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Abstract. A simplified stochastic model for earthquake oc- The model is based upon a Bayesian approach with user
currence focusing on the spatio-temporal interactions bespecified prior distributions for all parameters, while empir-
tween earthquakes is presented. The model is a marked poiital data are used for deriving posterior distributions. There
process model in which each earthquake is represented by ire many ways to parameterize the model, however, and in
magnitude and coordinates in space and time. The model inthis paper we present only one of these. The basic princi-
corporates the occurrence of aftershocks as well as the buildgles behind the algorithms we have used and the following
up and subsequent release of strain. The parameters of ttelculations remain independent of this particular parameter-
model are estimated from a maximum likelihood calculation.ization. Another freedom of the model is the choice of prior
distributions, where, when faced with an unresolved situa-
tion, one may revert to flat priors. This, however, gives less
information and subsequently may lead to less precision in
1 Introduction the estimates.

Earthquake forecasting in the strict sense with the exact pre-

diction of the time, the location, and the magnitude of an2 Marked point process model

earthquake has been a difficult area of research for several

decades. One outcome of this research, however, is that wiglarked point processes are commonly used stochastic mod-

today know much more about why earthquake prediction isels for representing a finite number of events located in space

difficult (e.g. Kagan, 1997; Sykes et al., 1999). This diffi- and time. Earthquake occurrence can very well be described

culty is in part tied to concepts such as self-similarity, criti- by a marked point process model. Each earthquake has, in

cality and nucleation processes: All earthquakes start smalladdition to a location in space and time, parameters repre-

and while we know much about the limits to growth, we do senting the magnitude and quite often also information about

not know in sufficient details when and why a rupture stopsthe earthquake fault lines. Point process models for earth-

before that. guakes have previously been discussed by Vere-Jones (1995)
In this paper we outline a stochastic model for earthquakeand Ogata (1998). The model presented in this paper treats

occurrence which is focusing on the spatio-temporal inter-aftershocks in a similar fashion to the work by Ogata. In ad-

actions between earthquakes, including the effects of afterdition, the model takes into account the effect of strain build-

shocks as well as the build-up and release of strain. Thelp. The ultimate goal is to include as much information as

model is a marked point process model (e.g. Cressie, 19930ssible of known physical processes into the model.

Ripley, 1987) in which each earthquake is represented by its

magnitude and coordinates in space and time. Hence, this i8.1 The model

a simplified earthquake model which does not include phys-

ical quantities such as the dimensions of the faults, rupturdn our notation an earthquake is representedcby: (x, M)

characteristics, etc. Because each earthquake is representaadz, wherex = (x1, x2, x3) is the hypocenter coordinates

separately, however, it is feasible to include known physical(x! = longitude x2 = latitude x3 = depth),M is the moment

guantities connected to the individual earthquakes in an exmagnitude, and is the time. An earthquake cataldfy =

tended version of the model. {(Ei, t)}y<r = {(xi, M;, t;)},, <7 consists of all observed
earthquakes above a certain magnitude in a specified region,
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The two major assumptions made in the proposed modelhe functionsgi, g2, and gz represent magnitudial, tem-
are: poral, and spatial effects, respectively. Note that the sum-
mation implies that if there is a large earthquake followed
— The intensityr1(E, t|H;, B) of earthquakes is a func- py a series of smaller earthquakes, all of these earth-
tion of the parametereZ, 1) = (x, M, 1), all previous  quakes contribute to the intensity. A typical form gf
earthquakedd; in the region, and some paramet@&s g g1(M, M;, B2) = exp(B2M;) 107 in accordance with
to be determined by Bayesian updating. If additional the Gutenberg-Richter law. For the temporal effect we as-
data or physical information is available, this should be syme thatga(z, t;, Ba, Ba) = 1/(t — 1; + Ba)P3, which is es-
included in this intensity. sentially Omori's law for aftershocks (see e.g. Lay and
Wallace, 1995). The spatial effect can be represented by a

— The time averaged intensit(E) = A(x)A(M|x) asa  fynction based on the distance between the hypocenters, i.e.
function of magnitude and location is known. 23(x, xi, Bs) = exp(—Bs|lx — xi[2).

