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Abstract. The simplest models of the electrostatic soli- velopment of three-dimensional (3-D) models along with the
tary waves observed by the Geotail spacecraft in the magapproximate one-dimensional (1-D) BGK analysis.
netosphere are developed proceeding from the concept of Similar nonlinear perturbations were studied previously in
electron phase space holes. The technique to construct theagnetized laboratory plasmas (e.g. Saeki et al., 1979; Ly-
models is based on an approximate gquasi-one-dimensionalov etal., 1979; Guio et al., 2003) wherein electron dynamics
description of the electron dynamics and three-dimensionals almost one-dimensional in nature since the external mag-
analysis of the electrostatic structure of the localized wavenetic field “freezes” the transverse degrees of freedom of the
perturbations. It is shown that the Vlasov-Poisson set ofelectron fluid motion. The quasi-one-dimensional features of
equations admits a wide diversity of model solutions of dif- the particle dynamics justify the 1-D description of the elec-
ferent geometry, including spatial configurations of the elec-tron holes (e.g. Schamel, 1979; Turikov, 1984) as well as the
trostatic potential similar to those revealed by Geotail and1-D theories of the electrostatic solitons of other types in a
other spacecraft in space plasmas. magnetized collisionless plasma.

Three-dimensional analysis of the nonlinear localized per-
turbations is significantly more difficult. At the present time,
only few approximate 3-D models of charge density waves
1 Introduction are known (e.g. Zakharov and Kuznetsov, 1974; Krivoruchko

et al., 1975). Three-dimensional electron holes in magne-
Electrostatic solitary waves (ESW) revealed by the Geotailtized plasmas were considered in the papers (Schamel, 1979;
spacecraft in the magnetotail (Matsumoto et al., 1994) andshah and Turikov, 1984) on the basis of a 1-D description
similar electrostatic structures observed in other regions obf the electron dynamics. Such an approach corresponds to
the magnetosphere (Ergun et al., 1998; Franz et al., 199&he leading order gyrokinetic approximation and applies to a
Bale et al., 1998; Ergun et al., 2001; Pickett et al., 2003)plasma imbedded in a sufficiently strong external magnetic
are often interpreted as localized Bernstein-Greene-Kruskdield. Boundary conditions being used in the 3-D EH models
(BGK) modes (Bernstein et al., 1957) of the type of elec- are characteristic of a laboratory plasma bounded by cylin-
tron phase space holes (EH) (e.g. Berk et al., 1970; Schamedirical surface of a waveguide (Lynov et al., 1979). A similar
1979; Dupree, 1982; Omura et al., 1994; Krasovsky et al.approach has been demonstrated to describe EHs in an un-
1997; Goldman et al., 1999; Krasovsky et al., 1999a; Franzounded space plasma (Chen and Parks, 2002). However,
et al.,, 2000; Oppenheim et al., 2001). Although the soli-the physical meaning of the boundary condition used in this
tary waves recorded by Geotail look like almost plane per-work has not been clarified. Probably, the transverse depen-
turbations or one-dimensional solitons, the solitary poten-dence of the electrostatic potential utilized in the paper (Chen
tial structures observed by the FAST and POLAR satellitesand Parks, 2002) coincides with the radial dependence typ-
resemble perturbations of an ellipsoidal, sometimes almosical of a bounded plasma (Schamel, 1979) on a purely for-
spherical shape (Ergun et al., 1998; Franz et al., 1998). It isnal basis, and the model solutions describe the behavior of
believed that ESW may be configurated in a similar mannerthe physical quantities only in a space region confined in the
but typically more oblate. Thus interpretation of the local- transverse direction.
ized soliton-like structures in space plasmas calls for the de- In this paper, we consider possible algorithms to construct

the 3-D models of electron holes, assuming the electron mo-
Correspondence toV. L. Krasovsky tion to be quasi-one-dimensional similarly to the mentioned
(vkrasov@mx.iki.rssi.ru) work (Schamel, 1979; Shah and Turikov, 1984; Chen and
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Parks, 2002). However, dealing with an unbounded plasmdackground. Then the electrostatic structure of the electron
we do not introduce any additional boundary conditions ex-hole is described by the dimensionless Poisson equation
cept for monotonic decrease of electrostatic potential at infin- ~

