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Abstract. This paper explores log-periodicity in a forest-fire pile model and the forest-fire model, the latter which we will
cellular-automata model. At each time step of this modelfocus on in this paper.

a tree is dropped on a randomly chosen site; if the site is A fractal distribution is a power-law distribution with a
unoccupied, the tree is planted. Then, for a given sparkingeal exponent. If the exponent is taken to be a complex num-
frequency, matches are dropped on a randomly chosen sitdger, log-periodic behavior is obtained. In this paper we show
if the site is occupied by a tree, the tree ignites and an “in-that the peaks in the frequency-area distribution of large fires
stantaneous” model fire consumes that tree and all adjacer the forest-fire model can satisfy log-periodic scaling to a
trees. The resultant frequency-area distribution for the smalgood approximation. The possibility of complex scaling ex-
and medium model fires is a power-law. However, if we con- ponents and “log periodicity” in critical phenomena has been
sider very small sparking frequencies, the large model firesknown for three decades (Nauenberg, 1975) with reviews of
that span the square grid are dominant, and we find that théog-periodic variabilities given by Sornette (1998, 2002), Jo-
peaks in the frequency-area distribution of these large firehansen and Sornette (2001), and Ide and Sornette (2002). We
satisfy log-periodic scaling to a good approximation. This now briefly review a few specific studies that have proposed
behavior can be examined using a simple mean-field modelspatial and/or temporal log-periodic behavior, including (a)
where in time, the density of trees on the grid exponentiallyruptures, (b) seismicity, (c) ground-water, (d) bronchial trees,
approaches unity. This exponential behavior coupled with &) financial systems, and (f) models:

periodic or near-periodic sparking frequency also generates a o

sequence of peaks in the frequency-area distribution of large(@) Ruptures: Anifrani et al. (1995), Johansen and Sornette
fires that satisfy log-periodic scaling. We conclude that the ~ (2000), and Zhou and Sornette (2002) found that in rup-

forest-fire model might provide a relatively simple explana- ture experiments there is a log-periodic relationship be-
tion for the log-periodic behavior often seen in nature. tween the rate of acoustic emissions as a function of
time, prior to the rupture of pressure vessels composed

of carbon fibre reinforced resin.

(b) Seismicity: Saleur et al. (1996a) demonstrated a log-
periodic increase in the cumulative Benioff strain as a
) o ) function of time, where the strain is associated with re-
This paper explores log-periodicity in a forest-fire ceIIulgr- gional earthquakes prior to the 17 October 1989 Loma
automata model. Cellular-automata (CA) models are lattice- Prieta (California) earthquake:=7.1). However, this

based models which have simple “rules”, but often exhibit work has been questioned by Huang et al. (2000b) and
complex behavior. At each time step, a series of nearest- by Main et al. (2000). In other seismicity studies, Ouil-

1 Introduction

neighbour rules of interaction are applied, and individual lon and Sornette (2000) presented data indicating a log-
cells are updated in the next step. A brief history of cellu- periodic increase in the rate of rockbursts as a function
lar automata is given by Sarkar (2000). A number of “sim- of time, in deep mines in South Africa. Finally, Huang
ple” CA models have been shown to exhibit robust power- ¢ 5 (2000a) argued in favour of log-periodic deviations

law statistics (e.g. for reviews see Turcotte, 1999; Malamud from Omori's law in the temporal decay of aftershock

and Turcotte, 2000). Two examples of these include the sand- activity.

Correspondence td. D. Malamud (c) Ground water: Johansen et al. (2000) give evidence
(bruce@malamud.com) of log-periodic fluctuations as a function of time in
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ground-water chemistry prior to the 1995 Kobe earth- introduced by Bak et al. (1988). In this model, a square ar-
quake. In other studies, Shibata et al. (2003) found log-ray of boxes is considered and at each time step a patrticle is
periodic variations as a function of time in water levels dropped into a randomly selected box. When a box accumu-
prior to the 2000 eruption of the Usu Volcano, Japan. lates four particles, they are redistributed to the four adjacent
boxes, or in the case of edge boxes they are lost from the
(d) Bronchial trees: Schlesinger and West (1991) demonyrid. Because the redistribution involves only the nearest-
strated a log-periodic dependence of mean branch diamneighbour boxes, it is a CA model. Redistributions of parti-
eter as a function of branch orders for bronchial trees. cles can lead to further instabilities with, at each time step,

i o ) ) i the possibility of avalanches of particles being lost from the

©) F_manual tlme Series. .The tempor,al behavior of finan- grid. Each of the multiple redistributions during a time step
cial t|m_e series, including stock indices, exchange rateSoontributes to the size of the model “avalanche”. The size
and prices, have been argued by a number of authorgs , avalanche can be associated with the number of parti
to exhibit log-periodic fluctuations as a function of time |a.q 4t from the grid during the sequence of redistributions

