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Abstract. We construct a multi-parametric family of Kharif et al. (2009. Since then, the notion of rogue waves
quasi-rational solutions to the focusing NLS equation, has appeared in several other fields such as nonlinear optics
presenting a profile of multiple rogue waves. These solutionsvhere a Peregrine breather has been observed recently for
have also been used by us to construct a large familythe first time Kibler et al, 2010. In all cases, one of the

of smooth, real localized rational solutions of the KP-I simplest models used is the focusing NLS equation

equation quite different from the multi-lumps solutions | 2
first constructed inBordag et al.(1977. The physical ‘Uit v +2[v[7v=0. @)
relevance of both equations is very large. From the point ofHere we discuss an important class of solutions Bf (
view of geosciences,the focusing NLS equation is relevantepresenting the rationaln2parametric modulation of the
to the description of surface waves in deep water, andhane wave solution of fixed amplitude. This class of
the KP-1 equation occurs in the description of capillary sojutions was first constructed in 1986 in the article by
gravitational waves on a liquid surface, but also whengjeonskii et al(1986).

one considers magneto-acoustic waves in plaghégnoy lts relevance to the multi-rogue wave solutions was
1984 etc. In addition, there are plenty of equations of ynderstood only 24 years later in our worRubard et al.
physical importance, having their origin in fiber optics, 2019 Matveev et al. 2010 providing also a simplified
hydrodynamics, plasma physics and many other areas, whicherivation of the results oEleonskii et al.(1986 using
are gauge equivalent to the NLS equation or to the KP-Iparboux transform (seMlatveev et al.1997). In our work,
equation. Therefore our results can be easily extended to ghe connection of these solutions to a classisparametric
large number of systems of physical interest to be discusseghmily of smooth rational real solutions to the KP-I equation
in separate publications. was also first discovered.

The casen =1 reproduces a famous Peregrine breather
solution of the focusing NLS equation. Its amplitude reaches
one high local maximum onx( ¢) plane. Forn =2,
in general, the amplitude of these solutions attends 3 big

Roughly speaking, in oceanography a rogue wave is gnaxima pf the height several times higher with re_spect to
unexpectedly high wave strongly localized in space-timethe amplitude of the background plane wave solution. We

although recently, certain authors have also speculated abo§Pniecture that for higher values ofin general position”
“long-life” rogue waves. Even if testimonies about such the number of these maxima is equalito: +1)/2. This
freak phenomena have been available for a long time CONjecture is supported bythetes_teq solutions corresponding
the study of rogue waves has been booming for a coupld® 7 =3 andn =4. Indeed this is true for all tested

of decades, following the first scientific recording of an "9eneric” values of parameters. In some exceptional cases

appearance of a rogue wave in the ocean. A very good:orresponding to the “higher order” Peregrine breathers

review of the “state of the art” before 2009 can be found in constructed in Akhmediev et al. 2009ab.c, 2010, the
number of local maximums for =2 is equal 5 and one

of them is much higher than others. All the constructed
Correspondence td. Dubard solutions have exactly the behavior of waves “appearing from
BY (philippe.dubard@u-bourgogne.fr) nowhere and disappearing again”.
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We also discuss the related family of smooth real rational2.2 Multi-rogue solutions to the focusing NLS equation:
solutions of the KP-I equation. Their qualitative analysis is the main theorem
still far from being completed but already we have a reason
to consider some of the related solutions as two-dimensional heorem 1. The functionv(x,7) defined by the formula

rogue waves. v de
v(x,1)=—qo (O)Bl—ZneZsztM .
W1
" NS equaton o ens e eloeusng represents a family of nonsingular quasi-rational solutions of
NLS equation (1) depending on2+ 1 independent real parameté#sy;,

j=1,...,2n. Whenr? 4 x2 — oo, |v|> - B2

The formulation above is equivalent to the main result of
Eleonskii et al.(1986 written in more elegant notatiors.
Without loss of generality we can takB =1 since the

quasi-rational solutions of the focusing NLS equation having'\”‘S fequat_lon IS Invariant W'”; re%ﬁ)ectf to tgel scaling

the property to reach a maximum of the amplitude at somdransformation (x,r) — Bv(_Bx’B ). There ore, below we

fixed points of £, 1)-plane and so that wheR + x2 — oo always setB = 1. As mentioned before, the simplest case
’ ’ n =1, when we have only 3 real parameteys,(¢>, B)