L . . It seems to be generally accepted that there is more regu-
The time independent intensiiy(x) represents the average ,_ . .
N : larity in the occurrence of earthquakes than can be accounted
number of earthquakes per unit time and unit volume. We,

. for in a Poisson model (Working Group on California Earth-
have here estimatex(x) from a catalog. It may, however, - S .
. ) . s quakes Probabilities, 1995). The assumption is that in any
be possible to estimatie(x) on the basis of additional ge- . . o o
. . I . particular region, strain is slowly building up and then re-
ological data of earthquakes in combination with a catalog. : :
2 i : . leased due to earthquakes. This effect can be incorporated
This is believed to give more stable estimates because a c

alog mav have completeness problems. In particular. it ma into a point process model. We first define a state varisble
9 y P P - NP ' ){hat can be connected to strain, or to stress, for that matter.

not cover a sufficient number of large earthquakes ineachre-, - . .
gion to give the stability that is desired. There has also beeer-1rhe interpretation of§ may be different than the standard

a great deal of debate recently concerning the frequencygef'n't'on of strain (or stress), but its general nature will be

magnitude distribution for very large earthguakes (e.g. Ka—SUCh that it reflects the spatio-temporal release of strain/stress

gan, 1999: Main, 2000). For the simple model presenteanergy' For simplicity, we refer t8 as strain in the follow-

here, however, any particular choice of the high-end cutoff 9" We defines by

is of no fundamental importance for the results. To simplify S(x, t|Hy, B) =

matters to this end we have I&tM|x) be determined by

the well-known Gutenberg-Richter frequency-magnitude law S0 10) + ¢ (x. B) (t — To) — Z h(x, Ei, B).  (4)

such that.(M|x) « 10~°M where the value of the scaling (Ei-ti)eHy
parameted usually is in the interva(0.7, 1.2) (e.g. Vere-  \jith
Jones, 1995).
We will assume that the intensiiy is given by b B) = /h(x, E'. p)n(E")dE, (5)

A‘l(Ea tlHlv ﬁ) = AZ(E|ﬂ)s(x, t|HI? ﬂ)+)"3(Ev t|H11 ﬂ)v(l) and

wherea; is the background intensity,represents the effect , , 2
of strain build-up, and.3 represents the increase in the in- (X £, B) = exp(f7M") exp(—Bs|x — x'[|7), (6)
tensity after an earthquake and is used for modeling the af- . . .
tershocks. The background intensity(E|8) depends im- where the mtegra_l inEq. (5) means an !ntegrayfgrdx over

L . the particular regiorR we are considering, plus a sum over
plicitly on the parameterg through the requirement that itud Max wh i th I in th
M (E, t|Hy, B), averaged over time, equal6E). If the strain magnitu esZMmin' where Mmin Is the smalles?/ in the

build-up is omitteds = 1, while if the aftershock treatment catalogHT and Mmax is taken to be the Igrges:w in Hr.
is omitted,i3 = 0. In the case that both= 1 andis = 0 The functiong represents the average strain build-up per unit
the modellisjust reduced to a simple Poisson model time andh is the release of strain for each earthquake. We

The intensityis is used to model the aftershocks. L have made the assumption that the mean strain release equals

be the magnitude of a shock in the catalog at the time the mean strain build-up, which of course is not quite correct

and M the magnitude of a subsequent shock. Aftershocksfor catalogs being shorter than the recurrence time for larger

M are then modeled bys(E, t|H,, B) > O for earthquakes earthquakes. At the current stage of testing the model, how-
M < M fort~t. We W:’i’" a:ssur;{e thats has the form ever, this is not so crucial. A mismatch between the assump-
1 I

tion and reality is not likely to affect the balance between the

Aa(E, t|H,, B) = Z ¢(E, 1, Ei 1;, B), ) estimated parameters significantly.
(ErmeH, The strain releasg is factored into two terms related to
the magnitude of the earthquake and a spatial effect, respec-
where tively. Thus, S represents the strain at any point ¢) in
space and time, given all the previous earthquakes contained
g(E,t, Ei, 1;, p) = in the catalogH;. It is assumed thas builds up linearly and