(Feigenbaum and Freund, 1996; Sornette et al., 1996b, 1y, the number of boxes that participate in the redistribu-

Sornette and Johansen, 1997; Johansen and Sornefi s - gytensive numerical studies of the “sandpile” model
1999, 2001; Drozdz et al., 1999, 2003; Zhou and SOf\ere carried out by Kadanoff et al. (1989). They found the
nette, 2003). noncumulative frequency-size distribution of avalanches to
have a power-law distribution with a slope near unity. Bak

et al. (1988) used the term “self-organized criticality” (SOC)

to classify this type of scaling behavior (see Turcotte 1999
for a review of SOC). Lee and Sornette (2000) used a modi-
fied version of the sandpile model and obtained log-periodic

(f) Models: In addition to the “real” world, many theoreti-
cal models have also been shown to exhibit log-periodic
behavior. For example, Blumenfeld and Ball (1991)
modelled a propagating crack and found a spatial log-
periodic distribution of corrugations on the crack as a : i L
function of the distance from the crack tip. In other scaling of avalanche magmtngs |n-t|me. .
rupture studies, Newman et al. (1995) and Sahimi and Another CA model that exhibits this type of scaling behav-

Arbabi (1996) have shown that models of rupture sim- [IC_); 'Sf the Ic::est-ﬁrg Tt?]dfl’ and is the .Sl:szCt ogtkk)usD[:)aper.l
ulations exhibit log-periodic behaviour. In logistic map € forest-iire mocdel that We USe was Introduced by Lrosse

studies, Cavalcante et al. (2001) showed that bifurca-and Schwabl (1992) and has been considered in great detail

tion iterations exhibit log-periodic behavior in the rate by Grassperger .(2002)' This fqrest-fire mpdel consists of a
of period-doubling on the route to chaos as a func. Sauare gr|.d of sites. At each time step e|ther_a model trge
tion of the value of the control parameter. Similarly, ?r matcf: IS dr'opped' on a randomly chosen S'te.' A tree s
Canessa (2000) found log-periodic variations in a sta- planted or_1|y ifthe site is unocpup_|ed. Ifamatch is dTOPPEd
tistical birth-death model. Finally, Saleur et al. (1996b) on a cell with a tree, the tree ignites ar_1d a model fire con-
has related log-periodicity to renormalization group sumes that tree and all adjaqent (nqnd|agonal) trees. For a
analyses and Sornette et al. (1996a) with the structurc%zst?rgglrj%%%?d foni:rt]heemigf/)(/aitee r;ﬁi:g‘grh;pgggﬁiptgg frpeaerk-
of diffusion limited aggregation clusters. drops on the square grid before a model match is dropped. If
As discussed above, a number of authors have proposed sp&l/ = 100, there have been 99 attempts to plant trees (some
tial and/or temporal log-periodic behavior in engineering ap-successful, some unsuccessful) before a match is dropped at
plications, natural phenomena, social systems, and model$he 100th time step.

In this paper, we will examine log-periodic behaviour in the ~On average, the number of trees lost in “fires” is equal to
forest-fire model. We first review the sandpile and the forest-the number of trees planted. However, the number of trees
fire CA models (Sect. 2), followed by examining the math- on the grid will fluctuate. The frequency-area distribution of
ematics of log-periodicity and its application to the forest- model fires is a statistical measure of the behavior of the sys-
fire model (Sect. 3). We then show that the peaks in thel€m. The noncumulative frequency-area distribution of small
frequency-area distribution of large forest-fire model fires @nd medium model fires is fractal (power-law) with a slope of
satisfy log-periodic behavior (Sect. 4) and finally we advance@bout 1.2 (Grassberger, 2002). The forest-fire model is prob-
a mean-field model as a general context within which to un-abilistic (stochastic) in that the sites are chosen randomly. It
derstand this log-periodic behavior (Sect. 5). We concludeS @ cellular-automata model in that only nearest-neighbour
that the forest-fire model might provide a relatively simple trees are ignited by a “burning” tree. In Sect. 4, we will

explanation for the log-periodic behavior often seen in na-Present examples of some model fires and statistical results
ture. from our forest-fire model simulations.

