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Abstract. In his Geographike Hyphegesis {50 AD) Claudius Ptolemy catalogued the positions of over
6300 ancient locations in the form of geographic longitude and latitude. A determination of the frequencies
of the fractions of the degrees indicates that the coordinates are given fitedt precisiofiesolution and

larger regional dferences. The author’'s assumptions concerning the origin of the detected form of the fre-
guency distribution were examined with statistical hypothesis tests and partly confirnfiisieies between

the frequencies of th@- and Z-recension were investigated in terms of possible transcription errors n the
manuscripts. A calculation method is given with which the properties of coordinateffexedit resolutions

can be estimated. It is applied both globally and regionally. Such basic information about the precision of the
Ptolemaic coordinates is important for detecting systematic and gross errors in the Ptolemaic coordinates and
thereby for the identification of the Ptolemaic locations with their today’s place.

7]

1 Introduction ing of the knowledge and the scientific methods of the past g
well as of historical developments in general. Among the in;
Ancient geography and cartography have been a very acaumerable works on the “Geographyfferts of calculational
tive area of research especially in the last decades, seiavestigations of the Ptolemaic coordinates are rare.
for example Stevens (1998a, 1998b)ibter (2000), Cos- The following investigation is a first statistical analysis
grove (2001), Sickelberger and Mittenhuber (2009). One of the precision of the Ptolemaic geographic coordinates in
of the most important scientific works of antiquity is terms of their resolution. This precision needs to be distint
Claudius Ptolemy’s (ca. 100-178 ADEeographike Hyphe- guished from the accuracy in terms of the actual errors (ran
gesi$ (GH), in short “Geography”, which is the object of the dom, systematic, gross), however, the resolution and the size
current study. With his “Geography” Ptolemy summarized of the random errors are associated. The current study was
the geographic knowledge of his time, apart from a theoretinspired by the extensive research of Gra3(it990) and his
ical part it includes a catalogue of over 6300 positions offorerunners, e.g. Vogt (1925), into the fractions of degree of
ancient locations. Ptolemy introduced a uniform, global co-the catalogued star coordinates in Ptolemy’s Almagest.
ordinate system, in which the positions are given by means of The catalogued coordinates in the “Geography”, Books 2+
geographic longitudé and latitude®. The original “Geog- 7 are given in degree and fractions of degree with the biggest
raphy” does not exist any more, but there are over 50 Greeklenominator of the fractions being 12. This may lead tg
manuscripts, the oldest one dates from the end of the 13tthe assumption that the Ptolemaic coordinates were gener-
century. ally given with a precisioftesolution ofli; so that such
With today’s information technology (processing power, views can be found in literature (e.g. Hoops, 2003, p. 571;
algorithms and software) computer-based mathematicaftiickelberger and Mittenhuber, 2009, p. 220). The follow-
analyses of historical geographic data are possible (see fdng investigations provide a moreftlirentiated insight into
example Beineke (2001), Niedimt (2005) and Kleineberg the precision of the Ptolemaic coordinates and demonstrate
et al. (2010)). Such analyses can lead to a better understanthat the resolution is nog in general. In doing so only the
fractions of degree will be considered; investigations into the
distortions and an associated estimation of standard devia-
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The frequencies of the fractions of degree will be deter- II-VIl longitude VIl latitude
mined globally and regionally. From the findings assump- =°f "~~~ "~ """ 77T T4 weop TT T T T T T T
tions about the origin of the distribution of the fractions will [ 1 1200 | E
be derived and tested with statistical hypothesis tests. Fur-*"[ 1 el ]
thermore a calculation method will be given and applied 1222 ol ]
whereby the proportions of coordinates withfeient pre- . e ]
CISIOn can be eStlmatEd 0 5 10 15 20 25 30 35 40 45 50 55 0 5 10 15 20 25 30 35 40 45 50 55

minute value minute value

Information about the precision of the Ptolemaic coor-
dinates is of use for modelling the stochastic properties ofFigure 1. Frequencies of the fractions of degree in GH 1I-VII
the Ptolemaic coordinates within a distortion analysis of the(Q grey,&/= no fill).
Ptolemaic coordinates. On the other hand, a distortion anal-
ysis is important for the identification of the Ptolemaic loca-

tions with their today’s place. detailed directions, so that the accuracy of a determined po-
To ease the notation and readability, the fractions of degresition probably difers in longitude and latitude.