ity. Thus the spatial dependence of the potential is assumed72¢ =n(p) =2 AW W)
to be of the form of a 3-D hump similar to the electrostatic - V2W +¢)

structures observed by spacecraft where n is the plasma density perturbation and

ﬁtgchlnlqulet_for cor}structll_ng thepggometncallyt_S|m|_o|e3t, W=(v,—u)?/2—¢ is the longitudinal electron energy
zgrigggeiln Séoegtloznsmoségn énvflgrshgxfr?gt f‘i) ?lft?alp?;ecliselei-in the frame of reference moving with the velocityof the
C T - . "~ “positive potential pulsg >0 along the; axis coinciding with

tron distribution of a particular form the Poisson equation b b pulsg> gihe 9

may be reduced to linear Helmholtz tions in two reai nthe direction of external magnetic field.
ay be reduced to finear Fieimnoltz equations o regions To emphasize the nature of the electrostatic perturbation as

of space. Then, to construct solutions of diversified 9€0-51 electron hole, the right side of Eq. (2) may be transformed
metric shapes, one can apply the well-known mathematlcaijl

methods of the theory of partial differential equations and 0 a more demonstrative form. In particular, for weak per-
: . : . turbation 1 the Poisson equation may be rewritten in the
the mathematical theory of potential. The discussion of the, $< d y

models developed in the article is presented in Sect. 4. following form (€.g. Dupree, 1982; Krasovsky et al,, 2003)

)

V2 =n(¢) = % —nu(9), (3)
2 Localized electrostatic perturbations of a spherical g
shape o /o AW fu (W) @
T, e

Similarly to BGK analysis of plane waves, theoretical de-
scription of 3-D nonlinear charge density pertubations "®Wwhere i, =1, () is the typical screening scale length de-

quires solution of Vlasov-Poisson set of equations. HOW'pending on the EH velocity and unperturbed electron dis-

ever, charged particle motion, even in static 3-D fields, is SO ytion fo(W). The last term in Eq. (3) is the contribu-
complicated that a search of exact analytical solutions of thg;y, of the electron hole. This term,; (¢)>0, describes

Vlasov equation is practically impossible (Krasovsky et al., iho excess positive charge=ny (¢) caused by the deficit

2004). Therefore, below we restrict ourselves to solutions of ¢ ihe electrons trapped in the electrostatic potential well

the Vlasov equation corresponding to the leading order of thg, , the packground of the unperturbed distribution function
gyrokinetic approximation as it has been done in the previousfH:fO(o)_fT>0 fr=f(W<0), where fo(0) is the value
papers (Schamel, 1979; Shah and Turikov, 1984; Chen ang; fo at v,=u, (W=0). Thus Eq. (3) describes the linear

Parks, 2002). Within the framework of such a simplified ap- g¢reening of the effective positive charge of the hole by the
proach the kinetic equation for the electron distribution func- plasma.

tion integrated over transverse velocities takes a form of 1- A characteristic feature of the nonlinear Egs. (2) and (3)
D Vlasov eqluat|?n wherein the transvehrse cloordmate pr:ay% the absence of explicit dependence of the right hand sides
a passive role of a parameter (e.g. Schamel, 1979). T €rédn the spatial variables. As a consequence, it is not difficult

fpre, solution of the statlonar_y Viasov gquatlon a”‘?' C"’IICUIa'to construct particular spherically symmetric solutions of the
tion of electron density entgrlng the P0|s_son equation fOHOWequations. Consider, for example, a positive *hump” of the
the well-known BGK technique (Be_rnsteln et.al., 1957). _potential of a spherical shape