Many variations on the basic forest-fire model described
here have been proposed (Bak et al., 1992; Mossner et al.,

2 Two cellular automata models 1992; Henley, 1993; Christensen et al., 1993; Drossel and
Schwabl, 1994; Johansen, 1994; Clar et al., 1996). One ex-

A classic example of a CA model that exhibits power-law ample of a variation is to use a stochastic distribution of inter-
frequency-size statistics of its “output”, is the sandpile modelvals between match drops. Another example is the omission
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Fig. 1. The log-periodic equatiolV (A/A;) = C[1— (A/A;)] % cos{—nIn[1 — (A/A,)]} from Eq. @) is plotted on linear axesy (A/A,)
as a function ofA/A,.. Shown in each of the four cases are the values chosen for the three coastanasdé . (i) The effect of changing
n: C and& remain the same, with = 22 in (a), » = 50 in (b); the total number of crest-to-crest waves increases with incregsigio

The effect of changing: C andn remain the same, with = —2 in
amplitudes decrease d%A, goes from 0 to 1, compared = 0in

(@), =0in(c), andé = 0.2in(d). For¢ < 0in (a) the waveform
(c) where the waveform amplitudes remain the sametfa; from 0

to 1, and finally¢ > 0 in (d) where the waveform amplitudes increaseias, goes from 0 to 1. For each of the four examples presented in
this figure, the sequences of areds\, corresponding to the crests (local maxima, or peaks) of the waveforms are given 18).Eq. (

of time steps in which an attempt is made to plant a tree on aoth real numbers. We again relate the numieo the area

occupied site. However, in general, the frequency-area disA with the result (Saleur et al., 1996a)
tributions of all models are similar. This is taken as evidence .
that the behavior is insensitive to the details of the models; N(A) = Re{C [1 _ AA]—s—m}
the rules of the cellular-automata models can vary but the re- "1 g
sults are robust. We will now examine the mathematics of = Re{C [1 - AA,] exp(—in In|1-—
41786
=cfr=g] eos(- 2

log-periodic scaling in some detail, before returning again to
where Re stands for the real par€; > 0 is real and a con-

the forest-fire model in Sect. 4.
stant, and4, is a reference value of with A < A, and both

The concept of fractals was introduced by Mandelbrot (1967)4 @ndA, positive and real.

in terms of statistical self-similarity. Given a set of objects or 10 aid the reader in visualizing the log-periodic E8), (
events with different areas, one standard measure (Turcottd) Fig. 1 we plot four examples on linear axes fétA/A,)
1997) of fractality is the power-law dependence of numberas @ function ofA/A,. We keepC = 20 constant in each of

[

A
A

r

3 Log-periodic scaling

N on aread, the four examples, and use three different vakies —2.0,
0.0, 0.2 and two valueg = 22, 50. In each of the four
N(A)~A—P/2, (1) graphs, Eqg.2) results in a quasi-periodic waveform, with

the “period” (the horizontal distance between crests of the
whereD is the fractal dimension. Log-periodic scaling fol- waveform) decreasing a%/A, goes from 0 to 1. Figure 1
lows directly from a complex fractal dimensiom}/2 = demonstrates the effect on the wave form if we change
& + in, with i the square root of minus one, agdandn the log-periodic relationship given in EQ)(with n = 22 in



578 B. D. Malamud et al.: Log-periodic behavior in a forest-fire model

giving (Turcotte, 1997, Eq. 15.42)

A 1

o1 exp[——tan‘1 (g) - &} ,

Ar n n n

k=012 3, .. (3)

with A; the sequence of areascorresponding to the max-
ima for N (A). The spacing between successive values,of
approaches zero @&sbecomes large and; approaches,.

For the log-periodic behaviour considered in the rest of this
paper, we will use Eq.3).

We next consider a simple geometrical construction that
gives the sequence of log-periodic values given by Bj. (
Consider the fractal Sierpinsky gasket illustrated in Fig. 2.
We take the triangular area within the dashed lines to be a
reference area witdh, = 1. The fractal relation (EdL) can
be applied to the number of triangl@g with areaA;. In
(@) k = 1) we haveN; = 1, A1 = 1/4, in (b) ¢k = 2) we
have addedv, = 3, A, = 1/16,in (c) ¢ = 3) N3 = 9,

A A A A A AL AAAAAASLAAA A A3 =1/64,andin (d)k = 4) Ny = 27,A4 = 1/256. From
(c) (d) Ecgs(é) we find that the fractal dimensioP = In3/In2

