the EKF decreases until itand new result of the paper, not foreseen by the authors them-
reaches a value consistent with the expectation that, in theelves, is that the exended Kalman Filter solution collapses
long run, only the unstable or weekly stable error compo-into this invariant subspace so that its solution is not different
nents remain active. At the same time, the reduction of thefrom the solution of the reduced form of the algorithm (EKF-
rank of P* in the EKF explains the long-term equivalence in AUS). More specifically, the EKF algorithm and EKF-AUS
the performance of EKF and EKF-AUS: the subspace dimen-algorithm with a number of degrees of freedom equal to the
sion of the covariance matrices in the two algorithms becomenumber of positive and neutral exponents produce the same
asymptotically the same. Further numerical evidence of va-asymptotic state and error covariance estimates. In a sense
lidity of the theory is provided by the spectrum of eigenval- the EKF solution converges to the EKF-AUS solution, not
ues of the error covariance matrices. Rgobtained in the  viceversa. This happens because the rank of the full EKF
same numerical settings of Figsand2, shows the eigenval- error covariance matrices asymptotically becomes as small
ues ofP? for EKF and ofl'* for EKF-AUS computed at the as the dimension of the unstable and neutral manifold of the
final time of Fig.2. The eigenvalues obtained with the two original system equations. Theoretical arguments providing
algorithms, in logarithmic scale in the figure, are the samea rationale for this behavior were corroborated by numerical
within numerical accuracy. results.

The above results explain why the two algorithms, EKF It is worth discussing at this point why the 4DVar-AUS
and EKF-AUS, after a transient stage start to behave in algorithm turns out to be superior to standard 4DVar, while
similar fashion and asymptotically give the same numericalEKF-AUS gives the same results as the standard EKF. The
analysis solution. interpretation is simple. The full EKF performs exactly as

EKF-AUS because the estimated asymptotic error covari-
ances are the same. Standard 4DVar instead looks for the
minimizing solution in the full space; 4DVar-AUS is supe-
rior to 4DVar because it looks for the solution in the unstable
manifold without introducing observation errors in the stable
one.
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The present results were obtained in the framework of theexponents but only a reasonable upper limit fot + N°.
EKF, but the important message is that we expect to find theSince in the long run only the unstable directions survive, the
same behavior, namely the collapse of the covariance matrialgorithm can be useful for another application: it can be ex-
ces, in any Kalman type Filter whenever the estimation erroploited as an alternative, numerically efficient, methodology
is sufficiently small. to obtain an approximate estimate of the unstable manifold

In an ensemble approach, when observations are suffidimension.
ciently dense and accurate that error dynamics is approxi-
mately linear, we expect the necessary and sufficient number )
of ensemble members to be equal to the number of positivé‘PPENdix A
and null Lyapunov exponenty* + NC. If the number of
ensemble members is too small or the ensemble members

iancef E/, E* and X“
not adequately span the subspace of the true error covariance,
in many applications it has been found necessary to apply a
hoc fixes, sgch.as additive or multlplllcanve covariance mﬂa_matrix E/. As said in the text, the estimate of error co-
tion or localization. However, these fixes, by arbitrarily mod- . - : :
e : ! . : variance after the analysis is obtained calculating the non-
ifying the perturbations subspace and disrupting their struc-,: iy _
. . diagonal matrixr that represents the error covariance ma-
ture can have detrimental effects on the forecsinfill and s
. : . trix in the subspace spanned by the columnis-of After that
Whitaker, 2011). Our algorithm ensures the independence of o . . o
: . tlae matrixI'? is diagonalized with a change of basis given
the ensemble perturbations and spanning of the unstable ang . . .
y the orthogonal matrik). The matrixU is then applied to
neutral subspace.

1 inE< - i
In the Lorenz (1996 model, a good performance of the E“ zlir;ethh.e(r%Zr)ets?:gIZ?S EtHeTgeljz:rhe (io'ubr??hzf.f?heerri}:(
filter was obtained without the need of numerical fixes. In y q 20 ! 9

value of'“. To prove that the spa®” of the columns oE“

this, as well as in more complex meteorological models, the 6 :
stability properties have small phase space variability and[s the same as the span of the column&ofwe first observe
?at the subspac®™ is m-dimensional and thus it can be de-

the chal exponents associa}tgd toa glqbally unstable (stable} ned byn —m independent linear equations. An orthogonal
direction are generally positive (negative). Roughly Speak'basisvj j €[1,n —m] of the orthogonal complement 6"

ing, the number of (locally) unstable cﬂrechons varies little can be used to identify the subspat® by means of
in phase space. Consequently, the eigenvalues of the error

covariance matrix associated with the unstable directions revae: 0, Vjelln—m), (A1)
main numerically bounded from zero most of the time. If, on
the contrary, a globally unstable direction becomes locallywhereee S™ is the generic vector of™. After the anal-
very stable for a sufficiently long period of time, the cor- Ysis the error matrix has the forff' = E/UI*(UE/)" =
responding eigenvalue will become zero to numerical pre-E“T“E“" with T“ diagonal. The eigenvectors of this matrix
cision. When the local exponent becomes again positiveare the columns d“ = E/ U that are linear combinations of
the eigenvalue will remain zero and the filter will diverge. the columns ofE/. These vectors still fulfill the condition
This can explain why additive covariance inflation, that pre- (A1) and, consequently, still spa$i”. The next algorithm
vents rank reduction was found to be beneficial for the per-step of Eq. {4) only re-scales the columns &f' obtaining
formance of ensemble Kalman Filters. X4, Of course, after the rescaling, the columnsXdf still
The present results suggest that the development of datdPan the same subspace. We thus prove that the span of the
assimilation schemes should exploit the chaotic properties ofolumns ofE/ is the same as that of the columnsisfand
the forecast model. Regarding weather forecasting applicaX*
tions, we report the results aEérrassi et al2007) where the

Jyoof of the equivalence of the span of the columns

%\fter the forecast step and orthonormalization we obtain the

authors find that a quasi-geostrophic model with 7 levels andAcknowledgementSNe thank E. Kglnay anq O. Talagrand for their
insightful comments and suggestions. This work has been funded

.1.4784 (=64 33x7) degrees (.)f freedom has only 24 pos- by the Strategic Projectlowcasting con 'uso di tecnologie GRID
itive Lyapunov exponents. This result shows how a modele GIS PS080.

with such large number of degrees of freedom, making the

direct application of EKF unfeasible, becomes treatable withggited by: 0. Talagrand
EKF-AUS with a number of perturbations of less than 1/600

of the number of the original degrees of freedom. The present

arguments are corroborated by the successful application to

operational forecasting of Ensemble Kalman Filters with a

number of ensemble members that is orders of magnitude

smaller than the number of degrees of freedom of the model.

Itis worth noting that the EKF-AUS algorithm does not re-
quire an a-priori knowledge of the spectrum of the Lyapunov
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