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Abstract. In Part | of this study Whitehouse et al. (2005) vertical and horizontal structure of the system, retaining only
performed a diagnostic analysis of a simplied model of thethe dominant baroclinic and barotropic modes. Our objective
Martian atmosphere, in which topography was absent andhere is to derive a suitable set of basis functions as Proper Or-
in which heating was modelled as Newtonian relaxation to-thogonal Decomposition (POD) modes from an analysis of
wards a zonally symmetric equilibrium temperature field. the streamfunction data. The POD approach puts most of the
There we derived a reduced-order approximation to the vertivariance of the data into the leading order modes. We obtain
cal and the horizonal structure of the baroclinically unstablesystems of ODEs using the Galerkin technique in which the
Martian atmosphere, retaining only the barotropic mode anddependent variables are expanded as time-varying amplitude
the leading order baroclinic modes. Our objectives in Partcoefficients of the spatial POD eigenfunctions. The resulting
Il of the study are to incorporate these approximations intotruncated equations capture the maximum amount of energy
a Proper Orthogonal Decomposition-Galerkin expansion ofamong all possible truncations of the same order.

the spherical quasi-geostrophic model in order to derive hi- More specifically, suppose the governing equations of the
erarchies of nonlinear ordinary differential equations for the system under consideration take the form

time-varying coefficients of the spatial structures. Two dif-

ferent vertical truncations are considered, as well as threéﬁ — LA+NA 1)
different norms and 3 different Galerkin truncations. We in- 9¢ ’

vestigate each in turn, using tools from bifurcation theory, tOwhere” is a linear operator\’ is a non-linear operator and

determine which of the systems most closely resembles the, g the spatial and temporal function to be determined. In
data for which the original diagnostics were performed. terms of a POD expansion, takes the form

Ax, 1) = (DD (x), 2
1 Introduction (x, 1) ;“(U (x) )

The dynamics of the weather and climate systems are simuwhere the{a; (1)}?_, are the time-varying amplitudes of the
lated by partial differential equations (PDEs) describing thePOD modeg®; (x)}"_,. Defining the inner product of two
underlying physical processes. These equations can be trangnctionse (x), ¥ (x) € L?(x) as
formed to a set of: time dependent ordinary differential
equations (ODEs) if the spatial variation is expanded into ag ) = / ¢ () Y (x)dx, 3)
set ofn orthogonal basis functions. Q

The current paper forms the companion paper to a diag: N T -
nostic analysis\Whitehouse et al.2005 hereafter denoted W\r;gge (9. ¢)=6i;, and substituting Eq.2) into Eq. 1)
as 1) of a simplified model of the Martian general circula-
tion (the so-called SGCM), in which topography is excluded. 4
In that paper a low-dimensional description of a baroclini- ;% = % + Bijaj + vijkajak, (4)
cally unstable atmosphere, under conditions appropriate to

Mars, was derived via a reduced-order approximation of thdor i=1, ..., n, wherew; are constantgj; are the coefficients
of the linear terms and the interaction coefficiepis are co-

Correspondence td: M. Moroz efficients of the quadratic terms. Here repeated indices imply
(moroz@maths.ox.ac.uk) a summation ang ;. =—vix; -
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This paper is structured as follows. In Sect. 2 we discuss The streamfunction for the horizontal flow will be decom-
a general numerical scheme for constructing low-order sysposed into a wave, a zonal mean-flow correction (MFC) and
tems of ODEs based on the spherical quasi-geostrophic (QG3 basic state term. Taking(é, ¢, ) to be the total stream-
equations. Analytical work was unable to deal with the non-function, we write
linearities which arose in the governing equations and so nu- ~ _ —~
merical techniques were employed. After the PODs wereV (> ¢ 1) =¥(0.¢.1) + ¥ (0. 1) + (), ®)

calculated in spectral space, they were fitted to a chosen Sgjhere the tilde denotes the wave mode, the overbar the MEC

of basis functions, in order that they lay on the same grid a$,ode and the hat the time-independent basic state, deter-
that of the original data. mined as follows:

Section 3 summarises our results with the two-variable (2- o o
v) SGCM PQD-GaIe_zrkln mod_el_, in which just two modes 7 _ v — vdp, V= v de — 1; 9)
(the barotropic and first baroclinic) are taken to represent the $=0 =0

vertical structure of the flow. In | we reported that the first . . .
barotropic mode accounted for 89% of the total kinetic en- "€ MFC term s the time-dependent difference between the

ergy (KE) with the first baroclinic mode reponsible for just instantaneous zonal flow and the (time-independent) basic

0 ; : . state. Although steady, the basic state may be unstable to
6.1%. ' The barotropic mode supplies no available pcJten'waves whose nonlinear interactions feed back to alter the
tial energy (APE), while first baroclinic mode accounts for '

481%. zonal flow.

. . . There are two possible ways to define the above decompo-
In contrast, in Sect. 4 we describe our analysis of the four—Sition of its mean flow from the SGCM data. The simplest
variable (4-v) SGCM POD-Galerkin model, which com- ' P

prises the barotropic and the first three baroclinic mode scheme is to take the time average of the zonally averaged

and accounts for 99% of the KE and 97% of the APE Ofsflow and def|ne_th|s to b(_a the b_aS|c state. The a}lternanve is
to run a 2-D axisymmetric version of the numerical model,

the vertical str_ucture. In both cases linear stability p.mper'suppressing the waves. This was done with the SGCM for
ties of the basic-state revealed that the most energetic wavg1

00 sols to ensure that the state had equilibrated and then
(the wavenumber 3 structure) was the most unstable an e resulting state was chosen as the basic state. Our cal-
that the total energy (TE) norm (described in |) is the opti- 9 y

: . . culations, reported in |, demonstrated very little difference
mum norm for computation of the POD-Galerkin equations.. . .
in the barotropic and baroclinic components of these two

Three regimes were identified in a bifurcation analysis of the .
) . ) . . “differently produced states, and so we follow the procedure
ODEs: two primary wave regimes and a mixed mode regime.

e . . . adopted in | and use the second version as the basic state.
It was within the mixed-mode regime that the behaviour of ; .
: - The wave and mean-flow correction perturbations to the
the truncated system modes were more closely Identlflabl%asic state are then expanded in orthonormal bases which are
with the original SGCM PCs. In addition, we also examined P

different levels of Galerkin truncation: 6-D, 10-D and 20-D. derived by the POD method to obtain
V(. .0V O)+ Y a;(ODiO)+ Y bj()®;(0, ¢). (10)
i=1 i=1

2 Derivation of the Galerkin spherical QG model J

The adiabati herical . trophi tion in i where the overbar denotes the MFC terms, the tildes the wave
€ adiabalic, spnerical quasi-geostrophic equalion In IS0z 15 and the hat the time-independent basic state.
baric coordinates is

9 ) , 0 (1Y 5 2.1 PODs or spherical harmonics
[Ew(w, -)] [V vt/ Fy™ <§8—> +f} =—rV<y, (5)

p p Selten(1995 notes clear advantages for using spherical har-
wherey is the streamfunction: is the Ekman dissipation pa- monics instead of PODs, since both kinetic energy (KE) and
rameter; f =2 sind is the full Coriolis parameter2 is the enstrophy are conserved for arbitrary truncations when forc-
rotation rate;f, is a synoptic scale of motion for the Cori- ing is_ used. This is because spherical harmonics are eiggn—
olis parameters=N2/(g2p?) is the stratification parameter functions of the Laplace operator and when the Galerkin

where N is the Brunt-\Aigila frequency.J is the Jacobian method is used, the projection operator commutes with the
operator for the advection terms, given by Laplace operator. PODs, on the other hand, are not eigen-

functions of the Laplacian and neither does the projection
operator commute. With spherical harmonics, the existence
6) of recurrent structures in the atmosphere are not exploited,
whereas the PODs describe the most energetic recurrent
for two arbitrary functionsf andg and the Laplacian opera-  structures in the circulatiorSelten 1995.
tor in spherical coordinates is given by Since EOFs (or empirical orthogonal eigenfunctions) are
) determined by the full nonlinear dynamics, a POD model au-
v2 1 |: 9 )+cos@% (cos@%( )ﬂ . (7) ‘tomatically includes some of the nonlinear effects. In con-