] o We now consider the shaded areas in each of the construc-
F!g. 2. Four orders of a fractal Slerplnsky g_asket. The referencetiOns illustrated in Fig. 2. In () we havé;/A, = 1 —
triangle formed by the dashed lines is equilateral and has r.efer- 4) = 0.250, in (b) we havel,/A, = 1_(3/4)2 ~ 0438
ence aread, = 1. (a) At first order this “empty” reference tri- .(3/ ) . ’ 2 Y . '
angle is divided into four equal-sized smaller triangles, each with!" (c) we haveds/A, = 1'_ (3/4° ~ O_'578’ and in (d) we
areaA; = 1/4. The middle triangle is retained (shaded), giving Na@veAa/A, =1 —(3/4)" ~ 0.684. This result can be gen-
N1 = 1 triangles at order one. This first order acts as a generatofralized to arbitrary ordekr with the result

for each successive order, where in each case we go to the remainingk 3 k
“empty” triangles, divide each of them into four equal-sized smaller — =1 — <Z> , k=0,1 2 3, .. (4)
triangles, and retain (shade) the middle one. In(t))esecond or- Ar

der we have addedy, = 3 triangles each with area, = 1/16, The log-periodic set of areas given in E®) (educes to

in (c) third orderN3 = 9 with A3 = 1/64, and in(d) fourth order ~ the set of areas given in Eg4)(if we take& = 0 and

Ny = 27 with A4 = 1/256. The shaded areas satisfy the log- = 27/In(4/3) ~ 22. This can also be seen in Fig. 1c

periodic sequence given in Edf)( where Eq. ?) is plotted withé = 0 andn = 22; the se-
guence of values fat/A, corresponding to local maxima of
N is A/A, =0, 0.250, 0.438, 0.578, 0.684, 0.763, 0.822, ...,

Fig. 1a,n = 50 in Fig. 1b, andC and¢ remaining the same; or in other words the sequence of values given in Bj. (

we see the total number of crest-to-crest waves increases witBince our original construction is a scale-invariant fractal

increasingn. Figure 1 also demonstrates the effect on theconstruction, it is not surprising that the sequence of total

waveform of changing the constaptin Eq. ), with & = areas at each step of the construction obeys a scale-invariant
—2.0 (Fig. 1a),¢ = 0.0 (Fig. 1¢),& = 0.2 (Fig. 1d), andC log-periodic law.
andn remaining the same. Fgr< 0 (Fig. 1a) the waveform The log-periodic sequence of areas corresponding to

amplitudes decrease @$A, goes from 0 to 1, compared to peaks, as given in Eq3), can also be used to predict the

¢ = 0 (Fig. 1c) where the waveform amplitudes remain thereference area and subsequent areas in the sequence. If any
same forA/A, from O to 1, and finall > O (Fig. 1d) where  three successive values af are observed, i.e4;,1, A2,

the waveform amplitudes increase4\, goes from0to 1.  A;, 3, then the reference valud,, is given by

We note that Eq.2) gives both positive and negative val- Ai2+2 — A 1443
ues ofN (A) as a function of andA/A,. Thus modifications ~ Ar = 5~ A1 —As (5)
to this equation must be made where only positive quantities o o " , ,
for N(A) are considered. This can be dond/ifA) is acom- || We take,AHl =Aint A, Aja=Aia+ AL Aj=
bination of the real fractal given in Eql)and the complex Aivg + A’ then Eq. B is also satisfied for j.4, 412 and
fractal given in Eq. 2). However, in the application consid- Aj+3- Thus Ed. §) is independent of origin and can be used
ered here, we are only interested in the sequence of maximfé?r any sequence Of threy.. In addition, _the fourth value
for N(A) as given by Eq.9), e.g. the sequence of values of In a sequence4; 4, is related to the previous three values,
AlA, in Figs. 1lato 1d that correspond to the crests (the locatti+1: Ai+2, Ai+3, by
maxima) for each waveform. We obtain this sequence by let- Al?Jr2 + Aiz+3 — Ajp1Ai43 — Aig2Aiy3
tingx = [1—(A/A,)]in Eq. @) and settingIN (A)/dx =0,  Ai+4= :

(6)

A2 —Aina
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We will utilize Egs. 6) and @) to show that peaks in the
frequency-area distribution of our model fires satisfy log-
periodic statistics to a good approximation. Z 9‘

4 Forest-fire model results

The forest-fire model that we consider was described in the
introduction. Our forest-fire model is dependent on the size
of the square gridN,, and the sparking frequency,. In

our model, fires stop at the edge of the grid and do notwrap (@) A = 5 trees (b) A- = 51 trees
around to the other side. A simulation is run f¥g time T ;

steps and the number of firdg: with areaA r is determined. %

The area is the number of trees that burn in a fire. Examples

of four typical fires during a run are given in Fig. 3. In these sk :
examples the grid size is 128128 (N, = 16384), ¥f = L X
2000, and fires witdy = 5, 51, 505 and 5327 trees are oy :
illustrated.

