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Abstract. Long’s equation describes two dimensional strat- Long’s equation also provides the theoretical framework
ified atmospheric flow over terrain which is represented byfor the analysis of experimental data (Shutts, 1988, 1994;
the geometry of the domain. The solutions of this equationJumper, 2005) under the assumption of shearless base flow.
over simple topography were investigated analytically and(An assumption which, in general, is not supported by the
numerically by many authors. In this paper we derive a newdata; Humi, 2004b.) An extensive list of references appears
terrain following formulation of this equation which incorpo- in (Baines, 1995; Carmen, 2002; Yih, 1980).
rates the terrain as part of the differential equation rather than An analytic approach to the study of the solutions of this
the geometry of the domain. This new formulation enablesnonlinear equation was initiated recently by the current au-
us to compute analytically steady state gravity wave patternghor (Humi, 2004a, 2006, 2007). We showed that for a base
over complex topography in some limiting cases of the pa-flow without shear and under rather mild restrictions the non-
rameters that appear in this equation. linear terms in the equation can be simplified. We also iden-
tified the “slow variable” that controls the nonlinear oscilla-
tions in this equation. Using phase averaging approximation
1 Introduction we derived for self similar solutions of this equation a for-
mula for the attenuation of the stream function perturbation
Long’s equation (Long, 1952, 1953, 1955, 1959) models thewith height. This result is generically related to the presence
flow of stratified incompressible fluid in two dimensions over of the nonlinear terms in Long’s equation. The impact that
terrain. When the base state of the flow (that is the unpershear has on the generation and amplitude of gravity waves
turbed flow field far upstream) is without shear the numeri-was investigated by us in (Humi, 2006). A new representa-
cal solutions (in the form of steady lee waves) of this equa-tion of this equation in terms of the atmospheric density was
tion over simple topography (i.e. one hill) were studied by derived in (Humi, 2007).
many authors (Drazin, 1961, 1967; Durran, 1992; Lily, 1979; One of the weak aspects of Long’s equation is related to
Peltier, 1983; Smith, 1980, 1989; Yih, 1967; Davis, 1999). the fact that the terrain is represented by the shape of the do-
The most common approximation in these studies was to sehain and the boundary conditions. As a result the impact of
Brunt-Vaisala frequency to a constant or a step function overdifferent terrains on the solution of this equation can only be
the computational domain. Moreover the values of two phys-studied numerically. Furthermore discretization errors which
ical parameters which appear in this equation were set t@ccur in the representation of the terrain render it impractical
zero. (These parameters control the stratification and dispefto consider complex terrain. In part these errors are due to the
sive effects of the atmosphere — see Sect. 2.) In this (singuscale of the terrain relative to the computational domain. Ac-
lar) limit the nonlinear terms and one of the leading secondcordingly only simple topographies which were represented
order derivatives in the equation drop out and the equatiorby one hill were considered in the literature. Furthermore
reduces to that of a linear harmonic oscillator over two di- even for these simple topographies only approximate bound-
mensional domain. Careful studies (Lily, 1979) showed thatary conditions were applied at the terrain. (See discussion in
these approximations set strong limitations on the validity of Sect. 2.)
the derived solutions (Peltier, 1983). With this motivation it is our objective in this paper to de-
rive a terrain following formulation of Long’s equation in
which the terrain is incorporated as part of the coefficients of

@ Correspondence ta¥l. Humi the differential equation, and the computational domain is al-
(mhumi@wpi.edu) ways a rectangle. This new representation makes it possible
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to derive new analytic insights about the solution of this where
equation in some limiting cases. It will make it easier also NoUo
to study how the solution varies as a function of the terrain8 =
and other parameters that appear in the equation.