1 of 0g df dg
(89 ap  0¢ 89)’

J(f,8)=@

~a2co6 872( trast, the dynamics has no influence in determining the shape
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of spherical harmonics. PODs efficiently describe the dom-where N is the number of vertical modesi)f.C is the k-
inant structures, separating the wave scales. In a truncatetth vertical component of thé-th POD mode (including
spectral model with spherical harmonics, short waves are neboth barotropic and baroclinic wave componends);is the
glected; a low-order POD model resolves these. The smallhondimensional coefficient of thieth vertical component
scale PODs that are neglected evolve on short time scaleand thei-th POD mode;x}k(e, ¢) is the amplitude of the
and their effect on the large scales is mainly dissipative (se¢ime-averaged-th baroclinic mode. Expanding the total
Selten 1995. streamfunction fields in terms of POD modes, we obtain

It is difficult to implement a boundary condition which is "
physically realistic for an unbounded atmosphere. We re-y, g ¢, p. 1) = Zai(t)cpi(g’ é, p)

quire the amplitude of the energy of the motion to decay to -1

zero for largez, wherez is the vertical height scale. For the n N—1

energy to be finite as— oo, we requirep, 12 to remain finite = "ai() Y i He(p)Yi(®. ), (15)
asz— o0, wherep; is the global average of the fluid density i=1 k=0

p at each level ot. If, however, the amplitude remains fi- .o s the time-dependent coefficient of theh POD
nite, then a radiation condition must be used so that all Wave%—:igenfu[mtion so that
n 1

have an outward-directed energy flux. Such issues have bee
addressed birRempfer(1996. For linear and homogeneous ,d (ldy n N1 N
boundary conditions, any linear combination of POD eigen-/f, 5— <§E> =—- Zai Cikhic Hie e

d .
functions will satisfy them, if they do so individually. This is P =l k=0

not the case for nonhomogeneous conditions. n N1 .
== > aik®;. (16)
2.2 On the vertical structure equation i=1 k=0

) ] ] ) ) The vertical derivative term in Eq5) can therefore be ex-
The vertical structure equation, discussed in |, provides Fressed in terms of a POD mode expansion.

useful identity, making it unnecessary to calculate the term The sccMm produces nondimensionalised data and so

ff% (%%) in Eq. ©). the dynamical fields and the independent variables of the
We write the streamfunction as spherical QG equations must also be made nondimen-
Vo1 sional to facilitate comparison with the numerical model.
v, ¢, p.t) = Z H;(p)¥: (0, ¢, 1), (11)  This is accomplished by using- (é) " andV— (al) A4
i=0 where dimensionless variables are denoted by primes and

— 5 o1 i
where H; is the i-th vertical baroclinic modei€0 is the 2=7.08822<10"°s" Is the rotational rate of the planet.

barotropic mode)fﬁi is the amplitude of theé-th baroclinic
mode (as a function af, ¢ andt) andN is the number of ver-

tically resolved modes. From |, the vertical structure equa-sypstituting Eq.13) into Eq. 6) and re-arranging, we obtain
tion in isobaric coordinates takes the form

2.3 The Galerkin projection of the spherical QG equations

3, =~
fozdi (E@) — _)LIHZ, (12) & (V w - Z )»[Hlllfl) =
p \S dp 1=0
N-1
for each vertical mode, wheré g gives the Froude number  _— vy — (W, V2 — Z Al H”Z, + f) ) (17)
of the barotropic modey2x; for [0 that of thel-th baro- =0

clinic mode andi=3.394x10f m is the radius of the planet.
Multiplying both sides of Eq.12) by v;, summing overN
modes and using Eql{), we obtain

Substituting the series expansion forfrom Eq. (L0) and
projecting the MFC basis functiorrBJf (wherek=1, ..., n)
and the spatial wave eigenmod@’ (for k=1, ..., m)

d (1dy N-1 _ onto the resulting equations, results in a system-gfn-
2= (222 ) = - Z A HpYy, (13)  dimensional ODEs, which is conveniently written in matrix
Cdp \ S dp
1=0 form as
which is precisely the term arising in the spherical QG ca = f + Aa+ Aa+ Ba+ Da+ Ma+ Wa, (18)
Eq. G). Thei-th POD mode, foi=1, ..., n, has the expan-
sion where f is a constant vector{C, A, A, B, D} are con-

stant(n+m)-dimensional square matrices, apti, W} are
(n+m)-dimensional square matrices which depend upon the
components of the state vectat (a1, ..., an, b1, ..., by)T

1 (see Appendix for detailed defintions of these matrices).

_ i Hy (p)t/7k ©. ¢), (14) _ S(_:h_ubgr‘(1983 argueq that a thermal dnymg term enters
implicitly into the analysis of the atmospheric model, due to

N-1
(0,4, p) =) P69, p)
k=0

=

>-
Il

0
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the assumption of a fixed base state, equal to the observe®ll Fitting the POD modes to spherical harmonics
seasonal mean. The constant vedtor Eq. (18) describes
the dissipation of the basic state. To maintain this state reThe first task was to fit the streamfunction POD modes to a
quires that this term be balanced by adding a forcing termchosen set of basis functions using a spectral expansion tech-
equal to—f, which is implemented by neglecting the constant hique. Each POD mode was fitted to spherical harmonics and
vector. This scheme ensures that the trivial solugia@ will Legendre polynomials in order that the spatial eigenmodes
be a solution of the model equations. lay on the same grid as the original data.
Expanding the spatial eigenmodeg(9, ¢, p) as a jagged

T21 spectral truncation, we have

3 The general numerical scheme

20 Ny
The generation of a coupled system of ODEs for the SGCM®i (0, ¢, p) = Y > Viuni Pun(i)e™?, (19)
modelling requires many numerical calculations, which can m=0n=m

be summarised as follows: where V,,,; are the spectral coefficients for tieh POD

) mode, P, , (1) are the associated Legendre polynomials of

— calculation of a set of POD modes from the SGCM the first kind, ¢ is the longitudinal coordinatey (= siné)

streamfunction; is the latitudinal coordinate, ani¥,,=21 if m is even or
N,,=20 if m is odd. The PODs were fitted using the numeri-
cal routine RGTOSP, which was written by one of us (SRL),
based upon the method Bfachenhauer and Dal€$972 to
determine the spherical harmonic coefficients of a field given
— computation of the numerous interaction coefficients; initially on an evenly spaced latitude-longitude grid.

Naughton et al(1996 identified two types of error that

— construction of the linear and nonlinear coupled matri- can result from representing a smooth function on a sphere

ces; in terms of finite spherical harmonics: grid representation er-
ror and aliasing error. The grid representation error is due
to the spherical harmonic series having a finite truncation of
spectral coefficients, whereas the aliasing error is associated
with the grid representation error and describes the effect of
the coarseness of the grid used (due, perhaps, to an incorrect

— integration of the ODE sets; resolution of wavenumbers or their misrepresentation). The

grid representation error vanishes provided the grid resolu-

— implementation of several numerical tools to analyse thetion is sufficient for the spectral coefficients retained. There

data. is also spectral truncation error, caused by finite truncation of
the exact spectral series for the function.