Noncumulative frequency-area statistics for the model 3
fires are given in Fig. 4. The number of fires per time step ?{ .
with areaA r, Nr/Ng, is given as a function o . In Fig. 4a -
results are given for a grid sizé, = 128 x 128 = 16 384 (c) A- =505 trees (d) Ar= 5,327 tree

cells and three sparking frequencie$f1: 125, 500 and . Fig. 3. Four examples of typical fires in the forest-fire model are
2000. The small and medium model fires correlate well with given (figure after Malamud et al., 1998). This run was carried out

S

the power-law relation on a 128« 128 grid with I/ f = 2000. The red regions are the model
N fires. The green regions are unburned trees. The white regions are
_FNA—a (7) unoccupied grid points. The aredg. of the four model fires are
F . g ; )
Ns given. The largest model fire is seen to span the entire grid.

with @ = 1.0 to 1.2. This is equivalent to the fractal relation
(Eq. D). smaller firing frequencies. Frequency-area statistics for large

For large fires, the frequency-area distribution in Fig. 4 de-fires are given in Figs. 4b to 4d for a 128128 grid size
viates significantly from a straight-line, such that there is anand sparking frequencies j1/= 5000, 10000, and 20000
upper termination to the power-law distribution. In Fig. 4a It is seen that the model fires cluster at well defined fire
the deviation is downwards for/f = 125 and begins at areas. For example, for/f = 20000 the clusters peak
Ap ~ 800, or 1/20 the size of the grid. At smaller firing at Apyy = 11400,Ary = 14975,Arzy = 15970, and
frequencies, the large model fires become more numerousdpy = 16260. We use’12, 3, 4 as subscripts for the
resulting in an upward deviation from the small fire power- successive peaks; these are “any” successive four peaks. The
law behavior. For the smallest firing frequency shown in total number of grid sites available 6, = 128 = 16384.

Fig. 4a, ¥f = 2000, this deviation begins at approximately The model fires that we observe for the three firing frequen-
Ar = 2000, or 1/8 the grid size. When the sparking fre- cies shown in Figs. 4b to 4d are tabulated in Table 1a.
quency is very small, large fires become dominant. This can We now utilize Eqgs. %) and 6) derived in the context of
be explained on physical grounds. With a large sparking fredog-periodic scaling, in order to see whether the observed
quency (for example Jf = 125) trees burn before large forest-fire model peaks satisfy log-periodic behavior. We hy-
clusters can form. If the sparking frequency is very small pothesize that thd, given in Eq. b) is the total number of
(for example 1 f = 2000) clusters form that span the entire grid sites availabled, = N, = 16 384. We substitute areas
grid before ignition occurs. corresponding to sequences of three observed pegks,

An example of a model fire that spans the grid is illus- Apy, Arz, into Eq. 6) and determined, for each of the
trated in Fig. 4d 4 r = 5327). For the simulation with firing observed sequences. For our observed peak sequences we
frequency Xf = 2000 and grid size 12& 128, we stud- alsousedry, Arz, Ara, andArz, Ay, Ary. The results
ied the spanning characteristics of different size model firescalculated forA, are given in Table 1b. It is seen that all val-
and found no fires with sizd » < 2000 span the grid, 50% ues ofA, are close to the hypothesized valtie=N,=16 384.
of the fires atAr = 3800 span the grid, and all fires with Next, we again use areas corresponding to sequences of three
AFr > 5300 span the grid. The threshold area at which clus-observed peaksd 1, Ary, Arz, and Apy, Arz, Arg,
ters begin to span a grid will be explored further in Sect. 5, substitute these two sets of observed values into &@gatd
in the context of “percolating” clusters. thus derive the next value predicted for each sequence. The

In order to examine in more detail the frequency-area dispredicted values ofiry and Apy (Table 1c) are in good
tributions of these large clusters we have considered eveagreement with the observed values (Table 1a).
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Table 1. (a) Observed peaks in forest-fire model afea) Predictions of grid size based on sequences of three observed Tpeédas
Predictions ofA z4, A g based on sequences of three observed peaks

(a) 1/f Afpr Apy Ay Ay AFs
5000 11390 12 810 13 760 14 450 14 920
10 000 11400 13 800 14 975 15 600 15975
20 000 11 400 14 975 15970 16 260 —
A, A, A,
®) sl (Ar1, Ar, Ary)  (Ap, Ars, Ary)  (Ars, Ary, Ars)
5000 15756 16 410 15710
10 000 16 102 16 310 16 358
20 000 16 353 16 379 —
Apy Aps
© W A ) (A, Ay, Ap)
5000 14 395 14 966
10 000 15550 15932
20 000 16 247 —

. (a) The peaks in the fire areas A, Ar, A3, Ara, Aps, illustrated in Figs. 4b to 4d for 1/f= 5000,
10 000, and 20 000 are tabulated. Note that peaks at higher values of Ay are present but have not
been tabulated.

t (b) The values of 4, calculated from Eq. (5) are given for sequences of three fire areas from (a) We
associate 4, with the grid area N, =128 x128 =16 384 and find good agreement.