The plan of the paper is as follows: Sect. 2 presents a shorf, = o . (12)
review of Long’s equation and some aspects of its solutions. NoL

In Sect. 3 we derive the new formulation of this equation. B is the Boussinesq parameter (Da\/isy 1999) (this name has
Section 4 considers Long's equation in some limiting casesothing to do with the “Boussinesq approximation”) which
of the parameters that govern the solution of this equation. Incontrols stratification effects (assumiblg£0) andu is the
particular we provide a closed form analytic solution of this jong wave parameter which controls dispersive effects (or the
equation in the limiting casp=p=0 over general topogra- deviation from the hydrostatic approximation). In the limit

phy. Afirst order perturbation expansion is developed for the;,—0 the hydrostatic approximation is fully satisfied (Smith,
case of “low lying topography” with closed form expression 1980, 1989).

for the stream function in integral form. We end upin Sect. 5 |n view of Eq. (7) we can introduce a stream functi@n
with a summary and conclusions. so that

(11)

u=v, w=-Y,. (13)

2 Long’s equation — a short overview ) . ) )
Using this stream function we can rewrite E§) és

In two dimensions(x, z) the flow of a steady inviscid and

. . i S . , W} =0 14
incompressible stratified fluid is modeled by the following e W) (14)
equations: where for any two (smooth) functions g
= af o af o
uy +w, =0 (1) J{f’g}:_f_g__f_g (15)
upy +wp, =0 2) ox 9z 0z 0x

p(uuy + wuy) = —py (3) Equation (4) implies that the functiong, ¥ are dependent
puwy + ww,) = —p, — pg @4 Oon each other and we can express each of them in terms of the

other. Thus we can writ& asW(p) (or p asp(¥); Humi,
where subscripts indicate differentiation with respect to the2007).

indicated variabley=(u, ) is the fluid velocity, is its den- After a long algebra one can derive the following equation
sity p is the pressure anglis the acceleration of gravity. for & (Dubreil, 1934; Long, 1953; Davis, 1999)
We can non-dimensionalize these equations by introduc- B

ing W +p P W —N2(W) [z+E (wfwz\vf)] =S(¥) (16)
f:i, Z:&Z, L_{:i’ ‘[I}:L—]\;Ow Whel’e

L Uog Uog U0 ow
o _ No N3(W) = —=—= (17)
p=—, p= —p 5) Pr

0 gUopo

is the nondimensional Bruntarsla frequency. We observe
where L represents a characteristic horizontal length, andthat in this definitionV2 is a function of¥#. (As a result it can
Uo, po represent respectively the free stream velocity and avhbe an additional source of nonlinearity in Bidg.) This is in
eraged base density (i.e. hesg is a constant).N02 isan  contrast to the previous definition of this quantity in E@). (

averaged value of the BruntaN&ala frequency which depends only on the base state. In the following we
assume without loss of generality that the direction of base
N2=_% dpo (6) flow is from left to right along the x-axis. Furthermore we
po dz assume it to be a function afonly.

S(W¥) is some unknown function which is determined from
the base flow. To carry out this determinationSofve con-
sider Eqg. 16) asx— —oo and express the left hand side of
this equation in terms ofv only. (Assuming that distur-

Uy +w, =0 (7) bances do not propagate far upstream; Baines, 1995; Yih,
1980). Equation6) is referred to as Long’s equation.

wherepo=p0(z) is the base density.
In these new variables Eq4){(4) take the following form
(for brevity we drop the bars)

upx +wp: =0 ® For example if we let
Bo(uuy + wuy) = —py 9 )
Bp(uwy + ww:) = —p~(p: + p) (o)  Jim W(x.2)=z (18)

Nonlin. Processes Geophys., 16, 538% 2009 www.nonlin-processes-geophys.net/16/533/2009/



M. Humi: Long’s equation in terrain following coordinates

i.e. consider a shearless base flow with lim(x, z)=1 then
X——00

S (V) = —N2 (W) <\1/ + g) (19)
and Eq. 16) becomes:
WP Wy —N2(P) [z—‘I' + g (‘IJZZ—HLZ\IJf—l)] =0.  (20)

Itis evident from this derivation that different profiles for the
base flow asc— —oo will lead to different forms ofS(W¥)
(Humi, 2006).

For a general base flow in an unbounded domain over to
pography with shapg (x) and maximum heighiy the fol-
lowing boundary conditions are imposed ¥n

Iimoollf(x, 2) = Wo(z) (21)

xX——
HoNo
Uo
where the constant in EQR?) is (usually) set to zero. As to
the boundary condition at— oo it is appropriate to set

Y(x,tf(x)) =constant t = (22)

fim W, 2) = $o(2)

(in spite of the fact that Long’s equation contains no dissipa-"1¥+ 2 = 4(x) COSN2) + p(x) SIN(Nz)

tion terms). However over finite computational domain only
radiation boundary conditions can be imposed in this limit.
Similarly asz— oo it is customary to impose (following Dur-
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is given by Eq. {7) and it depends o&¥. In some other nu-
merical simulations the computational domain is divided into
subdomains wher# is constant in each subdomain but this
led to numerical instabilities at the interface between these
subdomains.