It was necessary to generate the models in the most effi- Naughton et al(1996 concluded that the triangular trun-
cient way since the eigenspectral profiles of the SGCM datacation had superior accuracy for the representation of smooth
derived in |, revealed that models of between 6 to 20-D werefields on a sphere over a range of resolutions.
required to capture enough of the system’s energy and so cre-
ate models with over 400 terms (for a truncation levekpf 3.2 Calculating the derivative fields
the model may producelinear and:? nonlinear terms). The
software was designed in a modular fashion so as to allow thé\n accurate method to evaluate the derivatives of discretised
implementation of alternative methods of numerical calcula-functions is to approximate the functions by series which can
tion at each stage. Several tools were used, such as Mattpe differentiated term by term. Often for this reason spectral
ematica to calculate the linear stability profiles for each ofspace is used. One method which allows the transformation
the wave mode pairs; C integration packages to integrate thef a field from spectral space to grid space and back again
nonlinear ODEs and AUTCOoede| 1981) to perform bifur- ~ Via an inverse transformation was developed independently
cation analyses and to identify any stable solutions. by Eliasen et al(1970 and byOrszag(1970. Alternatively,

Each of these applications require the ODEs to be specvalues of the Legendre function3, , and their derivatives
ified in a different format and so an automated procedure(l—uz)% can be calculated, with odd and even functions
for the conversion of equations between the various formatsnterspersed, in order of increasingwith increasingn, for
was developed. For example, a parsing program was writthe staggered triangular truncation.
ten to read the Mathematica output (i.e. the generated ODEs) Having computed the derivative fields in either spectral or
and write a file of equation coefficients. In order to validate grid space, the interaction coefficients, given by the inner
our methodology, we tested our codes on a two-layer quasiproduct of the POD modes with the various derivative fields
geostrophic model of baroclinic instability as formulated by are calculated in grid space by applying the trapezoidal rule
Mak (1985 and found excellent agreement. in both the latitudinal and longitudinal directions. The speed

— calculation of the various derivative fields;

— implementation of the Galerkin projection scheme;

— derivation of the nonlinear coupled ODE set;

— conversion of the coefficients of the ODE sets to the
relevant syntax;
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of the process is greatly enhanced by the use of FFTs antured either 50% or 60% of the variance of the system, de-

Gaussian Quadrature. pending upon whether the diurnal cycle is included or not.
There is therefore evidence that a low-dimensional model of
3.3 Analysing the Martian ODE sets the SGCM (and indeed for the MGCM) is viable.

The main restriction with our modelling method is that the 4.1 The choice of norm

Froude number is held fixed for any ODE set. This is be- ) ) ) )

cause the time derivatives on the LHS in Egg)(explicitly ~ 1he issue of what is the appropriate norm to use in POD
depend upon the Froude number, and since the generatioR©delling was motivated by the work lelten(1993 fora
of the ODEs requires the numerical inversion of the matrix Wo-level QG model of the Earth’s atmosphere, formulated in
C, any change in Froude number means that a different setPherical harmonics, truncated at TS and using EOFs to de-
of equations would result. This is why the vertical structure scribe the behaviour of the C|rculat|0p. Seltgn found that the
equation analysis of | was so vital, as the eigenvalues autoglobal structure could only be described with the '!'E norm.
matically calibrate the Froude number in the equations forBoth the standard correlation and the KE norms failed to re-

subsequent use i, leaving dissipation as the only free pa- produce the global attractor of the original model, since they
rameter. were incapable of properly simulating the energy conversion
The ODEs were analysed by a number of numerical pack Processes. Baroclinic waves convert APE into KE and so a
ages. Mathematica was used to construct all of the termd E NOrM is a natural choice. .
in the matrix Eq. {8); a fourth order Runge-Kutta integrator T theé KE norm is used, the baroclinic patterns are usu-
was obtained from Numerical Recipes (&zess et a]1992) ally poorly represented, which results in interactions involv-
and AUTO was used to identify any periodic orbits and their N9 the temperature field to be poorly represented as well.
stability properties. In addition numerical integration pack- Baroclinic instability depends upon the existence of a vertical
ages such as XPPAUEfmentrout 1998 and Xigra (acke| shear of the basic current, which is associated with a horizon-

1995 were also used, each one of which required the files tdal temperature gradient. Horizontal and vertical temperature
be written in C. gradients imply the existence of APE in the basic flow, and

forms the energy source for wave growth. If this temperature
gradient is poorly extracted, then the resulting model will
4 2-vertical mode SGCM Galerkin models produce poor results. Indeed wh8elten(1993 compared
models produced using 23 KE and TE eigenvector patterns,
In this section we present the POD-Galerkin analysis of theh€ found that the APE was considerably reduced than for the
SGCM model when the barotropic and the first baroclinic ©riginal system. On the other hand, for the TE norm, the
mode only are chosen to describe the vertical structure of th&nergetics were far better.
flow, and which we term the 2-v model. As mentioned in  Although we computed the EOFs using all three norms
the introduction, this combination accounts forB% of the ~ in |, and although these same norms were used in the POD-
total KE but just 481% of the total APE, and so represents Galerkin modelling, the TE norm was found to be the ideal
a severe truncation of the actual vertical structure. We in-norm for modelling the baroclinic waves, although compar-
clude it since it provides some interesting results, as well a¢sons will be made with results obtained using the standard
providing a useful comparison with the POD-Galerkin model Correlation and KE norms.
in which an additional 2 baroclinic modes are included (the
4-vertical mode system) to be discussed in Sect. 6.
~We fix the Froude number #=8.14, the eigenvalue asso-  There are a number of important issues regarding an accurate
ciated with the first baroclinic modéame$199él) .states that modelling of experimental data. These include:
for Mars, R;~0.33a, whereR,; is the Rossby radius of defor-
mation. This suggests that the scale of the baroclinic waves is — What is the optimum vertical resolution in the POD for-
large relative to the planetary radius. A global Froude num- ~ Mmulation so that the dynamics of the low-dimensional
ber of 8.14 corresponds to a Rossby radius of deformation of ~ models faithfully reproduce the original system?
1.896x10°km, and givesk,~0.35:. F=8.14 is therefore a
reasonable estimate of the global Froude number.

Collins and Jamed 995 showed that most of the variance
(or energy) of the SGCM was explained by the two leading — Which is the best norm?
EOFs, which captured 75% of the variance, with no other
EOF explaining more than 3%. They also found that the prin-
cipal components of these two leading EOFs formed a limit
cycle, suggesting that this could be thought of as represen- Comparisons were made between models produced from
tative of the system’s attractor. Furthermore, the work donethe correlation, KE and TE norms with three different levels
by Collins et al.(1996 demonstrated that for the simulated of truncation: 20-D, 10-D and 6-D. Here D denotes dimen-
Viking Lander 2 pressure field, the dominant four modes cap-sion, namely the maximum number of POD modes retained

4.2 Some modelling issues

— How does the horizontal truncation level affect the ac-
curacy of the low-dimensional models?

— How large a fraction of the total energy should ideally
be retained in the Galerkin model?
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L2-Norm

0 SC1 SC2 HB1 HB2
Dissipation

Fig. 1. Stability exchanges along the solution curves produced by AUTO. The figure shows the stable “subsidiary” periodic orbits arising
from supercritical Hopf bifurcatior? B, and the unstable orbits arising from subcritiéaB1. The region of the stable “mixed-mode” is
identified by the letter “M” which exists between the subsidiary wave regime (to its right) and the principal wave regime (to its left).

in the Galerkin expansions, thereby providing nine differenting the important information and/or the SGCM data is low-
models for comparison. The dimensions of the models cardimensional, resulting in a 6-D model doing rather well at
be understood as follows. For the 6-D system, 2 MFC and 4reproducing the first four SGCM wave modes.

wave terms were retained; for the 10-D system, 4 MFC and

6 wave terms were retained; while for the 20-D system, we4.4 Stability properties of the periodic orbits

retained 10 of each.
We use the term “subsidiary periodic orbits or waves” to refer

to limit cycles arising from the (supercritical) Hopf bifurca-

tion HB»>. Such waves travel at a rate of about 4-5 cycles

The solutions to the various truncated systems were foung Ve ?O sols). We use the term .pr'|n0|pal perlqdlc orbits or
waves” to refer to the unstable limit cycles which are pro-

using AUTO, beginning with the trivial solution and using duced fromH B ihoaf ¢ about 1214 |
dissipationr as the principal bifurcation parameter, starting uced from.7 51, W' a reque”ncy of about Le—4 cycles
every 60 sols. A “mixed-mode” type comprises a superim-

at large values of and then decreasing noting any bifur- 4 “orincipal” and “subsidiary”
cation points encountered. In all cases two Hopf bifurcationsP©S€¢ Principal and -subsidiary” wave.