*(c) The predicted values of Ary and Arps using Eq. (6) are given for observed sequences of three
fire areas from (a). The predicted values are in good agreement with the observed Ay and Aps
given in (a).

5 Mean-field model Initially A;, the number of trees on the grid, is small and
dA;ldt =~ 1; therefore, a tree is planted at every time step.

In the last section, we showed that for one grid sige = Sub v th bability th is q )
128 x 128 and three small firing frequencieg,f1= 5000, u s_equentyt € probani ity that a t_ree 's planted at a time
step is|1—(A;/Ng)]. Solving Eq. 8) with A; = 0andr =0

10000, 20000, that the frequency-area distribution of the .

model fires strongly peak at specific fire areas. These pea\k‘ﬁ'e obtain

have been illustrated in Figs. 4b to 4d, and tabulated in Ta-4, t

ble 1a. We now extend our studies to smaller and larger gridy~ — 1- exp(——) : ©)

sizes,N, = 64x 64 andN, = 256x 256, and firing frequen-

cies from I/ = 1000 to 160 000. The values of the observed In other words, without fires the density of trees on the grid

peaks for these studies are tabulated in Table 2. Our objectivé;/N, initially increases rapidly with time, with the rate of

is to provide a model to explain the distribution of peaks.  increase decreasing exponentially and an asymptotic limit of
The peaks we wish to study occur only at very small valuesl tree per cell (a fully occupied grid).

of the firing frequency. For small firing frequencies the loss Matches are dropped attimes=k/f, k =1,2,3,4,....

of trees occurs primarily in large grid-spanning fires. After Using this expression andlrx = A; in Eq. @), then the set

a very large fire we assume it is a good approximation to sepf fire sizes corresponding to these match drops is

the number of trees on the grid,, to be zero and take this

to be the time origin, thug; = 0 atr = 0. In this limit the Ark =1- exp(—L> , k=123 4, .. (10)

behavior of the forest-fire model is identical to the behavior Vg Ng

of th? site—pgrgolation mgdel (Stautfer and Aha.rony, 1992)_'Note that the succession of theoretical pedks = Afr1,

In thls case it is approprlate to make a mean-field APProXi-y A 2 Apa ... are not necessarily the same set of suc-

mation fo_r the_ increase in the nu_mber (tota_l arga))f ees  cessive observed peaks as discussed in the last segtipn

on the grid with time. Although increases in discrete time Ary, Apz, Apq, ... this is discussed further below. The

step_s OfAr = 1 we can approximate this increase by the fire areasA r; approach the grid siz&¥, ask becomes large.

continuum relation Associating the grid siz&v, in Eq. (10) with the reference

dA, A, areaA, in Eq. 3) and takingc = 0 andn = 27 fN,, the

dr Ny (8) forest-fire model area pealésy; in Eq. (10) correspond to

8
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Fig. 4. Frequency-area statistics of the forest-fire mo#lThe number of fires per time stéfyz/Ng with areaA p (number of lattice cells

in the “fire”), is given as a function ol - (Fig. 4a after Malamud et al., 1998). Results are given for a grid Wjth= 128 x 128, and firing
frequencies Af = 125, 500, and 2000. To further investigate the behavior of the distribution for the very large fires, we again use grid size
Ng = 128 x 128 and focus in on the area froAy = 10000 toAr = 17000 for three different firing frequenciés) 1/ = 5000, (c)

1/f = 10000, andd) 1/f = 20000. Marked in each figure are the observed peaks that otgyr, Ay, Apz, ..., and the location on

the horizontal axis fod p = Nyg.