In these limits Eq.Z4) reduces then to a linear equation

lez+N277=0‘ (27)

We observe that the limg=0 can be obtained either by let-
ting Up—0 or No—0. In the following we assume that this
limit is obtained ag/p— 0 (so that stratification persists in
this limit and the leading term ivg is not zero).

Equation 27) is a singular limit of Long’s equation as
one of the leading second order derivatives drops whef
and the nonlinear terms drops out whgs0 andN is con-
stant. This approximation and its limitations were considered
numerically and analytically (Drazin, 1967; Durran, 1992;
Humi, 2004a, 2006) and was found to be justified only under
strong restrictions even under the assumption that the base
flow is shearless. Nevertheless it is used routinely in the
actual analysis of atmospheric data (Shutts, 1988; Jumper,
2005; Baines, 1995).

The general solution of EQ27) is

(28)

where the functiong (x), ¢ (x) have to be determined so that
the the boundary conditions derived from E@2)( (26) and
the radiation boundary conditions are satisfied. These lead in

ran, 1992) radiation boundary conditions. (The imposition of yaneral to an integral equation fptx) andg (x) and it easy

these boundary conditions is discussed in detail in Sect. 4.1
For the perturbation from the shearless base flow

n=V g (23)
Equation R0) becomes

N—o?ni+u? (nxx —aznﬁ) —N%(p) (Bn.—m =0 (24)
where

a? = N B . (25)

2

We observe that whemir|«1 the boundary condition

EqQ. 22) can be approximated by
n(x,0) =—1f(x).

When N is constant eq. 24) is invariant with respect to
translations inc, z and hence admits self-similar solutions of
the formn=f (kx+mz) (Humi, 2004a). These solutions are

(26)

interpreted as gravity waves that are generated by the flow

over the topography.

From a numerical point of view it is a common practice
(Durran, 1992; Lily, 1979; Davis, 1999) to solve EQ4)
in the limit =0 andw=0 with constantV over the domain.
However observe that the definition 8fin Long’s equation

www.nonlin-processes-geophys.net/16/533/2009/

show (Davis, 1999) that(x)=H[q(x)] where H[g(x)]
is the Hilbert transform of (x). The boundary condition on
the terrain becomes;

q(x)CoOS(tNf(x)) +H[g()]sin(TNf(x)) =—tf(x) . (29)

This integral equation has to be solved numerically (Drazin,
1961; Durran, 1992; Davis, 1999; Kar, 1995).

3 Terrain following formulation

To derive a terrain following formulation of Long’s equation
which incorporates the terrain in the coefficients of the dif-
ferential equation (rather than the shape of the domain) we
introduce Gal-Chen transformation. If the height of the (bot-
tom) terrain is described by a sufficiently smooth function
z=h(x) and the height of the computational flow region is
finite, i.e.h(x)<z<H, whereH is a constant, then this trans-
formation is given by

_ 7 —h(x)
=x, 7=H— """, 30
TS ST E T, (30)
Under this transformation we have
0 0 0 0 1 0
00 el L 2 (31)
0x 0x 0z 0z VG 0z
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where

1 H 1 z

= Glzz_(——1>h’ . 32
VG T H—h NV ®.  (32)

Furthermore the expression of the Laplace operator becomes

~ a2 |G 372 9x02

8G12+G123G12 3
a% az |9z’

Under this transformation the continuity E@) becomes

o 9% 1 2] 92 02
V2 + [_Jr (GlZ) ] 2 4oz % 4

(33)

0 0 10
Prorly o (34)
0x 9z /G 9z
However, if we introduce
1 12

then itis a simple algebra to show that E8@)can be rewrit-
ten as

% (JEM) + 8% (JEU) -0 (36)

From this equation we see that we can introduce a “terrain

following stream function”/ so that

IZZ\/EMZ%, {):\/Evz_%

TR (37)

Multiplying Eq. (8) by ~/G we can rewrite this equation in

the following form:

i 452 (38)
ox 0z

Using Eqg. 87) this can be rewritten as

J{p.¥}=0 (39)

where J is defined as in Eq.16) but with differentia-
tions with respect to(x, 7). Equation 89) implies that
p(x,2)=p((x, 7)) (and vice versa).