(HB) were found and were labelled &&B1 andH B> (the lat-
ter occurring at the higher dissipation value). These two Weres  The discovery
found to occur at different values effor each of the nine

different models. For example the valuesrdor the 20-D  kigure1 depicts the primaryd B branches and the stability
TE norm are(H By, H B2)=(0.3738 0.4519, while for the g, changes which occur with AUTO runs where “S” denotes
10-D TE system, we foundH By, H B2)=(0.3732.0.4507. 5 gtaple periodic orbit, “U” an unstable periodic orbit and

The corresponding values for the KE and the correlation«\;» 5 stable “mixed-mode”. Stability was determined by
norms were higher (se@/hitehouse 1999 for further de- monitoring the Floquet multipliers.

tails). Using dissipation as the control parameter and beginning
The AUTO results (not reproduced here, but $#kite- gt high dissipationf=1) and decreasing, we found that the
house 1999 for details) showed the 20-D correlation model periodic orbit associated witH B, was always stable, while
to yield a larger value for the amplitude of the bifurcating that associated with B1, and occurring at a smaller dissipa-
periodic solution than either the 10-D or the 6-D correlation tion value, was always unstable. The amplitude of the stable
models. The amplitude was larger with both the KE and TE|imit cycle increased with decreasing dissipation, the peri-
norms. In contrast t&chubert(1983, however, we found  odic solution losing stability to a stable mixed mode at the
very little sensitivity to model truncation in the amplitude point of stability exchangeS(), labelledSC; in Fig. 1. The
and periOd of the bifurcating limit CyCleS. This difference unstable orbit, arising frorﬂBl’ also grows in amp"tude as
may be due to the SGCM Galerkin models being generatedjissipation is decreased, the unstable branch eventually sta-
in a physical regime which has fewer modes competing forpjlising at the termination of the mixed mode brancts@&t.
dominance and thus being intrinsically lower dimensional, or gqr example with the TE norm and the 10-D truncated sys-

to differences in our spatial eigenfunction formulation, our tem we have, in terms of the dissipation parameter values,
choice of norm or our vertical resolution scheme. This may

indicate that our Galerkin process is very efficient in extract- (H B, HB1, SC2, SC1)=

4.3 The bifurcation analysis
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Fig. 2. A comparison of the phase portraits and Poiécgections (at PC1=0) from the original SGCM data.

(0.4507,0.3732 0.3213 0.2973. (20) finally equilibrate; the KE norm model took just under 50
sols to reach its correct amplitude and a further 60 sols to
Furthermore, for all cases investigated we found the follow-stabilise; while the TE norm mode grew to its equilibrated
ing behaviour: amplitude within 20 sols and took a further 50 sols to com-
pletely equilibrate. Equivalent optimal performance of the

~ r € [H Bz, 1] no waves are found; TE norm was also observed in the 6-D and 10-D systems.

— r €: [HB1, H B2] the subsidiary wave is stable; ]
5.2 Phase space and attractor reconstructions

— r €. [§C», H B;] the subsidiary wave is stable and the
principal wave is unstable; There are several reasons why the evolution of the Martian

o ) atmospheric circulation might take place on a relatively low-
—r € [§C1, SC2]: the subsidiary wave is unstable, the yimensional attractor.

principal wave is unstable and the “mixed” wave is sta-

bl Lorenz (1984 postulated that the state of the atmosphere
€,

can be depicted as a point in an infinite dimensional phase
space, whose coordinates are given by the values of the state
variables at every point in physical space. As the circula-
tion evolves, this point traces out a trajectory in phase space.

— r € [0, SCq]: the subsidiary wave is unstable and the
principal wave is stable,

where[ ] denotes the interval under consideration. The geometrical object, constituted by the set of points which
the trajectory repeatedly approaches arbitrarily closely in due
5.1 Single wave regimes time is called the attractor. The phase space trajectories of the

) _ _ ) system always lie on the attractor. Mo and Ghil (1987
For convenience, the following notation shall be used in ourpginted out, EOFs tend to point from the time mean to the

disc_uss_ions: “I?ri_ncipal" andi “subsidiary” will refer to those 1,ost populated regions of the system’s phase space.
oscillations, arising respectively froff B, and H B, and Since many nonlinear dissipative systems embed attrac-
travelling at rates of 13-14 and 4-5 cycles every 60 sols. Theq s yhose dimensions are considerably less than the dimen-
state vector of the system is defined as: sion of their entire phase spad¢antz and Schreibei997),
a=1[a1, ....an, b1, ., bm] 1) it might _be possible 'Fo_ identify low-dimensional gttractors
present in both the original SGCM and the Galerkin models.

where theg;’s are then mean-flow correction terms (MFC As EOFs point to the regions of large variance (and covari-
modes) and the: b;’'s are the wave departure terms (wave ance), an understanding of how these span the phase space
modes). is essential if the attractor is to be identifiddq and Ghil

We begin with a discussion of the subsidiary wave regime1987. By making comparisons between the original and
[SC2, H Bi] at r=0.33, with initial conditions in all of the reconstructed attractors, a good indication of whether these
models taken to be the (unstable) principal wave. In all casedow-dimensional models are accurately picking out the im-
the system evolved to the stable subsidiary wave after anportant dynamical modal behaviours can be made.
transients had decayed away. For the 20-D systems, the cor- In this section we report on the extent to which it is possi-
relation norm model took about 50 sols (model solar days)ble to reproduce the global structure of the original attractor
to reach its equilibrated amplitude and a further 80 sols tousing less than 20 POD modes.
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Fig. 3. Amplitudes of the ten MFC modes ..., a1g) in the mixed-wave regime=0.395, from the 20-D correlation norm model.

Figure2 shows the phase portrait and the Poigcsection Figures3 and4 show the MFC and wave modes of the 20-
(at PC1=0) of the SGCM PCs from the original data, usingD correlation norm model. From I, we see that the frequency
the TE norm; the equivalent figures for the correlation andand amplitude of wave modeg bnd b» are almost identical
KE norms are very similarWhitehouse 1999. Since the to those of PCs 1 and 2, travelling at a rate of about 13 cy-
two leading POD modes explain about 80% of the variancecles per 60 sols. Wave modesdnd hy, similarto b and b
the trajectories spend most of their time very close to thein amplitude and shape represent mixed modes, which con-
plane spanned by these two POD modes and trace out thieadicts the original findings in | that PCs 1, 2 and 3 and 4
form of a fuzzy circle in (PC1,PC2)-space, as exemplifiedrespectively behave like principal and subsidiary waves.
by the Poinca section, and substantiating the findings of

Collins et al.(1996. Wave modes pto byg propagate at exactly double the fre-

quency of principal modes;land by, and travel at a rate of
about 26 cycles/60 sols. They are consistent with both the
amplitudes and the high frequency behaviour of the higher

We next consider integrations of the 20-D systems within the0rder PCs. For convenience we shall refer to such waves

mixed mode regime ofjC1, SC>] at dissipation values of as "principal-doubled”, denoting waves propagating with ex-
r=0.395, 0.35 and 034 for the correlation, KE and TE norm actly double the frequency of the principal waves.

models respectively, over 60 Martian sols after discarding an The MFC modes differ from the corresponding PCs as the
initial 200 sols to remove transient behaviour. We note thatGalerkin modes have definite frequencies unlike the original
the leading wave pairs of the Galerkin models are comparaédata patterns, although they do have very similar amplitudes.
ble in amplitude to the original SGCM PCs at these parame-The leading order modes travel at a rate of 13 cycles/60 sols,
ter values. whereas the higher order modes propagate at double this rate.

5.3 Mixed-mode regime
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Fig. 4. Amplitudes of the ten wave modesy( ..., b1g) in the mixed-wave regime—=0.395, from the 20-D correlation norm model.