will be expressed in arc minutes’(® = %ZO, 10 = %° The frequencies of the minute values were determined

55 =1"+1"+1°). for all coordinates of the location catalogue (GH 1I-VII).

Due to the diferences between the manuscripts there are
no unique values bequeathed for every coordinate. The
manuscripts are presumably based on two recensions, the

Wh di Il the Ptol . dinates, the d 80 calledQ- and Z-recension (Stckelberger and Gralfip
eh regarding &7 the Folemaic coordinates, the degre 2006, p. 27). The&s-recension is bequeathed by only one

values as a raw indication of the position not distribute ran- _ ) ) )
domly due to their interdependence of the topographic con.manuscript (Codex Vaticanus Graecus 191, in short X) which

ditions and the settlement structure. Regarding only the frac—ends in Book V, Chapter 13. The coordinates ofthendz-

tions of the degree values, this interdependence is insignifi-reCenSIon (represented by XJirs partly. Due to the works

cant so that they distribute randomly. Furthermore every co-Of Stickelberger and Grali¢2006) the coordinates of both

ordinate and thereby its fraction of degree is a random Vari_recensions are available (data on attached CD). Thereof 6333

able, because it was deduced from coincidertietad data. Ptolemaic positions were used for the following investiga-

For this reason the minute value can be seen as the resdfe"s: Qn the one hand a data} set of c_:c_)ordmgtes oQ’tJf]e
of a random experiment “generating a minute valdiz M recension was built from the given positions (in shapf’)

can take on the 12 possible values=0', m, =5, mg = 10 and on the other hand a data set, whereheoordinates
i = 5. Regarding the minute val’ues nb(;ordinate’s are replaced by th&-recension if diferences between both

the probabilityP that the frequencid; of minute valuem; is recensions exist (in shorty=’).

xis given by the density function of the binomial distribution ~ Fi9ure 1 shows the results for the frequencies of the minute
values of the longitudes and latitudes in form of histograms.

2 The frequency of the fractions of degree

_ T LU P \nex As can be seen the frences betweef and Q/Z have
f(X)_P(l_h_x)_(x)pj (1-p)) (@) an indfectual influence on the form of the distributions
) - ) here. The largest fierence occurs in the latitudes dt O
with the probabilityp; of minute valuem;. and amounts to 46. Obviously the distributions in longitude

Based on the assumption that all coordinates have a resqn |atitude dfer significantly from a uniform distribution.
lution of £;", each of the 12 possible minute values should Thjs contradicts a general resolution $f. The distribu-
occur with the same probabilitg; = 75 with j=1..12 and  tions are approximately symmetric’ @cluded) and have a
therefore the minute values follow a uniform distribution. specific form with four peaks at 020, 30, 40. With de-
Then the frequencieBl; of the diferent minute valuem; creasing frequency occur’,80, 20/40, 15/45, 10/50,
should be approximately the same due to the high amount o//25/35/55. The last group is only rarely present in the
locations in the “Geography”. longitudes.