Brg1(M, M;, B2) g2(t, t;, B3, Ba) g3(x, xi, Bs). 3) then decreases instantaneously with each earthquake. The
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strain has a variability that is independent of time, afglan 2.3  Simulations and predictions

increasing function of given by

_ Simulation from the model is fairly straightforward. The
sCo 11Hy, ) = exp(fs). (7) simulated earthquakes are generated one at a time in chrono-
By this parametrization it is implicitly given that the time- |ogical order, and the intensity for each new earthquake is
averaged intensity of earthquakes equalg). The effect  given by Eq. (1). An example of a simulation is given in the
of s is to reduce the variability of strain in time periods be- next section.
tween very large earthquakes compared to the simple Poisson predictions can be done by first samplimgalues of the
model. The variability in time periods between large earth'parameter seB from the distributions (8), using the most
quakes becomes smaller and smaller with increaSingly |arg@ecent earthquake Cataldg for the region_ These param_
values OfIBG andﬁ7. The parametqﬁg SpeCifieS the surround- eter sets can be found by s|mu|at”ﬁgby Markov Chain
ing region of an earthquake in which strain is released. Monte Carlo methods (e.g. Cressie, 1993; Ripley, 1987). In
a Markov chain Monte Carlo simulation one defines a chain
of parameter setg that satisfies the specified distributions.
For each of these sets of paramet@émew earthquakes are

From the real catalog@i; of the period(7Tp, T) it is possible imulated based he' ) h
to find the posterior distributions of the parametgrarhese ~ S'Mmulated based upon the intensi( £, 1| H,, p), whereH,
s continuously updated during simulation. Probabilistic pre-

posterior distributions represent the best guesses for the pé_ X b btained simolv b ina th ber of
rameters and should be used in all predictions. The posterioﬁjICtlons are then obtained simply by counting the number o

distributions for the parametefs given the data in the cata- earthquakes in the different simulations. For short-term pre-
log Hr, are defined by the equation dictions and when the intensity is low it is also possible to

use the intensities directly.
F(BIHT) o< f(B) f(Hr|p). (8)
The likelihood f (H7|B8) can be calculated from

f(Hr|p) =
T n

exp(_/ /kl(E,l|Ht,/3)dEdt>H)Vl(Eivt”Hti’:B)
To i=1

2.2 Posterior distributions for the parameters

3 Results
3.1 Parameter estimation

; The initial body of work for testing our model has been to
~ ¢(B) 1—[ a(E;, ti|Hy, . B, (9) |mpl_em¢nt an 0pt|m|zat|on alg(_)rlthm in C++ that maximizes

i1 the likelihood (9), i.e. an algorithm that calculates the max-

. _ imum likelihood estimator for the paramete$s The em-

where the factor exé— J1o J 2(E, t|H,, ﬁ)dEdt> IS ap-  pirical data we have used are based on an earthquake cata-
proximated by a constant(8). This factor is due to log over the time span 1932-1999 compiled by the Southern
periods (f;—1,%) without earthquakes, while the factor California Earthquake Center, SCEC (2000), and limited to
[T'_1 A(E;i, t;|Hy,, B) represents the intensities for the ac- the region 31-36N, 115-120 W. We have also limited the
tual earthquakes. The maximum likelihood estimates for thedata to include only the epicenter coordinatés longitude
parameters are the parameters that maximizes the expreandx? = latitude, thus neglecting the hypocenter coordinate
sion (9). x3 = depth. The location of all earthquakes of magnitudes
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Table 1. The absolute values of the relative variations of vidual earthquakes, and that it is the ngmber of earthquakes
log f(Hr, B) (given in %) when the parametessare variedt1%  (the cumulative effect) that matters in this context. Indirectly,
relative to the values giving maximum likelihood however, a large earthquake has a greater impact than a small
one because it triggers a larger number of aftershocks.