The wave solutions of the 20-D KE model (nhot shown principal and principal-doubled or mixed subsidiary and
here), give the two leading wave modesdnd b travel-  principal-doubled waves. The behaviour is again different to
ling at a rate of over 13 cycles every 60 sols. Modgabhd  that of the original MFC PCs for the same reasons outlined
b, are mixed modes, having a dominant principal wave with above for the correlation norm.

a superimposed subsidiary wave with distortions jnble-

ing far more pronounced. The phrase “mixed principle and The 20-D TE model substantially improves on the 20-D
principal-doubled wave” here refers to a principal wave with KE model, see Figs5 and6. Not only are the amplitudes

a superimposed principal-doubled wave. This demonstrateand frequencies of the TE wave modes highly comparable
that the KE norm picks out the subsidiary wave, visible in with those of the original PCs, but also the decomposition of
the original system, and is thereby superior to the correlatiorthe subsidiary wavedocan be seen. The two leading wave
model. modes h and Iy travel at a rate of over 14 cycles every 60
sols, almost identical to the frequency at which the SGCM

bg is a superimposed principal and principal-doubled oscil—IDCS 1 and 2 propagate. There is now an obvious presence
6 P b P b P P of the subsidiary waves, travelling at a rate of 5 cycles ev-

lation, also observed in the original system (see | Afitte- ery 60 sols, in B, by, bs and . The inclusion of APE in

house 1999 for further details), where the original PC 5 the optimisation with the TE model has created striking im-

contains subsidiary waves but PC 6 behaves in a far more . .
. g . provements over the previous two systems, particularly for
complicated way with a much higher frequency.

the higher order wave modes. The two principal modgs b
The KE MFC modes are very similar to the correspondingand k» seem insensitive to changes in these norms. Mgde b
wave modes with mixed principal-subsidiary waves, mixed provides evidence of some degree of interaction between the

Wave mode bis a mixed principal-subsidiary wave, while
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Fig. 5. Amplitudes of the ten MFC modesy, ..., a1g) in the mixed-wave regime=0.395, from the 20-D TE norm model.

subsidiary wave and a principal-doubled wave. This was ob-balance between the principal and the subsidiary wave con-

served in the original PCs, which showed a dramatic changeidered the dominant mode of the system, with this domi-

in oscillatory structure from PC 5 to 6, the latter being dom- nance depending upon the amount of KE and APE retained.

inated by an erratic, high frequency wave. This high fre- Since the original SGCM contains a principal wave in PCs 1

quency behaviour ofgomay be a result of the interaction of and 2, and a subsidiary wave in PCs 3 and 4, we conclude that

the subsidiary and principal waves. The amplitudes of thethe most accurate reproduction is by the 2-v TE model. This

individual TE wave modes correspond accurately to those okuggests that the subsidiary wave #dnd by, relies upon the

the original PCs. Wave distortions in the higher order modesoptimisation of both KE and APE.

also increase if more modes are retained, indicating that the

complicated oscillatory structures which are observed in the

original PCs requires a considerable degree of interaction be- The phase portrait and Poinéasection (at p=0) for

tween the leading order and the higher order Galerkin modethe TE 20-D Galerkin model at£0.34) shows a banded

if similar behaviour is to be reproduced. periodic orbit, almost identical to the (PC1,PC2)-space of
the original data, shown in Fig2, while the correspond-

The behaviour of the MFC modes in the 20-D TE norm ing Poincaé section shows a “ribbon” like structure. This

model are similar to those found in the 20-D KE model, the provides encouraging evidence that the Galerkin truncation

main difference being the strong presence of the subsidiaryhas successfully extracted the principal wave of the original

wave, particularly evident in modes & a. The TE model SGCM data. Indeed the two leading POD modes ghd

has drawn out the subsidiary wave so that it features in alby) are almost identical to that found lyollins and James

most all of the modes, whereas the principal wave dominate$1995 in Fig. 2. Moreover they are capable of capturing the

in the correlation model. This shows that there exists a finemost significant underlying dynamics of the original system.
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Fig. 6. Amplitudes of the ten wave modes( ..., b1g) in the mixed-wave regime=0.395, from the 20-D TE norm model.

5.4 10-D and 6-D Galerkin models The effects of truncation have been to remove the
principal-doubled waves, which appear in the 20-D systems,

Having investigated how the choice of norm affects the be-but which cease to exist in the lower dimensional versions.

haviour of the 20-D POD-Galerkin model solutions, we now

address the issue of how the level of truncation affects modeb.5 Power spectra analysis

accuracy. In this paper we shall focus on the TE 10-D and 6-

D model for comparison purposes. The reader is referred td-or the 10-D POD-Galerkin models, the dominant frequen-

Whitehous€1999 for details of the other truncated systems. cies of the MFC modes;aand & are clustered about the
Figure7 shows wave and MFC modes from the 10-D TE ranges 0.08-0.1 and 0.23-0.25 cycles/sol, while the fre-

model. In the 10-D model, the wave modgib no longer  quency of the leading wave modeg And b is centred

distorted, unlike in the 20-D system where it was a mixed around the 0.23-0.25 cycles/sol range.

subsidiary and principal-doubled wave. Here it is simply a The frequencies of the mixed-wave regime compare very

mixed principal-subsidiary wave. The MFC terms have beenwell with the frequencies extracted from the original sys-

reordered with modes a3 and a4 in the 10-D system now simtem. The original SGCM PCs cluster about the 0.23-0.25

ilar to modes a6 and a9 in the 20-D system. The 6-D TEcycles/sol frequency band, which is also the case here. The

model in Fig.8 s far more efficient in the reproduction of the most revealing difference between the original system and

original patterns as the principal waves travel at 14 cycles/6ahe truncated models is seen in wave modgarid ly. In the

sols and the mixed principal-subsidiary waves (contained inoriginal system these wave modes have one dominant fre-

modes B and ly) propagate at about 5 cycles/60 sols. How- quency value, distributed around 0.1 cycles/sol. This same

ever, no high frequency behaviour, which is so evident in thefrequency (associated with the subsidiary wave) is also ex-

original SGCM, is observed. tracted in the low-dimensional model, as well as an ad-



636 S. G. Whitehouse et al.: POD-Galerkin modelling of the Martian atmosphere — Part 2

2 2
— N
o OWW\M = O
-2 ‘ : : : : -2 : : : : :
0 10 20 30 40 50 60 0 10 20 30 40 50 60
05 05
™ <t
-05 . . . : . -05 . . . . .
0 10 20 30 40 50 60 0 10 20 30 40 50 60
5 5
— N
a0 o 0
-5 L L L L L -5 L L L L L
0 10 20 30 40 50 60 0 10 20 30 40 50 60
2 2
<
_2 !
0 10 20 30 40 50 60
1 , 1
wn [{e]
-1 - - . - : -1 - - - - -
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Time Time

Fig. 7. Amplitudes of the leading MFCaf, ..., a4) and wave modesy, ..., bg) in the mixed-wave regime from the 10-D TE norm model.

ditional frequency (the principal wave) of about 0.23 cy- 5.6 Summary

cles/sol. This extra frequency component is not apparent

in the original model. This is apparently an artifact of the Even though the original SGCM PCs produced by the dif-
mixed-wave regime as the model has produced two importanterent norms show very little difference in behaviour and
frequency values for all the modes except in the two leadingstructure, the behaviour of the Galerkin models is clearly af-
wave modes, pand k. fected by the choice of norm. The frequencies of the low-

. . .. dimensional modes in the mixed-wave regime correspond
The energy norms displace the frequencies towards higher 9 P

values, compared with the correlation norm, bringing themvery well with those of the original system, especially for

more into line with the values found in the original system. by ar.]d. b, W!th the energy norm, the mixed pr|nC|p§1I—
subsidiary oscillatory structures can be changed to a single

For wave modes Pand hy, the correlation norm model subsidiary wave, thereby showing the energy norms capacity
produces a very small frequency peak at about 0.08 cyio extract the first two wave pairs as principal and subsidiary
cles/sol as compared to a much larger peak at 0.23 cycles/salvaves respectively and so reproducing the behaviour of the
This indicates that the principal wave dominates the flow.leading four SGCM PCs.