Thus, assuming the electron fluid dynamics to be quasi-
one-dimensional we consider 3-D models of localized time-¢ = A exp(—r?/A?) . (5)
independent electrostatic structures of the EH type. For
brevity, we introduce the following units of measurement for The left hand side of the Poisson equation is easily repre-

the physical variables, sented as a function gf
19 ,00 2¢ ®
_ — 20 2 _
(1= hpe. [vel = Vre. V=50, 5__ﬁ[3+2|n(2)]. ©)
Vre = (To/me)Y? = wperpe s To complete the solution, it will suffice to find the distri-
bution of the trapped electrons in the hofg through the
mel=no. [pl=mVZi/e. [fl=no/Vre . (1)  knownng(¢). This can be readily done by the BGK tech-

nigue (Bernstein et al., 1957). Because of this, we write out

whereng is the undisturbed plasma density,is the electron only the final result

temperaturey,, is the electron plasma frequenay,, is the a2 [ 1 5
Debye length, and is the electron distribution function. To fy = ———— [_2 +—=(1+2 In(4w))} ,
avoid unnecessary unwieldiness, we restrict ourselves to pure AL A

electron perturbations, describing the ions as an immobile w = |W|/A. @)
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Despite a singularity of the derivativEfy /dw at the separa- of the closed equipotential surfaces givenday, 0)=¢, in

trix w=0, the contribution of the holgy to the trapped parti- spherical coordinates,©, ¢), or ¢ (p, z)=¢, in cylindrical

cle distributionf7 vanishes at the separatrix, so that the elec-coordinates 4, z, ¢). Similarly to the model solution dis-
tron distributionf (w) is continuous everywhere (Krasovsky cussed inthe previous section, the positiveness of the trapped
et al.,, 1999b). Requirement of positiveness of the trappectlectron distribution,f7>0, entails the limitation (8), with
electron distribution functionfr= fo(0)— fz >0, imposes a the difference that the spatial scdleshould be changed for

restriction on the parameters of the electron hole 14 212
L=x(1—¢/A) 7" L+k°) . (11)

202/ fo(0)L? < 1, 8
(@AY m DL = ®) Although an atrtificial specification of the functiofiy

L=2xL[1420/0)°(L+2In4]" Y2, 9) lacks any physical grounds and naturally narrows down the
class of solutions under consideration, the choice (10) is con-

However, for weak perturbationsj <1, this limitation is  venient from the viewpoint of qualitative analysis of the EH

usually not rigid. electrostatic structure and the subsequent mathematical treat-

Following the above procedure, one can construct a widement. Indeed, substitution of Eq. (10) in Eq. (4) gives
diversity of the solutions along with the Gaussian profile (5)
since the trapped electron distribution is arbitrary to a IargenH _ i <1+ i) (6 — b (12)
degree within the framework of the BGK analysis (see e.g. A2 k? ’
Krasovsky et al., 2003). The model of the spherical EH de- : \ . _
scribed by Egs. (5) and (7) demonstrates the existence of forz? that Poisson’s Eq. (3) turns out to be linear inside of EH
mal solutions of the 3-D Poisson equation in combination _, Os O — Oy
with 1-D Vlasov equation similarly to the theoretical models Vi = 22 )2
of spherical ionic-sound solitons in a strongly magnetized L
plasma (Zakharov and Kuznetsov, 1974). Spatial dependers Well as in the outer region

cies of the EH electrostatic potential of a more complicated ¢
geometry are also quite admissible along with the sphericaW2¢ ==, 0=¢=¢., (14)
models. However, the procedural simplicity of the search L

for particular solutions does not guarantee their mathematiwhere the Laplacian for the axially symmetric spatial distri-
cal elegance. In the next section we consider an algorithm tutionsa/d¢=0 in spherical coordinates is given by

construct the 3-D EH models of diversified geometric shape

for such a specific trapped electron distribution that Eq. (3)y2 — iiﬂi L 9 s'nei .
may be reduced to a linear form. r29r  or  r2?sin6 96 a0
The linearity of Egs. (13) and (14) allows one to take ad-
vantage of the mathematical techniques well-known from the
theory of partial differential equations and the mathematical
The trapped electron distribution function theory of potential. . _
Fr(W)=fo(0)— fx (W), (W<0), does not depend for- _ Tneapexofthe potential *hump”is described by Eq. (13).
mally on the boundary conditions at infinity in contrast 1 N€ corresponding solutions everiar cosd can be written

to free (passing) particles, for which the corresponding!n the form of the series