the areasA; given in Eq. B). This simple model predicts a in the simulations closely agree with the sequence of areas

log-periodic distribution of fire peaks. given by increasing integer valuesioin our mean-field pre-
In Table 2 we give a wide range of observed peaks (  diction from Eq. (1).
observed) obtained from forest-fire model simulations. Grid We now address’12, 3, ... in sequences of observed

sizes 64x 64 (N, = 4096), 128x 128 (N, = 16384), and  areasAry, Ary, Afz, ..., NOt necessarily corresponding to
256 x 256 (N, = 65536) have been considered. Firing fre- k = 1, 2, 3, ... in theoretical areass;. Specifically, consider
quencies range from/} = 1000 to 160000. Numbers of N, = 128x 128 = 16 384 cells, and Jf = 5000, as given
observed peaks range from two to seven. The observed valn Table 1a. Comparing with Table 2, we findr1 (i.e. the
ues previously given in Table 1a foy 1 = 5000 and 20000 first observable peak area) corresponds ta (i.e. the fourth
are also included. Using the values 8f and f used in  theoretical peak areajr» corresponds toirs, etc. The
each simulation, theoretical predicted values of peak areapeaks associated with= 1, 2, 3 are “missing”. To explain
Ary are obtained from the log-periodic mean-field relation this we introduce the concept of percolating clusters.
(Eg. 10) for various values ok. These are given in Table 2 A percolating cluster corresponds to a cluster of trees that
as Ay theoretical, withk given in brackets. Itis seen that span the grid. At any given time, more than one span-
there is excellent agreement between the mean field prediming cluster on the grid can only occur on very rare oc-
tions and the values observed in the forest-fire model simucasions. From studies of site percolation we can conclude
lations. that the “threshold” for a spanning cluster occurringjis=
The results given in Table 2 are also illustrated in Fig. 5. Ase/Ng = 059275 (Stauffer and Aharony, 1992) whetg.
The mean-field results given in E4.Q) can be rewritten as  is the number of trees in the spanning clusters. Substituting
Ari k Ao for Apiin Eq. (12), andA,. /N, = 0.59275, we find that
—In (1— T) =N k=123 4, .. (11)  at the percolation threshold; In[1 — (A,./N,)] = 0.8983.
§ § This value is included in Fig. 5 as a dashed vertical line and in
In Fig. 5, the dependence of fon—In[1— (Apx/Ng)]is  Table 2, for each grid size, the threshold spanning cluster area
shown forN, = 128 x 128 andk = 1 to 12 using solid is given. In the region to the left of the dashed vertical line
straight lines. Also included in Fig. 5 as data points arein Fig. 5, no peaks in area are observed in forest-fire model
the observed peaks from our forest-fire model simulations asimulations. Peaks only occur for clusters that span the grid
given in Table 2 forV, = 128 x 128 and five values of/Jf. and when the density of trees on the grid is greater than the
It is seen that the sequence of areas corresponding to peaksitical density for grid spanning clusters. We note that in
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Table 2. Theoretical peaks fod g, compared to observed peédks

N, 1/f  Spanning A Theoretical [k]
Clusterf (4. Observed)
4096 1000 2428 2888 [5] 3149[6] 3354[7] 3515[8] 3641[9] 3739[10] 3817 [11]
(64 x 64) 2845 3146 3350 3513 3660 3744 3835
1250 2428  2888[4] 3205[5] 3440[6] 3612[7] 3739[8]  3833[9] 3902[10]
2840 3200 3440 3615 3743 3816 3890
2000 2428 3149[3] 3515[4] 3739[5] 3877[6] 3962 [7]
3140 3521 3743 3883 3965
5000 2428  2888[1] 3739[2] 3991[3] 4065[4] 4087 [5]
2850 3747 3993 4065 4088
10000 2428  3739[1] 4065[2] 4093 [3]
3742 4066 4093
16384 3000 9712 10923 [6] 11837[7] 12597 [8] 13231[9] 13 759 [10] 14 198 [11] 14 564 [12]
(128 x 128) 10 600 11750 12 597 13227 13745 14218 14 588

5000 9712 11550([4] 12822[5] 13759 [6] 14449 [7] 14958 [8] 15333 [9] 15609 [10]
11390 12810 13760 14 450 14920 15317 15628
8000 9712 12597 [3] 14060 [4] 14958 [5] 15509 [6]
12 560 14 080 14 960 15530
14000 9712 13418[2] 15122[3] 15847 [4] 16155 [5]
13 400 15130 15 860 16 150
20000 9712 11550[1] 14958 2] 15963 [3] 16 260 [4]
11400 14975 15970 16 260
100000 9712 16347 [1] 16 384 [2]
16 348 16 384
65536 20000 38846 46201 [4] 51287 [5] 55034 [6] 57796 [7] 59 832 [8]
(256 x 256) 45 560 51250 55100 57770 59 900
40000 38846 46201 [2] 55034 [3] 59 832 [4] 62438 [5] 63 853 [6]
45 630 55100 59880 62 430 63 850
80000 38846 46201 [1] 59 832[2] 63 853 [3] 65040 [4] 65390 [5]
45 630 59875 63 855 65 065 65 400
160 000 38 846 59 832 [1] 65040 [2] 65493 [3]
59 800 65 040 65 494
*Included in this table are the values predicted (4 theoretical) using the mean-field results given
in Eq. (10) with the value of k used given in square brackets. Also included are the observed peaks
(Ar observed) obtained from forest-fire simulations for three grid sizes, 64x64 (N, =4096)
128x128 (N, =16384) and 256x256 (N, =65536), and a variety of firing frequencies
1/f=1000 to 160 000.
1The spanning cluster is equal to 0.59275 N, and is the critical value below (or nearby) which peaks
in A are not observed.