Similar behaviour is found with the KE norm, the corre-

sponding peaks having larger amplitudes. If the TE norm

is used, however, the dominant frequency is at about 0.09 cy6 4-v POD-Galerkin models

cles/sol, implying that the TE norm produces the subsidiary

wave as the dominant wave. The peak corresponding to thén the previous section we analysed POD-Galerkin models
principal wave is also smaller than that produced by the KEwhich retained just two vertical modes — the barotropic and
norm. first baroclinic — and consequently captured only 48.1% of
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Fig. 8. Amplitudes of the leading MFCaf, ..., ap) and wave modesf, ..., bg) in the mixed-wave regime from the 6-D TE norm model.

the APE and 95.1% of the KE of the system. In this sectionto the amount of energy contained in the mode pairs (except
we include an additional two vertical baroclinic modes and for modes 5 and 6).

consider the “4-v” POD-Galerkin models, which now cap-

ture 99% of KE and 97% of APE in the vertical. Compar-

isons will be made with the findings of Sect. 5, including the  The additional energy retained in the 4-v models has the
issue of whether the additional vertical modes improve theeffect of moving the stability curves to larger values of
accuracy of our modelling scheme. We shall again consideFroude number, rising in excess B£100 for O(1) dissipa-

the (2, 4), (4, 6) and the (10, 10) truncations for the correla-tion. The first double Hopf bifurcation point DHRdefined
tion, KE and TE norm models, following the same procedureas the intersection of the linear stability curves of the first

as for the 2-v systems. two wavenumber pairs) occurs At=7.994 andF=7.989 in
the 4-v KE and TE models, respectively. SinHeB; and
6.1 4-v linear stability results H B> sit on the line F=8.14, the double Hopf bifurcation

may play a significant role in the dynamical behaviour of the
The different POD modes and their associated zonalow-dimensional ODE sets. Moreover these Froude numbers
wavenumbers for the 4-v case are the same as for the Zor the double Hopf bifurcations occur considerably closer
v case. The mode which dominates the flow is again theto F=8.14 than do their 2-v counterparts 6t=5.011 and
wavenumber 3 and is the most unstable mode at the inviscid"=4.487 for the KE and TE norms respectively. The pres-
limit but is the most stable fa® (1) dissipation (see Fi@ for ence of the double Hopf may therefore play a more substan-
the linear stability curves for the TE norm; the correspondingtial role in the behaviour of the 4-v model than in the 2-v
curves with the KE and the correlation norms are similar). model, and also in reproducing dynamical behaviour which
The ordering of the linear stability curves is again accordingis observed in the original SGCM.



638 S. G. Whitehouse et al.: POD-Galerkin modelling of the Martian atmosphere — Part 2

6.2 AUTO integrations MFC modes are almost identical between the 2-v and the
4-v models (and so are not shown here), the frequency of
In all AUTO runs we again chosé¢’'=8.14. Only two the principal wave at-13 cycles every 60 sols remains un-
Hopf bifurcations for the trivial solution were found, changed.
their locations being shifted from those of the 2-v mod-  jth the TE norm the improved vertical resolution of the
els. For example with the TE norm, the 20-D system new POD modes produces a dominant subsidiary oscillation
had (H B1, H B2)=(0.2568 0.2827), the 10-D system had of ~5 cycles every 60 sols in modes bnd h;, with time
(H B1, H B2)=(0.2564 0.2822), while for the 6-D system  vyariations comparable with the original PCs. Modgib
(H B1, H B2)=(0.2563 0.2820. smoother in shape than its 2-v counterpart, suggesting that
The inclusion of two additional baroclinic modes has also the improved vertical resolution results in Change from it rep-
caused the frequencies of the leading principal and subresenting a mixed principal-subsidiary wave to a pure sub-
sidiary waves to increase. If comparisons are made besjdiary wave. Smooth subsidiary wave structures are also
tween the 10-D TE norm models, the frequencies for theeyident in the MFC modes, especially in MFC modesa
2-v system arg(Q1, £22)=(0.2609 0.0922 as opposed t0 g
(21, 22)=(0.2628 0.0936 for the 4-v system. The frequencies and amplitudes of modesibd b in the
The Hopf bifurcations atf B> were found to be initially 4.y TE model are almost identical at 14 cycles every 60 sols
stable and so supercritical. Tracing their continuation withtg those of the original SGCM PCs. In addition modes b
dissipation as the control parameter, the results were simigng b, travel at a frequency of about 5 cycles every 60 sols,
lar to those for the 2-v models where the amplitudes of thezs ghserved in the original system. Wave moglalbo has a
periodic orbits bifurcating front B> always grew with de-  strong subsidiary wave form, whilg bas a mixed subsidiary
creasing dissipation, while the period remained almost conang principal-doubled wave structure, also observed in the
stant. The unstable orbits which arose from sécritical  griginal system. Modes-band Iy behave very similarly to
Hopf bifurcation # B also increased in amplitude with de- the SGCM PCs, both in terms of their frequencies and their
creasing dissipation and the unstable branch finally stabiliseqmp"tude&
at the exchange of stabilities with the mixed mode solutions  goth TE modes pand h are highly distorted subsidiary
at SC1. The solution curves of the AUTO runs were almost \yaye types, i.e. mixed subsidiary-principal as well as a mixed
identical to those for the 2-v models. subsidiary and subsidiary-doubled wave, where “subsidiary-
The locations of the various Hopf bifurcations and stability qoubled” refers to those waves which propagate at double the
exchanges for the 10-D 4-v TE model are, in terms of thefrequency of the subsidiary waves. Such behaviour was not
dissipation parameter, observed in the original PCs.

(H B2, HB1, SC2,8C1) = 6.4 The attractor

(0.2822 0.2564 02212 0.1714. (22) Collins and Jame§1995 showed that by changing the pa-

The mixed-wave regime exists between the subsidiary (to itg_ameters (the rgdiatiye and the. friction timescales) there ex-
right) and principal wave regimes (to its left), although all ISt two flow regimes in the original SGCM, namely a wave

the bifurcation points occur at smaller dissipation values. S oW at o, z¢)=(3,2) or a weak wave at, t¢)=(2,2).
In our AUTO integrations we identified two Hopf bifurca-

6.3 20-D POD-Galerkin models tion point, together with a mixed wave regime, enabling the
flow to change from a subsidiary wave to a quasi-periodic
For the purpose of comparisons with the 2-v POD-Galerkinflow and finally to a principal wave regime ass decreased.
models, we focus upon the 20-D truncated systems, referring’he wave 3 flow is analogous to the principal wave in our
the interested reader Whitehousg(1999 for a discussion  model, while the weak wave flow can be identified with the
of the 10-D and the 6-D systems. Each of the integrationssubsidiary wave.
were conducted within the mixed mode rangeSif{, SC2], Collins and Jame$1995 state that “the EOF behaviour
at dissipation values 0f=0.28,r=0.21 andr=0.22 for the ... does highlight the most important aspects of the (Mar-
correlation, KE and TE norm models respectively, again overtian) circulation and provides a link between a geophysi-
60 Martian sols after discarding an initial 200 sols. The lead-cally plausible system and the low-order models of dynami-
ing wave pairs of the various Galerkin models are compara-<al systems”. They go on to say that “the wave 3 flows pre-
ble in amplitude to the original SGCM principal components sented in this paper are thought to show a low-dimensional
at these selected values. behaviour”. We have shown that the amplitude, frequency
In the 20-D correlation model, the inclusion of two ad- and amplitude modulation of this flow can be accurately re-
ditional baroclinic modes leads to a cleaner extraction ofproduced by low-order POD-Galerkin models. For the KE
the subsidiary wave, traveling at about 4 cycles every 60and TE norm models, the wavenumber 3 attractor takes on
sols. This is consistent with our previous conclusions thatthe form of a thicker limit cycle, referred to as “fuzzy” by
the mixed modes depended upon the presence of a sufficiei@ollins and Jamegl995, agreeing with the suggestion that
amount of KE and APE. The actual forms of the wave andthe energy models describe the original flow far more accu-
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rately because of the emphasis they give to the energy pro- 1z

cesses within the original system.

The quasi-periodic transients in the work Mundt and
Hart (19949 grew exponentially fast, necessitating an intro-
duction of dissipation of the forrﬁjf o« —pM%a; to each
term, wherep is an arbitrary scale facto is the total
wavenumber and is a scaling constant. In the models dis-

cussed here, dissipation was parameterised in terms of Ek& |

man friction and no quasi-periodic solution was ever ob-
served to grow without bound exponentially.

6.5 The dynamical role of the double Hopf bifurcation

We now explore how the close proximity of the double
Hopf bifurcation to the single Hopf points at Froude num-

ber F=8.14 could explain the transition sequence as well as

the dynamics in the models and the SGCM. Linear stability
theory shows that it is possible to find points at which two
different modes simultaneously lose their stability in a dou-
ble Hopf bifurcation.