The result8g = 0 means that each earthquake in the cata-
log has a global effect on the build-up and release of strain.

Relative variations of log (Hr, 8) (in %)

Parameter  No strain Strain This is difficult to interpret physically but a plausible ex-
b1 0.00438 0.00446 planation of the result is that we so far in the model have
B> 0.101 0.103 used epicentral distances instead of the smallest distance to
B3 0.0470 0.0477 the causative fault (the rupture plane). Another significant
Ba 0.000442 0.000447 source of error may be related to our crude assumption that
Bs 0.00416 0.00422 S = Sp at the beginning and the end of the catalog. This
Be - 0.0000870 assumption was made from simplicity and from the lack of

knowledge about the actual state of strain in the various re-
gions and different points of time. It is also clear that the

] . . . _ earthquake catalog we have used in estimating the parame-
M = 4.0 for this region and the given time span are shown ines of the model covers a too short time span (1932—1999)
Fig. 1 (left). We have included all earthquakes of magnitudey, carry sufficient information on the build-up and release of
M = 3.0in our data set, which comprises 15804 earthquakesrain. The vanishing of; suggests that this parameter, as
over the time-span of 24837 days, giving an average intenyiyen by the expression (6), is superfluous in the model. A

sity of 0.636 earthquakes per day. A simple time-magnitudeyetter representation of the strain release might therefore be
plotin Fig. 1 (right) shows that the completeness seems t0 bgjyen by

reasonable back to 1944. Thex55 degree area is divided
into 1600 grid cells, with each cell corresponding to a sizeh(x, E’, B) = exp(—B7||x — x’||2/10M/), (10)
of about 14x 12 km. The intensity.(E) for each grid cell
is calculated from the empirical data. An aver@ggealue of

.93 for th -Rich lation i i f he ™ ) o .
8;{2 or the Gutenberg-Richter relation is estimated from t eWIth M o %IogMo, WwhereMq is the seismic moment, this

To calculate the maximum likelihood estimator for the corresponds taf o L?, implying self-similarity. In the ex-
parameterg, we have used the 58-year period 1942-199gPresston (10) the parametgy corresponds t% in (6), i.e.,
of the SCEC catalog. When the strain build-up is omitted,the.re is advantageously one less paramete_r in the mode! to t_)e
and hence = 1, the estimation yield$; — 0.478 g, = estimated. For large _earthquakes the scal|r_19_ law questlo_n is
1.20, B3 = 1.24, fa = 0.0191, andBs = 2.07 x 1C%. In a lot more controversial, even though the original suggestion

M4 2\ oti
the estimation we have assumed that the contributions tby Scholz (1982) ot o 10° (or Mo oc L) still seems

r3(E, t|Hy, B) for each earthquake go no more than 10 years?ec;( brzst:i)rrlr}gzt(wa;le ﬁc))r\l\(laéu:g ;g‘j[e (t:giz isse!gh'pzedilrtfsgim
back in time. Hence, the 10-year period 1932-1941 of the P = '

. ) - . ; . = “poration of such scaling relationships, however, lies in future
empirical data is used indirectly in the calculation, giving
- ; . work of our model.
contributions tois for quakes in the period 1942-1951. A L _ .
. . N To test the sensitivity of the likelihood (9) with respect to
detailed analysis of the parameters indicates that about 609%
: . ; the parameterg we calculated the values of IgtfHr, 8)
of the earthquakes in the period 1942—-1999 (according to the . .
: o When the parameters in turn were varied 1% away from the
model) were aftershocks, while the remaining 40% of the - : oo
2 . values giving maximum likelihood. In Table 1 are shown
earthquakes were related to background activity. An inter- . L
! ) . . ..~ the absolute values of the relative variations of faqdir, )
pretation of the parametgk is that the increased intensity ) .
. . . when the parameters are varied for both the case of no strain
due to an earthquake of magnitugte= 5.6 is twice that of

aM = 5.0 earthquake. The values gf and g, indicate that ﬁ)nd fz?tle c;)s ?s cf);irlln Clsu?:]nrﬁe:zi :ggstlftz ?r:ai}::lljnrﬁ inS:ar:IC €
the increase of intensity is halved 20 minutes after an earth- 9 r y sy

quake. Finally, the value gfs indicates that the increased directions, the given variations are the means of the relative

intensity is halved at a distance of 1.9 km from the epicentervanatlons .Of logf (Hr, ) when the pa_rameters are van_ed
+1% relative to the values corresponding to maximum like-
of the earthquake.