actuality, theoretical peaks slightly greater than this percolat-1/f = 3000 andV, = 128 x 128. The predicted peaks for
ing threshold cluster, although they occur, can be difficult tok = 1, ..., 5 do not occur, as the location of these peaks are
observe. less than the spanning clusters, so they do not show up as
As an example, we take the case discussed previouslpeaks. Peaks in the distribution of fires occur only when the
(N, =128 x 128 and 1f = 5000). In Fig. 5, we see from density of trees on the grid is greater than the critical density
the row of diamonds, that the peaks corresponding+o1l, for grid spanning clusters.
2, 3 are “missing”. As another example, consider the data for We have shown that the areas of large fires in a forest-fire
1/f = 3000 andV, = 128 x 128 in Table 2. The smallest model correlate with a log-periodic scaling when the spark-
observed peak for fire areas isA4ty = 10600. This cor-  ing frequency is very small. We have given a mean-field
responds te- In[1 — (Ar/N,)] = 1.041 which is above the analysis that reproduces the model results with considerable
percolation threshold of 0.8983, and agrees with the theoretiaccuracy. The exponential approach of tree area to the total
cal predicted peald g = 10923 from Eq. 11) usingk = 6, grid area coupled with periodic sparking leads to this behav-
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ior. The large model fires peak only when the density of trees 20,000 —¥ — \ ¥ >
on the grid exceeds the percolation threshold for tree clusters
that span the grid. These spanning clusters are responsiblg /f
for the peaks that we see in our distribution of fire areas, with
at any given time only one spanning cluster on the grid. If the
first match dropped after the percolation threshold is reached k=1
hits a tree, a fire corresponding to the peak with the small-
est area is observed. If the first match misses a tree then the 10,000
spanning cluster grows exponentially as shown in Bj. I

the second match hits a tree, a fire in the peak with the next
largest peak area is observed, and so forth. The exponen- 5000 +
tial growth of cluster areas asymptotically approaching the
:IZG qf the grid, combined with a perlodlc.:.(or near periodic) ' /

parking frequency, are necessary conditions for robust log- '
periodic behavior. 0 1

15,000

2 3 4
=In[1=(Ag/Ny)]
6 Conclusions

Fig. 5. The predicted mean-field dependence of the firing frequency

. . 1/f is given as a function of-In[1 — (A, /Ng)]. Solid straight
Many natural phenomena are associated with “avalanchesjies are from— IN[1 — (Ap/Ng)l = ((k/fNg)) (Eq. 11) for

that satisfy power-law (fractal) frequency-magnitude distri- twelve different values of andN, = 128 x 128. The data points
butions to a good approximation. Examples include land-(triangles, squares, diamonds and circles) are the observed peaks
slides (Guzzetti et al., 2002; Malamud et al., 2004), earth-(Af observed, in Table 2) for/¥ = 3000, 5000, 8000, 14 000,
guakes (Aki, 1981; Turcotte and Malamud, 2002), and wild- 20000 andV, = 128 x 128. The agreement between “observed”
fires (Malamud et al., 1998, 2005; Ricotta et al., 1999).and “predicted” values, also seen in Table 2, is clearly illustrated
These examples are also closely associated with simple cel0 this figure. The vertical dashed line &in[1 — (Ary/Ng)l =
lular automata that are said to exhibit self-organized critical-0-89833 represents the percolation model threshold at which the
ity (Bak et al., 1988). Landslides with the sandpile model, SPanning cluster area is;. = 0.59275x Ny = Apy. To the

: . o e ... left of this vertical line, peaks in the frequency-area distribution are
earthquakes with the slider-block mode, and wildfires with .

. not observed for the forest-fire model.

the forest-fire model.

In this paper we have studied the behavior of the forest-

fire model V\_/hen the firing frequency is very small. Trees areggcond, the trigger for the “avalanches” must be periodic or
planted until they form a large cluster that spans the Squargear periodic. In the forest-fire model, the periodic triggers

matches are dropped at large prescribed intervals. We havgyrest-fire model might provide a relatively simple explana-
focused our attention on the frequency-area distribution ofijon for the log-periodic behavior often seen in nature.
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