Moroz and Holmeg1984) used a two-layer QG model
on ag-plane to investigate whether wave dispersion could
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Fig. 9. Linear stability curves for the TE norm model. The dom-
inant energy mode pair (mode 1, mode 2) is the most unstable at
the inviscid limit, whilst being the most stable @(1) dissipation.
Modes 1 and 2 are shown in navy, modes 3 and 4 in green, modes
5 and 6 in red, modes 7 and 8 in light blue and modes 9 and 10 in

be viewed as a consequence of a double-Hopf bifurcatiorpurple.

by calculating the normal form (see alGuckenheimer and
Holmes 1983. They argued that wave interactions between

the two simple waves could lead either to an unstable mixed — Equation 25) is always an equilibrium, corresponding

wave flow and so to hysteresis, or to a stable mixed wave
flow and no hysteresis, depending upon the signs and rela-

tive magnitudes of the coefficients in the normal form. If
r; for j=1, 2 denotes the modulus of the amplitudes of the
two Hopf bifurcations (writing these amplitudes in modulus-

phase form), the following re-scaled set of equations de-
scribes the interaction between a pair of waves that are si-

multaneously marginally stable at a double Hopf bifurcation

and in which the frequencies are determined solely by the

modulus evolution:

1= par1 — ri(r$ + brd) = fi(r1, r2; b, pa), (23)

Fo = Wora — ra(cr? 4+ dr3) = fa(r1, r2; ¢, 12), (24)
whereus, u2, b andc are given by the specifics of the prob-
lem andd==1 (seeWhitehouse 1999 Guckenheimer and
Holmes 1983 for further details). In the following we shall
identify r1 with the subsidiary mode andg with the principal
mode. There are four equilibrium solutions:

(r1,r2) =0, (25)
(r1,r2) = (Vp1,0) for p1 >0, (26)
(r1,r2) = (0,y/p2/d) for pz/d >0, (27)
(ri.r) — (\/dm—buzw/uz—cm)
A A
for dui — buz’ p2—cut o (28)

A A

whereA=d—bc. A stability analysis gives the following:

to a state of no waves when the frequencies are taken
into account. It is a stable sink ji1, u2<0; a sad-

dle if u1>0>pu2 or u2>0>u1 and an unstable source

if w1, w2>0.

— Equation 26) is an equilibrium and corresponds to a pe-
riodic solution in the full system. If in additiotyt1> 112
it is a sink; otherwise it is a saddle.

— Equation R7) is an equilibrium and corresponds to a
periodic solution in the full system. Its stability is de-
termined by the two eigenvlaue2u, andu1—bu/d.

To exist,u1/d>0, so that ifd=—1, we requireu1<0
and the equilibrium is always unstable. However if
d=+1, —2u><0 and we have a sink f@mu,>>du1, oth-
erwise it is a saddle.

Equation £8) is an equilibrium and corresponds to
quasi-periodic flow in the full system. <0 itis a
saddle, if D>0, T<O0 it is a sink and ifD>0, T>0
it is a source, wher@ =2 [n1d(c—1D)+u2(b—d)] and

A
D=2 [(bua—du1)(cu1—u2)].

The derivation of the equivalent normal form for the
SGCM POD-Galerkin models was deemed a formidable task
and was not undertaken. Instead we used the classification of
Guckenheimer and Holmgd983 to identify whether the
behaviours we observed were in any way consistent with the
cases outlined there. Our AUTO integrations showed the
transition sequence aswas decreased to be: no waves, a
stable subsidiary wave, a stable subsidiary wave coexisting
with an unstable principal wave, a stable mixed mode state,
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I
- pa = p11/b H2 o = pi1/b
(0,0) unstable node / w‘ |
(0,0) saddle (0,72) stablenode/ (0, 0) unstable node | “
(0, 75) stable node (r1,0) saddle (0,73) saddle I
(1, 0) saddle PRINCIPAL MODE|STABLE \ ||
(r1,73) stable node ‘

| |
MIXED ODE|STABLE

g = cliy |

| |~ e =cm
(0. 0) unstable node / |
(0, 5) saddle \

(r1,0) stable node
" SUBSIDIARY MODE STABLE
t
(0,0) stable node (0,0) saddle
(r1,0) stable node
NO WAVES SUBSIDIARY MODE STABLE
Fig. 10. Bifurcation set for the SGCM Galerkin modelip1, u2)- Fig. 11. A possible path irfi1, up)-parameter space for increasing

parameter space. The; axis corresponds to the linear stability 111 and wp. The path commences in a state of no waves, passes

boundary of the subsidiary wave apg for the principal wave at  through the stable subsidiary regime and stable moxed mode state
the double Hopf bifurcation point. A change in the values.gf and terminates in the stable principal regime.
o correspond to changes in the Froude numbbgrand dissipation

parameterx).

(3) subsidiary mode is stable, principal mode is unstable;

coexisting with unstable principal and subsidiary waves and(s) subsidiary and principal modes are unstable, while the
finally a stable principal wave. mixed-mode is stable

We have explored the various possibilities for unfolding (4) principal mode is stable, the subsidiary mode is unstable.
the double-Hopf bifurcation and have concluded that the

likeliest scenario, which reproduces each of these transitions oy discussion on the stability exchanges found along the

in order is the casé=+1 with b, ¢>0. This means that both - \5rious solution curves of the AUTO runs indicates that this
principal and subsidiary waves are supercritical Hopf bifur- 5ath agrees with our model’'s behaviour.

cations, with the principal wave being an (unstable) saddle in - ¢qjins and Jame&1995 pointed out that an understand-
the interval FC2, H B1]. The specific classification of each g of the SGCM wave 3 regime required more than linear
of the equilibria is shown in Fig. 10 for the case of interest, gapijity theory. The presence of the double Hopf bifurcation
while the stability regimes themselves are depicted in Fig. 11; the POD-Galerkin models leads to the obvious questions
Near the double Hopf point of interest, defined at the in- of whether double Hopf bifurcation points exist in the orig-

tersection of the linear stability curves of the first and sec-jna| SGCM, and whether their existence influences the flow
ond POD pairs, the zonal wavenumbers of wave modes by, the same extent as the models described here.

(associated with the principal wave) angl(associated with

the subsidiary wave) interact to generate either stable pure or

stable mixed modes. A pure principal or a pure subsidiary7 Conclusions

mode means that the modes correspond to 1-frequency flows

(as in the principal and the subsidiary wave regimes), whileln this paper we have demonstrated that one of the wave 3

quasi-periodic behaviour means that the modes are mixelows observed in the SGCM model for Mars is capable of

principal-subsidiary waves, as was observed in the mixedbeing modelled by low-order systems of coupled nonlinear

wave regime, and can be viewed as superimposed principardinary differential equations, derived via POD-Galerkin

~14 cycles/60 sols and subsidiarp cycles/60 sols waves. methods. Drawing upon the numerical investigations of a
This is illustrated in Fig. 10 where the wedge companion paper I, eighteen different POD-Galerkin mod-

cu1>p2>dpy/b in parameter space contains stable quasi-els were investigated, depending upon the number of vertical

periodic solutions. modes included (2-v or 4-v), the level of horizontal trunca-
Figure 11 reproduces Figl0 in terms of stability and tion (6-D, 10-D or 20-D) and the type of norm used to com-

instability regions. One possible path through parametempute the vertical structure (correlation, KE or TE).

space is illustrated: Of all the low-order models considered the 4-v 20-D TE

(1) no waves; model was found to be the best, as it was capable of re-

(2) only the subsidiary mode exists and is stable; producing the amplitude and frequency of the leading four
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SGCM PCs (when operating in the mixed-wave regime). Thethe scope of the current investigations, these more realistic
effectiveness of the TE norm over the correlation and KEfeatures will form the basis for future research (Martinez-
norms agrees with previous work &tchubert(1985 and  Alvarado et al., in preparation).