To eliminate the pressure term from Eg8) &nd (L0O) we
differentiate Eq. §) by z and apply the operatqu?-%- to
Eqg. (10) and subtract. We obtain

lgﬂsz (uwy+wwz)—pp; (uux+wuz)+

,Bﬂzp(“wx+wwz)x_,Bp(u“x+w”z)z=_/)x . (40)

Using Eq. B) the first two terms in this equation can be writ-

ten as

ﬂﬂsz (uwy+ww;)—pp; (uux+wuz)=p [Mz (—p;wwy+

B
PxWW;z) _pz””x+,0xuuz] =5 [Px (”2+M2w2)z_

2
o, <M2+M2w2)x] =% [p)z (M2+M2w2)Z _
Pz <u2+/¢2w2)i] :%J_{p, u2+M2w2}. 41)
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Using Eqs 85) and @7) to re-express?+u2w? we have
B - B

m] {p, uz—}—/,szz} Zmplffj {Wa Mz (W}E)Z_i'

212G 2y sy + [éwz (G12>2] wz)z} (42)

The third and the fourth terms in Eql@) can be rewritten
using Eq. 7) as
ﬂﬂzp(uwx+wwz)x_ﬂp(uux+w”z)z=ﬂp [“ (Mzwx_uz)

+v (/szx—uz)] =—%J_{W x}

where y =u?w, —u. is the vorticity. Expressing in terms
of ¢ we have

_ 2

where

_ 92
V2 = MZ{ +2G

(43)

(44)

ax2

1 32 N 8G12+G128G12 i N
0X07 ax 0z 97

1 5(.12\2] 9
5+ (e)] = (49)
is the “terrain following Laplace operator”.
Finally for the right hand side of Eg40) we have
l - IO.‘/I —
—pox=——=J{p, g} = ——F—=J{¥, 46
o 7G {0, 8} 7c {v. g} (46)

where

g(x,2)=z+h(;c)<1—%>

Combining all the results contained in Eq41)—(46) we
can re-express Eg40) in the following form:

N2 B

J {w, Vay——— K (0P +2uPG sy +

1 2
<—+u2 (6%) ) (wz)z} ~N2(y) g (%, z>} =0

= @7

whereN?(y) is defined as in Eq4(7). Hence it follows that,

2
A AL R

1 2
(g2 (62)) w2 -n2 e =s ). @)

This is the terrain following form of Long’s equation. At this
juncture it might be asked why one can not “save” this deriva-
tion and apply the terrain following transformatioB0j di-
rectly to (L6). Doing so will yield an extremely complicated

www.nonlin-processes-geophys.net/16/533/2009/
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equation. This has been avoided in our derivation by the usé Analytic solutions of Long’s equation
of the “terrain following stream function” in Eq3().
To determine the functiosi(y) in Eq. @8) we assume that  In the traditional representation of Long’s equation the to-
pography determines the shape of the flow domain and as

Iim h(x)=0 a result it is not feasible to obtain analytic solutions to this
e equation even in some limits of the paramet@mnd .. We
and that (as an examplé) satisfies now show that this problem can be overcome in some limit-

ing cases when the terrain following formulation of this equa-
xﬂrpoo v(x,2) =12 (49)  tionis used.

We consider two limiting case$=0, u=0 andg#0, u=0
It follows then that we also assuma/2(yr)=constant. For brevity we drop in the
8 following the bars ovek, z.

S(W) = —N?(¥) (w + 5) (50) o

4.1 The limiting casep=0, u=0

and Long’s equation becomes:

N2(y) B
2

1 2/7.12\%),, 2 2 - Bl_
(E*“ (c ))(%)}—N W) [g(x,z)—w—ﬂ =0. (51)

In this case Eq.51) simplifies to
V2y- (12 2 +2u2G 2y syt o2y

+ GN?y = GN? [z +h(0)(L— —)] (55)
8z

whose general solution is

In this representation the flow domain is a rectangle , _ 4 ) cos B(x)sin o (1— 2 56
[a, b]x[0, H] or an infinite stripe[—oo, co]x[0, H]. The y=A4&) (v2) +5) (VZ)+[Z+ o )] (56)

boundary condition at the bottom topography is Herev=N+/G and A(x), B(x) are functions which have to

u-n=0 be determined from the boundary conditions.