2.1 Some notations and definitions

Below we describe some auxiliary objects allowing the
construction of a family of nonsingular (for all realandz)

|v|2—> B2 reproduces the Peregrine breather, aad are translation
. . parameters. For B=1 its analytical form is given by the
whereB is any arbitrary chosen real constant. formula
Let g2, (k) be a polynomial of degreen2defined by the
formula v(x,1)
=[] <k2— w2m./+1+132) (x =902 +4( 02— (2/3+4i ) 1 g +iv3
EANNCE L T N T N
W= exp( 7 ) (2) @)
2n+1 For ¢1.2 =0 the plot of|v(x,?)| is presented in Fig. 1.
wherem ; are positive integers satisfying the condition More precisely, we obtain the original Peregrine solution
introduced inPeregring(1983 by settinge; =0 andg, =
O0<m;<2n-1, m#2n—m;j, J3
forall/ and;j.! 4The case = 2 where we have 4 phases 2 3 4) is already
We use also the definitions: much more interesting: it provides the first example of 3-
on rogue waves solutions of the NLS equation and, under a
(k) == iZ(ﬂz(ik)l, ¢j€R, very special selection of phases, reproduces the simplest
= “higher order” Peregrine breather first foundAkhmediev
et al. (1985. Below we present the plots of the(x,)|
Flkox.t) = exp(kx +ik?t + @ (k)) L k? 9 corresponding taB = 1 and to some particular selections
B g2n (k) ’ " k24 B2 9k’ of phases fom = 2,3,4 making the multiple rogue waves
, character evident in the solutions described by the main
fi(x,1) = Df"_lf(k,x,t)‘ , theorem above. The denominator of the rational part of the
k=B solution is a 6-th order polynomial with respecti@ndz.
Fapj(r.0) = Df‘j_lf(k,x,t)‘ , BeR,j=1...n. Because of the Igngth of the re!ated expression, we provide
k=—B here only a graphic representation|ofx,?)| (see Fig. 2).
Below we use the standard notatidi(gs,...,g,) fora  1he detailed “polynomial” formula for these solutions is
Wronskian determinant of any functions: given in Appendix A. The phaseg; and ¢2 are again
translation parameters, byt and ¢4 have more influence
W(g1,...,gm) :=detA, A,,J:af’lgj, p.j=1..m. on the behavior of the solutions.

We can consider these solutions as a 4-parametric
extension of the second-order solution giveAkihmediev et
al. (20093. The later is distinguished by the presence of one

We denoteW; and W> two Wronskian determinants
composed from the functiong and f; defined above:

Wi =W (fL,..., fon) highest maximum and 4 additional smaller maxima, contrary
Wo = W(fiv.ns fons f) . 2For the proof se®ubard et al(2010; Eleonskii et al(1986),
although the proofs and notations are slightly different and a proof
1Forinstance itis possible to take; = j — 1. in Dubard et al(2010 is shorter and simpler.
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Fig. 1. Plot of [u(x,¢)| forn =1, 91 =0 andgo = 0.
to the behavior of the solutions corresponding to the generic
choice of phases. It corresponds to the following specific
selection of the phases: =
Y1 = @3= Oa 2, 5E
(7+2v5)v10-2/5 .
(pz = . 2:
24 7
(5++5)v10-2/5 1,9
pa= : .
96 17
The related plot ofv(x, )| is given by the Fig. 3. h
In general, the denominator of the rational part of the 0,5: _2'4
solution is an(n + 1)-th order polynomial with respect to ] X~
x andt. For the generic choice of the phases, the solution 3

seems to have(n 4+ 1)/2 maxima andn(n + 1) minima. -4 5 0
An appropriate specific choice of parameters should allow
the appearance of “super-peak(s)”. Figure 4 presents the
solutions obtained with all phases equal to 0 in the casegig. 2. plot of [u(x, )| for n = 2 with g1 = 9 = 93 = 04 = 0 at the
n=3andn=4. top andg4 = 1 andgq = ¢ = ¢3 = 0 at the bottom.