, . , . lihood. We notice that log (Hr, B) is very stable with re-
If we include the build-up of strain, the calculation of the gt 15 variations in thg's. Furthermore, the sensitivity
maximum likelihoods yield$; = 0.480,62 = 1.20,f5 = ot |og £(H;, B) to the parametergy, .. ., Bs is quite unaf-
1.24, B4 = 0.0193 p5 = 2.07 x 103, s = 0.000470 p7 = fected by the turn-on of strain.
0, andBg = 0. Therefore, turning on the strain build-up

yields minor corrections only t61, 82, B3, fa, andBs, while 3.2 Simulations of earthquakes

B7 and Bg both vanish. The direct interpretation gf = 0

is that the build-up and release of strain (note that this is nofThe second part of our work has been to implement an al-
strain energy) is independent of the magnitudes of the indi-gorithm for simulating earthquakes in the region of interest,

in accordance with the common observations that the spatial
extensionL of small earthquakes behaves likeoc 10M/2,
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Fig. 2. Earthquakes ofM > 4.0

in the period 1990-1999 in Southern
California (left), and simulated earth-

quakes over the same 10-year period
using the marked point process model
(right). The simulation is based on data
from the time period 1932—-1999.

Magnitude
Magnitude

Fig. 3. Magnitude vs. time of ac-
tual earthquakes in the period 1990—
1999 (left), and of simulated earth-

1990 1992 1994 1996 1998 1990 1992 1994 1996 1998 guakes over the same 10-year period
vear Year (right) in Southern California.
st [Ho ) activity, while it may use a 10-year catalog to establish an
intensity for the aftershock activity. As the simulation pro-
106 ceeds, the latter catalog is gradually replaced with the simu-
1.05 lated earthquakes to regulate the intensity of aftershocks. An
Loa example of a simulation over the 10-year period 1990-1999
' in the case of = 1 is shown to the right in Figs. 2 and
108 3. This particular simulation thus does not take the build-up
102 and release of strain into account. The background activity is
due to the 1932-1999 catalog and the aftershock activity is
101 initially due to the 1980-1989 data. The simulation resulted
Days in 2315 earthquakes over 3652 days, corresponding to 0.634
500 1000 1500 2000 2500 3000 3500 earthquakes per day. This agrees very well with the average

_ _ _ _ _ _ intensity of 0.636 earthquakes per day found for the entire
Fig. 4. The strain functions(x, 7| H;, p) for a typical simulation  period 1932-1999 in the same region. Furthermore, of the
taking into account the build-up and release of strain, 1| H, /) 2315 earthquakes, 1419 (or 61.3%) were aftershocks, which
Increases when the activity is below the average bg(_:kground_mtenl-s in good agreement with the 60% of aftershocks estimated
sity and drops suddenly due to the aftershock activity fouowmg from the model for the period 1942-1999. For a comparison
large earthquake. The abrupt increase(af 7| H;, 8) over the first . . .

- with observed data, the corresponding data from the period

500 days is due to a lowg value. Y
1990-1999 are shown to the left in Figs. 2 and 3. Except
for the fact that the period 1990-1999 is a period of higher

. _ _ than average intensity, we see from Fig. 2 that the simula-
given the estimated values of tfits. Simulated earthquakes  tion produces earthquakes with a similar spatial distribution
are generated one at a time in chronological order. For eacBs the observed data. In addition it can be seen that the simu-
new earthquake there is an increase or a decrease in the intefted catalog reflects features in the 1932-1999 data that are
sity (1), due to a sudden increase in the tégand a sudden  not present in the 1990-1999 data. The simulation results

decrease in the strain function The algorithm may use a a|so display aftershock activity indicated by event sequences
longer catalog to establish the intensity of the background
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Frequency Frequency