The boundary condition5@) implies A(x)=—h(x). To
where n is the normal to the topography which is de- determineB(x) we must apply the radiation boundary con-
scribed by the curvé(x). Hence this normal is given by dition asz— oo on the solution. To this end we must insure
n=(—h'(x), 1). Using Egs. 85) and @7) this leads to the that the vertical group velocity of the wave is positive. Using
boundary condition the dispersion relation for hydrostatic flow given in (Baines,

1995, p. 181) this group velocity is:
¥ (%, 0) = constant (52)
Nk sgn(v)
and this constant can be chosen to be zero. The other bounds = 2 (57)

ary condition that has to be imposed @nis a radiation _ )
boundary condition ai=H (which implies that the outgo- Wherek is the horizontal wave number. We deduce then that

ing wave is not reflected by the boundary). the vertical group velocity is positive wheiw>0.
To obtain an equation for the perturbation from the base 10 impose this condition on the solutiog) we express
state we set A(x), B(x) in Fourier integral form
- - - - - S . S .
¥(x,2) =2+, 2). (53) A(x):/ a(k)e™ dk, B(x):/ b(k)e**ak  (58)
—00 —00

Substituting this in Eq.51) we obtain the following (exact)

equation fon wherek is the horizontal wave number. We deduce then that

the solution $6) can be written as

= (n)ﬂ
o2 2 2,212 1 1( [ , 0
/Ln+N (n)n— [ (n x) +2u°G™nz (nz+1) + v = E {/ (a (k) —ib (k)) et(kx-i-vz)dk +/ (a (k) +
1, 2(~12 2.5 1| - =
(G+“ (62) ) [(”Z) 2] | = ib (1) ek} + [z+h ) (1) (59)
12 12 .
2 8G_ G123G + N2 () {h (&) (1__) + To satisfy the radiation boundary condition for>oo the
ax 0z first and second integral must vanish for0 andk>0, re-

8 2 spectively. Therefore (k) andb(k) must satisfy
£ [( +u (G12> ) . 1“ . (54)
2 a(k) = —i sgn(k)b(k) (60)

www.nonlin-processes-geophys.net/16/533/2009/ Nonlin. Processes Geophys., 58153669
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which implies that B(x) is the Hilbert transform of

A(x)=—h(x) i.e.

* h(x)

M. Humi: Long’s equation in terrain following coordinates

Contour plot of the Stream Function
T T T

;‘ B i 7,,,\07“‘777‘: 55

1 .
B(y)=—H (h(x))=——=P.V. / dx . (61) s / ]
T —o0 X =Y B ~__/ ] s
This represents a complete analytic solution of Long’s equa- | 1
tion for this limiting case. |
In particular if *
w4l ,
1
hi(x) = m (62) 25
then 2
2 X a sinhx 15
B = — . 63
1(x) b |:1+x2+ (1+x2)3/2:| (63) 1

Similarly if 2(x) is given by a “witch of Agnesi* curve

a2

ho(x) = m (64)
then
Bo(x) = —ﬁ. (65)

Fig. 1. The regular stream functiap over one hill centered at=0
with heighth(x)=¢h1(x) whereh, is given by Eq. §2), ¢=0.1,
N=1, =0, u=0.

at the terrain. To this end the procedure discussed in Sect. 2

Since the Hilbert transform is linear one can use these res“"?equires the use of the approximations that lead8). (As

to compute the stream function (in this limit of the parame-
ters) over any terrain that is composed:¢f) which the sum
(up to translations) of the height functions given above or
any others for which the Hilbert transform can be computed
analytically. For example if

c1 ) cga2

h(x)= + + (66)
(14x2)¥% " (14 x-5?)%?  (a®+ (x+5)?)