(15)

3 “Linear” models of 3-D electron holes

distribution function has to coincide with the unperturbed ) 00 .
distribution f,=fo(W), (W>0), (e.g. Krasovsky et al., #=¢«(1+k%)+ Z Cm Jom (r/A) P2y (COSH) , (16)
2003). The arbitrariness of the trapped electron distribution m=0

function, characteristic of the stationary formulation of the containing products of the Legendre polynomials and the
problem, may be used for a simplification of the Poissonspherical Bessel functions of the first kind,

equation (3). In particular, the distribution functigiy may

be chosen so that the density of the hajg(¢) in Eq. (3) Fox) =1, Po= xZ-1/2 . .

would depend linearly on the electrostatic potential. The
corresponding explicit energy dependence of the trappedO(x)
particle distribution can be found with the aid of the well- . . 2 2

known BGK technique (Bernstein et al., 1957; Krasovsky j2 = (Sinx/x)3/x" = 1) = (3/x cosx, ...
et al., 1999b) and may be written in the form

. 1
- 52
AT

= sinx/x,

Depending on the coefficients,, formula (16) describes
1 a wide diversity of spatial configurations of the electrostatic
(1 + ﬁ) V=2W +¢y), (10)  potential. In particular, if,,=(—1)" (4m+1)co, we arrive at
the plane geometrgp=e, (1+k?)+co cosz/1), (z=r COSH).
at—A<W<—¢,,andfy=0 at—¢,.<W <0, wherek issome  Such solutions describing the electrostatic potential of 1-D
constant an@; is the value of the electrostatic potential on electron holes have already been considered in the previous
the EH boundary (whergy=ngy=0) coinciding with one  work (Krasovsky et al., 1999b) and we will not dwell on

fu
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Fig. 1. Equipotential curves determined by Eq. (13) in the

plane y=0. The corresponding equipotential surfaces in three-
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the interrelations between the parameterg=r,/A and
Y=¢x/A

1+k,8+k2<1 ﬁ%) —o0,

1
—=1+k2<1— p
14

sinﬂ) '
In the limit of small scale EHk<«1, (A/A.<1) we find
y=¢«/A~1/2 and B=r,/Ax~m, i.e.r,/A <1, In the op-
posite limiting casek>1, it follows from Eqg. (19) that
B~3m /2, ri/Ap=mk>1 andy=¢,/AkK1.

By varying the coefficients,, in Eq. (16) one can also
construct solutions of a more complicated geometric shape.
In particular, model solutions with concentric equipoten-
tial surfaces oblated in direction correspond geometrically
to the electrostatic structures observed in space (e.g. Franz
et al., 1998). One such example is the particular solution at
c1/co=—1.5, ¢,,=0, (m>2) illustrated in Fig. 1, where the
shape of the equipotential curves is shown in Cartesian coor-
dinates.

Matching the solutions at the EH boundary of an arbi-
trary geometrical shape is a more difficult problem in mathe-
matical aspect since the spherical coordinates are not most
convenient in the general case. However, there exist an-
other way to calculate the spatial dependence of the poten-
tial outside of the hole. To find the spatial dependence of
the potential in all space, and thereby to complete the so-
lution, it is considerably easier to first determine a spatial
dependence (r, ) with the aid of Eq. (16), to establish the
shape of the boundamy=r (6, ¢.), and to find the EH den-
sity ny=(1+k?)(¢—¢s)/*2. Then, taking advantage of the
well-known result of the mathematical theory of potential,
one can write the solution of Eq. (14) in the integral form

(19)

¢( ) / dl’ nH(r ) —D/A.L Elr _ |’,|’ (¢ < ¢*) (20)

dimensional space are given by the rotation of the plane of the paper

about the axis of symmetry

them. Atco#0, ¢,=0, (m>0) expression (16) yields a
spherically symmetric solution

2 A r
¢ = pu(1+k )+co( sm(k) : (17)

whereco = A — ¢, (1+k?), as¢ = A atr = 0.