Time Time

Fig. 5. The frequency of earthquakes in intervals of 30 days for a given simulation. The left figure shows the frequency when the parameter
Bs = 0.000470, while to the right is shown the frequency wifgn= 0.470.

following the larger earthquakes as shown in Fig. 3 (right), sible. For instance, we may compare the resgdts= 1.24
although this effect is not as pronounced as for the observednd 84 = 0.0191 with the corresponding estimates found
data in Fig. 3 (left). by Ogata (1998) in various extensions of his Epidemic Type
Simulations where the build-up and release of strain areAftershock-Sequences model. Applied to data from two dif-
taken into account produce results that are similar to thosderent districts of Japan, Ogata estimated a paranpefeor-
displayed in Figs. 2 and 3. This is not so surprising sinceresponding to33 in our model) to be in the range 0.900—
we do not expect to see any real periodicity pattern on thel.136 and a parameter(corresponding tg,) to be in the
occurrence of large earthquakes over the time-span of onlyange 0.00172—-0.0357. The last three paramgigrs7, Bs
10 years. The return period for the largest earthquakes irare connected to the factoy which represents the build-up
this region is much longer than this. In Fig. 4, however, and release of strain in the model. Surprisingly, we found
we have shown the typical behavior of the strain functionboth 87 andgg to vanish in the maximum likelihood estima-
s(x, t|Hy, B) during a given simulation. The sudden drops in tion. The vanishing oB7 suggests that the release of strain
the graph correspond to the release of strain due to the aftetecally is independent of the magnitude of the earthquakes.
shocks following a large earthquake. To demonstrate the pur@he release of total strain energy, however, does depend on
effect of the strain function(x, ¢t|H;, 8) in our model, we the size of the earthquake since a large earthquake causes
have done simulations where the aftershocks treatment havelease of strain over a much larger area than a small earth-
been omitted by setting, = 0, effectively givingiz = 0. quake. Because of this, the parameigiseems superfluous
The other parameters are left unchanged, except that in thim the model and could be omitted by a slightly different rep-
first simulation we seBg = 0.000470 (unchanged), while resentation of the strain release, as indicated in the previous
in the second simulation we tak& to be three orders of section. The vanishing g8g in our estimation is difficult
magnitude higher. The effect of varyirgg in this manner  to interpret physically, however. This implies that all earth-
is shown in Fig. 5 where the graphs show the frequency ofquakes in the catalog have a global effect on the release of
earthquakes for each 30-day period of the simulation periodstrain for the region considered. This is not what we would
A greater value 0fg yields a more even release of strain in have expected and suggests that the given parametrization
each time interval, and hence a more even frequency of earttis too crude to handle the spatial dependencies between the
quakes in each 30-day period. The model is not particularlyrelease of strain and the individual earthquakes. One expla-
sensitive to the value ¢ since it was necessary to multiply nation for this may simply be that we have used epicentral
Bs With a factor 16 to achieve a significant difference. How- distances instead of the distances to the rupture plane. We
ever, an improved estimate of the paramgkge(or 87 in the are hoping to incorporate distances to the rupture plane in
expression (10)) may imply a greater sensitivitysto future work, together with the inclusion of more geological
information (such as extended sources) in the model. The

. present set-up does facilitate such extensions.
4 Concluding remarks

An obvious problem in the current estimation, however,
In conclusion, we have by maximum likelihood optimiza- is that the catalog time 1932-1999 is very short compared
tion estimated the parametg#f the marked point process to the recurrence times of larger earthquakes in California.
model, using earthquake data from Southern California fromFrom Fig. 1 (right) we see that the Southern California Cata-
the period 1932-1999. The first five parametgys.. ., Bs log is reasonably homogeneous back to the early 1940's. For
are connected to the teria and represent the aftershock ac- the initial testing of our model we have therefore chosen to
tivity. The estimated values for these parameters seem plauise the period 1942-1999 for calculating the maximum like-
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