(wherec;, i=1, 2, 3 are constants) then

B(x) = c1B1(x) 4+ c2B1(x — 5) + c3B2(x + 5) (67)

It should be noted however that in these expressipns
represents the “terrain following stream function” which was
defined in 87). We can recover the flow fiel¢k, w) from
this function using 37) and @5). From this vector field it is
easy to compute the “regular” stream functiptx, z). Fig-

a result the equation that is used to comppte) (Eq.29) is

also an approximate equation which will yield at best approx-
imate solution for this function. On the other hand the appli-
cation of the boundary conditions using the procedure dis-
cussed in this section is exact and does not place constraints
on the height of the terrain.

From an experimental geophysical point of view it has
been a common practice to assume that the gravity wave gen-
erated by a flow over terrain is of the form gi+mz) (or
similar) (Shutts, 1988; Jumper, 2005; Eckermann, 1999; De-
wan, 1998). This has led to difficulties in the eduction of this
wave from experimental data. Our results show that this form
of the wave is incorrect (at least in principle). Furthermore as
Fig. 2 demonstrates complex terrain can alter drastically the
shape and amplitude of this wave due to interference effects.

4.2 The limiting caselh(x)|«<1, Bkl

ures 1 and 2 depict the regular stream functions for the ter-

rains given by 62) and ©6) respectively. These figures were
obtained by direct evaluation of the formulas given above.
We compare now these analytic results with the solution

Under these limiting conditions it is appropriate to introduce
an order parameterso that

methodology that has been used previously in the literaturé:i(x) = € h1(x)
as was discussed Sect. 2. First we note that this analytic so- _ _
lution requires only the direct (and simple) computation of &1d consider a two parameter expansion of the stream func-
the Hilbert transform of the terrain functior(x). Thisisa  tionine andg viz.

straightforward procedure even if it has to be done numeri-
cally. On the other hand to compujéx) using 9) requires

in general the solution of an integral equation. To do So onerpe first order expansion 05{) in the parameters and g
must use an iterative algorithm which might turn out to be un-yields the following equations fap, i=0, 1, 2.
stable or non-convergent over complex terrain. Furthermore

there is the issue of applying the boundary conditiongyon 1%y @ +y @+ N2y O =N2;

(68)

v, 2 =vO x, ) +8v D (x, 2) +ev @ (x,2) +0 (62, B2, eﬂ) (69)

(70)

Nonlin. Processes Geophys., 16, 538% 2009 www.nonlin-processes-geophys.net/16/533/2009/
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1 2 _
% I/f(l)+w(1)+N2‘¢f(1) 2 2N2 (1/[)50)) =0 (71) . ‘ ‘Comourplmofthe‘stream Functlon‘

<
W2y @y @4NPy@=(1-)

2h1

[N2h1+u ( ]y @+ 2h/1w(°>)] 21y (72)

41 - 4
It is easy to see that the solution t60f subject to the the L as
boundary conditions40), (52) is ~ gl L,
v O, 2) =z (73) I , , L.

Due to this result{1) (72) simplify and it is straight forward
to see that the general solution to these equations is

vV (x,2) =

N/
/ " SinAz [A1 (w) cOS(wx) +B1 (w) Sin(wx)] dw+
0

N/w . Fig. 2. Same as Fig. 1 buk(x) is given by Eq. 66) with
/(; cos\z [C1 (w) cos(wx) +D1 (w) sin(wx)] dw , (74) Clg=Cz=C3=1 andaer. 9 g y Eq. 66)

whereu?w?4+12=N2. Similarly,

Contour plot of the Stream Function
T T T

@ (x,z2) = ) S

N/w
/ sinAz[A2(w) coSwx)+Ba(w) sin(wx)]dw+ T

Niw . H-—z
[ cosiz[Ca2(w) codwx)+ D2 (w) Sin(wx)] dw+ T h1(x). (75) 1 4
0

Applying the boundary conditiors@) to the @ (x, z) and .
¥ @ (x, z) we infer thatC;=D1=0 and

N/n L
/ [C2(w) coOSwx)+ D2 (w) Sin(wx)] do=—h1(x) . (76)  — 7 B
0 S —
The radiation boundary condition implies that I T B
/_///\ 1
N/u
/ [A2(w) COSwx)+ Bz (w) SiN(wx)ldw=—H (h1(x)) (77) L ——| B
O X

and A1=B1=0. Thus, in the present settings, the first order _ . .