Selten(1995. We showed that the amplitudes and frequen-

cies of the modes were robust to the horizontal truncation . .

level. However, the improved vertical scheme (2-v versus”PPendix A Notation

4-v) clearly affected the behaviour of the modes. The statp1f we define

vector included both the barotropic and baroclinic compo-

nents of the flow, and so resulted in a mixing of barotropic (Ef, 6f) = Ui, (A1)

and baroclinic wave components during the calculation of 3’ 3 =5 A2
the POD modes. We believe that this was crucial in extract- (@i, 2p®;) = 0_‘/”" (A2)
ing important details of the vertical activity of the original (@, V2O') = By (A3)
flow. —p 2. =p =

We found that the 4-v modes travelled at higher frequen- ~ (®k> VA, ;) = By (Ad)
cies than their 2-v counterparts, and contained far cleaner —p , —p —p.. %
subsidiary waves~5 cycles/60 sols). The presence of two (P J (@i, @) = i (AS)
additional vertical modes resulted in the suppression of the —p =p =p\\ _ 3
principal (~14 cycles/60 sols) wave in modes bnd l, (q)"’i()””cbi’ ®;)) _i""f’ (A6)
and caused the leading four wave modes to travel at (al-  (®;, J(®7, £)) = ni, (A7)
most) identical frequencies to those observed in the SGCM.__, ~~, ,_, =
The weakly nonlinear theory presented here can also ex(Pr» J (P}, VEPG)) =Ly (A8)

plain the existence of the various flow regimes, in particu-then
lar the mixed-mode wave (i.e. the superimposed principal- — o~ ~
subsidiary wave) via the codimension-two double Hopf bi- C = Bri — i Bri — (A9)
furcation in the 4-v TE model. Bui—a Bu—ay )’

In all of our investigations the Froude number was taken. ) _ ) _ )
to be F=8.14. Clearly, this fixing of the Froude number is 'S 8N (n+m)-dimensional square matrix, coupling the time
a constraint in our studies. However, this choice fowas ~ derivativesin Eq.18).
obtained from the vertical structure equation in | and was =2
found to give solutions which are qualitatively similar in be- f = —r (Q‘l) , (A10)
haviour to that of the original flow. Low-order models have B
also been generated for other valueg'adind their solutions  js an(n+m) constant vector, generated by the Ekman dissi-
observed. In no other case was the behaviour of the PODpation terms of the basic state.
Galerkin modes more comparable to the SGCM than those The matrixA in Eq. (18) arises from the linear dissipative

described here. mean flow and wave terms, and is defined as

We close with a few remarks concerning some of the un- _ o~
derlying assumptions made in our numerical integrations, as, _ _ Bri Bri (A11)
well as indicating further lines for future study. The vertical Bui Bui ]’

eigenfunctions derived in | were obtained from the vertical ) )
structure equation using homogeneous boundary condition¥hile A arises from the advection of the wave terms by the
‘2—’;|P1=‘fl—g|pn —0, implying that the atmosphere is bounded. Pasic state, and is given by

In reality the atmosphere is infinite and disturbances should =~ =
remain bounded as the altitudeco. IndeedLindzenetal. 4 _ [ O —%u1 +3}{<i1 . (A12)

(1968 showed that bounded atmospheric models can pro-
duce spurious free oscillations. To address this problem one
could impose a radiation condition at the upper boundary andNonlinear terms are generated by the advection of the wave
repeat the current investigations. This was, however, beyonflow by the basic state in the matr defined as
the scope of our research remit. Bl 0O

The SGCM takes no account of the effects of the diurnalB = ( Bk’ B ) , (A13)
tide and topography. Since Mars has considerably greater 2 ki
orography than Earth, the effects of steady and forced edwhich has a block diagonal structure, where the off diago-
dies on the global heat transport would have to be carefullynal blocks are zero and the xn) and (m xm) sub-matrices
modelled (seeddames1994. Mars also experiences signif- Bi; andBy; take the form
icant temperature variations between the daytime and the

0 —Cki1 + 01,

= =\
nightime temperatures, and this is responsible for the creg, ;; = —b;z,1; + 55,4,
ation of a diurnal tide, providing a periodic perturbation to = =
the mid-latitude circulation. While such effects were outside B ;i = —b;{1; + bidiy;- (A14)



642 S. G. Whitehouse et al.: POD-Galerkin modelling of the Martian atmosphere — Part 2

Advection of the wave flow by the MFC gives rise to fur- Doedel, E.: AUTO, a program for the automatic bifurcation analysis

ther nonlinear terms, given byt with the same block ma- of autonomous systems, Cong. Numer., 30, 265-284, 1981.
trix structure asA. The only terms to appear are in the Eliasen, E., Machenhauer, B., and Rasmussen, E.: On a numerical
i=(n + 1), ..., (n+m) rows of the(n+m) square matrix, method for integrations of the hydrodynamical equations with a
so that spectral representation of the horizontal fields, in Report No. 2,
1970.
M= (O Ml’ki) (A15) Ermentrout, G.: XPPAUT X-Windows Phase-Plane plus AUTO,
T \OMayi ) ftp://ftp.math.pitt.edu/pub/bardware/tut/start.htd998.
Guckenheimer, J. and Holmes, P.: Nonlinear Oscillations, Dynam-
where ther xm andm xm sub-matrices\fy x; and Mz, are ical Systems and Bifurcations of Vector Fields, Springer-Verlag,
defined as 1983.
= n o Jackel, P.: Xigra : an interactive ODE integration package, 1995.
M1 = — Ao aid,::, James, I. N.: Introduction to Circulating Atmospheres, Cambridge
1,ki J; iSkij + ; Jkij University Press, 1994.
N o P Kantz, H. and Schreiber, T.: Nonlinear time series analysis, Cam-
Moy = — ;ajéukij + ;ajakij' (A16) Eggge University Press, Cambridge Nonlinear Science Series 7,

Lindzen, R. S., Batten, E. S., and Kim, J. W.: Oscillations in atmo-
Additional nonlinear terms are generated by the advection of spheres with tops, Mon. Weath. Rev., 96, 3, 133-140, 1968.

the wave flow in the matriyV: Lorenz, E. N.: Irregularity: A fundamental property of the atmo-
sphere, Tellus, 36A, 98-110, 1984.
= <W1J<i WZki) (A17) Machenhauer, B. and Daley, R.: A baroclinic primitive equation
Waki Wari )’ model with a spectral representation in three dimensions, in Re-

port No. 4, 1972.

Mak, M.: Equilibration in nonlinear baroclinic instability, J. Atmos.

mo o~ m o~ Sci., 42, 27642782, 1985.

Wik = — ijfkij + Zb‘/gkl.j’ Mo, K. G. and Ghil, M.: Statistical and dynamical of persistent

=1 =1 anomalies, J. Atmos. Sci., 44, 877-901, 1987.
m mo o Moroz, |. and Holmes, P.: Double Hopf bifurcation and quasi-
Wori=— bilyi+ Y bid,.:, periodic flow in a model for baroclinic instability, J. Atmos. Sci.,
’ ; e ; ki 41,3147-3160, 1984.
Mundt, M. D. and Hart, J. E.: Secondary instability, EOF reduc-

whereW; 1;, j=1, ..4 are defined as

R

mo o~ m .~ . . Y -
= iy tion, and the transition to baroclinic chaos, Physica D, 78, 65-92,
Waki = — Z bjCkij + Z bjdyij. 1994 Y
=1 j=1 ) . .
! m o~ ! o~ Naughton, M., Courtier, P., and Bourke, W.: Representation errors
o = = in various grid and spectral truncations for a symmetric feature
Waki = Z;b-’gk’f + Z‘;b-’sk"f" (A18) on the sphere, Quart. J. R. Met. Soc., 122, 253-265, 1996.
/= /= Orszag, S. A.: Transform method for calculation of vector coupled-
Finally, the effects of the Coriolis parametgrare included sums : Applications to the spectral form of the vorticity equa-
in D: tion., J. Atmos. Sci., 27, 890-895, 1970.
- Press, W. H., Flannery, B. P., Teukolsky, S. A., and Vetlerling, W. T.:
0 —7y; Numerical Recipes, Cambridge University Press, 1992.
D= =], (A19) . o " .
0 —ny; Rempfer, D.: Investigations of boundary layer transition via

] galerkin projections on empirical eigenfunctions, Phys. Fluids,
where the only non-zero terms appear in rows g 175-188, 1996.
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mined modes of atmospheric variability, J. Atmos. Sci., 42, 3-17,
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