The solution of Eg. (14) in the exterior of the hole can be Ou
expressed in terms of special functions as well. The simples$ >~ —e¢ ,
r

solution is spherically symmetric solutiold /06=0) given

by
o=o.(Z)en(-22).

(18)

wherer, is the radius of the spherical boundary of the hole.

where the integration is performed over the voluvheccu-
pied by the hole, inside of whichy (r)>0. Expression (20)
guarantees automatically the continuity of the potential and
the electric field at the EH boundary, whefe-¢,., and de-
termines the spatial dependence of the potential in the outer
region. Obviously, at distances much greater than the typical
spatial scales of EH>>r/, the electric field differs little from
the field of an external pointlike charge equal in magnitude
to the EH collective charge,

/s 0n = [ drnn). (21)

v

so that the equipotential surfaces grade into concentric
spheres with distance from the boundary surface. This result
is quite natural since the electron distribution function de-
pends only on the energy within the framework of the simpli-
fied, gausi-one-dimensional, description of the electron mo-

Matching the electrostatic potential (17) and (18) and thetion and deviates from the unperturbed distributinonly

electric field E=—0d¢/dr at the boundary=r, determines

in a bounded region of space (inside of EH).
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4 Discussion trariness of the trapped electron distribution function charac-
teristic of the 1-D BGK waves. On the other hand, the lack

Physical interpretation of ESW calls for the development of of uniqueness is closely connected with the absence of the

adequate theoretical models describing these localized wavglasma boundaries and the neglect of the finite gyroradius

perturbations. Although the solitary waves recorded by theeffects.

Geotail spacecraft are often close to 1-D electron holes ap- A refinement of the 3-D EH models calls for a more rig-

proximately described within the framework of the BGK orous description of the electron dynamics with allowance

soliton theory (Omura et al., 1994; Krasovsky et al., 1997, for drift motions. In view of this it should be noted that the

2003), closer examination of their structure must take intoordinary electric drift in an axially symmetric potential field

account a more realistic 3-D geometry. In addition, in spe-(3¢/3¢=0) is of little importance in itself since the drift ve-

cific cases the ESW recorded by Geotail have large but fi{ocity has only azimuth component=cE, / By, and the cor-

nite transverse scales, i.e. deviate from 1-D models similarlyresponding drift motion does not influence on the spatial dis-

to the localized electrostatic structures of a spheroidal shapgibution of the electron density entering the Poisson equation

detected by FAST and POLAR satellites (Ergun et al., 1998;due to the symmetry of the problem. A perceptible effect on

Franz et al., 1998). Obviuosly, 1-D description of such per-the spatial dependence of the charge density may be caused

turbations becomes too crude. by higher order radial drift (e.g. Laframboise and Sonmor,
Analytical consideration of 3-D solitary waves (even time- 1993). A more careful analysis of the charged particle mo-

independent) within the framework of the kinetic approachtion within the framework of the drift theory is a subject of

requires significantly more effort in comparison with 1-D further studies of the ESW structure.

problems. The main difficulty is presented by the solution of

the kinetic equation since the charged particle dynamics inAcknowledgementsThis work was carried out during the stay of

a 3-D electrostatic potential is described by “non-integrable”one of the authors (V. L. K.) at Radio Science Center for Space and

equations (Krasovsky et al., 2004). To simplify the problem, Atmosphere, Kyoto University under a visiting professorship. He

itis natural to use the gyrokinetic approximation based on thewvould like to thank Kyoto University for its warm hospitality.

drift theory of the particle motion (e.g. Franz et al., 2000).

To the first approximation, one may neglect slow drift mo-

tion, assuming electrons to be moving along magnetic field

lines. Then the description of the 3-D EH reduces to the so-

lution of the 1-D Vlasov equation and 3-D Poisson equation
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