contribution of theg terms vanishes when the base stream™9: 3 The. regular stream functiog over one hill Cemere.d at
function satisfies49). This can be verified directly by per- z;cl) V:ig ggl%ihl(xéféhifg ;VsherTihel ;ggﬁ;t?gniqérg‘l)bxg‘d on
forming a one parameter perturbation expansiograsiz. by Eqs,. E) and (74).' T

letting B=¢p1 and

V) =vOw )+ +0 (€2> (78) 4.3 The limiting casef 0, u=0

When the topography is given by E@4) with a=1 it is o
easy to show using Eq76) that D=0 andCx(w)=—e~°. In this limiting case Eq.§1) becomes
Similarly (using Eq65) we obtainA,;=0 andBa(w)=—e"?.

2

Substituting this data in Eq74) we can computey@ by v { w+’3 [ (%) _1} ath(x) (1_1)} —0. (79)
numerical integration. We observe however that these inte-0z* G\ dz H
grals are highly oscillatory and appropriate numerical rou-
tines have to be used to evaluate them accurately. The results Since this is a nonlinear equation we can find an approxi-
of these computations with=0.25 (re-expressed in terms of Mate analytical solution using first order perturbation expan-

the regular stream functiap) are shown in Fig. 3. sion under the assumption thaf= 2'3 «1 (which is sat-
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Contour plot of the Stream Function
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Fig. 4. The regular stream functiap over one hill centered at=0
with heighti(x)=eh4(x) whereh is given by Eq. 64) with a=1,
€=0.1,?=0.01, 2=0. The computations are based on EG2){
(87).

isfied in most practical situations). Expressifigapproxi-
mately as

¥ = Yo+ a®yn

and substituting this expression in E§1) we obtain to order
zero and one in the parametet the following equations

%Yo 2, o z

S TGN =GN [z +h(x) (1— E>] (80)
0%y, 2 Yo 2_

a2z TONT (a_) ==¢ (81)

The boundary conditions oy, ¥1 are given by Eq.52)
atz=0 and radiation boundary conditionszas co.

Solving these (linear) equations f¢g andvy; we obtain
the following expressions for their solutions

Yo (x, z) =A(x) cOS(vz) +B(x) sin(vz) + [Z+h(x) (1_%” (82)
Y1(x, 2)=C1(x) cOS(vz) +C2(x) SiN(V2) + f1(x, )+ fo(x, )+ f3(x)  (83)
where

Fir, 2= (A%(x) — B2(x)) cos (2\;61) 2400 B(x) Sin(2v2) ~
folx, )= (H—h(x)) ((VA(X)HB(XI){),,COS(UZ) +vB(x)zsin(vz)) (85)
fon) = AL B )

2
where Eq. 82) was used to simplify Eq86).
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Since V@0) is the same as B6) it follows that
A(x)=—h(x) and B(x) is given by Eq. 61). Applying the
boundary condition Eq5@) to 1 we obtain

h(x)

Cl(x)z—% (2A(x)2+B(x)2) 1 <1_T

Similarly the radiation boundary condition leads to
C2(y)=—H (C1(x)). For atopography described by E§4)
with a=1 we computed”; and C, (analytically) and used
(83) to calculateyr1. Figure 4 displays the corresponding
regular stream functios (x, z) whena?=10-3.

5 Summary and conclusions

We derived in this paper a terrain following formulation of
Long’s equation in which the topography is “absorbed” in the
coefficients of the differential equation representing the flow
rather than being part of the boundary conditions. We used
this representation to solve Long’s equation analytically in
some limiting cases and over complex topography. The new
formulation also opens the possibility to develop analytical
estimates which compare the solutions of this equation over
different topographies. The analytical and numerical treat-
ment of the solutions to Eq58) for general values of and

B will be left to a subsequent publication.

From a geophysical point of view it well known that
some present models for the generation of gravity waves
over estimate this effect (Eckermann, 1999; Dewan, 1998;
Humi, 2004b). Partially, this is due to the fact that they use
oversimplified representation of the terrain. Furthermore
they do not take into account the effects that are due to
complex terrain (as demonstrated by our simulations). We
believe that the new form of Long’s equation will make it
easier to consider more realistic representations of the terrain
and its effect on the generation and propagation of gravity
waves.

Edited by: R. Grimshaw
Reviewed by: two anonymous referees
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