3 From multi-rogue waves solutions of NLS equation to
KP-I equation
In other wordsg is obtained by replacing the independent
Here we apply the previous results to the KP-1 equation:  variabler in v(x,r) by y and the phases by . The following
theorem relates the described class of quasi-rational solutions
O (Auuy +6uny +ttyxx) =3uyy . (5)  of the NLS equation to as2parametric family of smooth
localized real rational solutions of the KP-I equation. Its
most important part — formulas) — was first proved by in
(Dubard et al.201Q Matveev et al.2010.

Denoteg(x, y,t) the function

glx,y,1) ::U(X,t»§03)|t:y,w3:t-
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Fig. 3. Amplitude of the Peregrine breather of order 2.

Theorem 2. The function
uCry.0):=2(1g[2— B2) = 202109 Wil =y, o= ©)

is a smooth, localized real rational solution to the KP-I
equation, satisfying the relations

.

and

u(x,y,t)dx =0, (7)

vt, u(x,y,t)—>0, when x2+y2—>oo

Therefore, any plot of the amplitude of the solutid) (
corresponds to the plot of the solution to the KP-I equation
at the moment of time = ¢3. The related maxima of the
solutions of the KP-I equation become more sharp, since
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[N

with respect to the NLS case, they are described by a square

of the amplitude of the solution of the NLS equation shifted
down on the constant-B2. It is also evident that for

some special moments of time, the confluence of the KP-
rogue waves takes place corresponding to the “higher order”

Fig. 4. Plot of |v(x,1)| with vanishing phases for =3 at the top
andn =4 at the bottom.

Peregrine breathers. At such moments of time, the solutioft Concluding remarks

of the KP-I equation reaches its highest possible value which
decays afterwards. We believe that this is a very first

explicit manifestation of the 2-D rogue waves described by
the precise analytic expression. This also gives a new view
and physical interpretation of the “higher order” Peregrine

breathers as describing a relief of a two-dimensional rogue
wave, (described by the KP-1 equation) at the moment when
its height reaches the absolute maximum.
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— The plots quite similar to ours but corresponding to
the “pre-rogue” waves solutions periodic in and
observed inside one period can be foundQalini
(2002; Schober(200§. From the oceanographic
point of view these pre-rogue wave solutions appear
less realistic since, due to different factors (wind,
dissipation, dispersion, etc.), itis difficult to imagine the
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appearance of the true infiniteperiodic train of rogue  with

waves. In fiber optics the situation is quite different. )

In fact, observations made recently iibler et al. ~ 82() :=1"+1,

(2010 concern not the pure Peregrine breather, but thego(?) := 5%+ 182 — 4ot — 3,
aforementioned “pre-rogue” waves solutions being very j, (1) := 3 — 3¢ +«,

close to the Peregrine breather for a sufficiently big 5 3 2

value of the period parameter. See afwira (2010 ho(t) := t4+2t2—2at —15 4 2«
for further useful comments. q2(t) 1= 1"~ 61" +4ar +9,

— Form n q = 6-|- 74_ 3 99[2 2 2
. T . t) =t 27t 4ot — 36ut 4 +9.
r more general multi-periodic elementary solutions o(t) +B°+

describing the N-periodic modulation of the plane wave The Peregrine breather of order 2, the same as first found
solution, closed analytical expressions were obtained inn Akhmediev et al.(1985, whose amplitude is plotted in
Belokolos et al (1994, Its et al.(1989. In principle, Fig. 3, is obtained whea = g =0.
passage to the limit when all periods tend to infinity
should also produce the quasi-rational solutions to theAcknowledgementsThis work has been supported partly by the
focusing NLS equation, but actually this has been grant ANR-09-BLAN-0117-01.
achieved by A. R. Its, private communication, June we wish to thank J. Dudley and B. Kibler for very useful
2010, only for obtaining the second order “higher” explanations concerning their workipler et al, 2010 and the
Peregrine breather and technically also seems to b@nonymous referees for the useful remarks.
rather involved.
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