In the following the longitudes and latitudes will be ex-
amined separately. Reasons for this are, that the accuracies
of a location’s longitude and latitude will only be rarely or 3 On the origin of the frequencies of the fractions
not correlated at all and if there is a correlation, its kind of degree
is unknown in detail and will dier from location to loca-
tion. This follows from the independent andfdrent mea- A possible reason for the deviations of the distribution of
surement of longitudes (mainly terrestrial) and latitudes (ter-the minute values from a uniform distribution is that in ad-
restrial; Gnomon; length of the longest day) in the antiquity dition to coordinates of the resolutioﬁc’ also coordinates
and Ptolemy’s determination of coordinates from travel re-with more imprecise resolutions exist. Reasons féfiedgnt
ports and itineraries, which only provided distances and naresolutions can be:

Hist. Geo Space Sci., 2, 29-37, 2011 www. hist-geo-space-sci.net/2/29/2011/



C. Marx: On the precision of Ptolemy’s geographic coordinates in his Geographike Hyphegesis 31

— When Ptolemy determined coordinates from given geo-minute values. An explanation for the approximate equali
graphic data he was aware of the uncertainty of his re-ties is that among coordinates with a specific resolution th
sults and rounded the coordinate values meaningfully.possible minute values occur with approximately equal fre
This concerns especially data from travel reports andquencies. Regarding the random character of the minute v3

itineraries. ues this appears plausible. Thus for examplbl’gg H45
15 _ 45 -
— Ptolemy was given coordinates withfiirent accura- and H4 ~ H" so that for the frequencies of 15and 45

cies. So the accuracy of ancient measurement devicesoordinates |$-I15 H45,
and methods diered and measurements resulted in co- Hence for the following examinations is supposed:
ordinates with dterent accuracies.

. . Assumption 1 The coordinates in the location catalogue of
Coordinates with 5 25, 35 and 55 can only have a res- P 10 1° g;

the “Geography” have dferent resolutionsy’, °, 1° 1°
olution of &, whereas coordinates with other minute values ; . d1°g i o 2050403
can also be given with lower precision, for examplé-2ihd 2 :
40-coordinates with the resolutiof or 3°.

In the following H™ denotes the frequency of the coor- Assumption 2 Regarding only the coordinates with one spe-

dinates with minute valuen; andHy' the frequency of the cific resolution, the possible fractions of degree have the

coordinates with resolutios and minute valuen;. Within same probability.
this notationai is expressed by a fraction in contrastrip

(5 & 1 3 % 1) If there are coordinates with féierent Therefore for the expected value of tH§' holds:
resolutlonsl—2 ...1°, the frequencie$i™ are composed of as
follows: (8)  E(HY)=E(HP)=E(HY) = E(HY)
12 12 12 12
H®=HY = E(H2%) = E(H%) = E(H%) = E(H®
& =E(HY) =E(HY) =E(HY) =E(HY)
H25: H25 12 12 12 12
& = E(HY) = E(H%) = E(HY) = E(HY)
35 _ H35 12 12 12 12
H™= % =HT
12
H55= H55
3 (b)  E(HY)= E(H}) = E(H) = E(H) 3)
15 _ 415 15
Ho=H +H, = E(H0) = E(H®) =t HT
6 6 6
45 _ 1445 45
TRy " @ ©  EHD=EHP)=EH=EHD)=H]
4 4 4 4 4
HO=HY +HI° o 20 40y _. gqm
12 5 (d) E(H%O)zE(H%):E(H%):-H%
50 _ 450 50
A==y ()  E(H®)=E(H®)=HT.
2 2 2
H20=H20 1+H20 +H20
1 o ° With the relation (Sachs, 1992, p. 95)
H40=H40 H40 +H40
12 6 3
E(X1+Xp) = E(Xy) + E(X 4
Hgo: H310 +H?O +H?O +H§O ( 1 2) ( 1) ( 2) ( )
12 6 4 2
HOO=H® 4HO LHOO 4 HOO 40O 00, follows for the expected values of th&™

12
05y _ 25y _ 35y _ 55y _
If, for example, the frequency of coordinates with a res- E(H™) =E(H™)=E(HP)=E(H>)= Hlle
olution of ° is approximately the same among the 5

and 10- coordlnates l(l°5 H1°) the frequency of the 10

coordinates K% will be substantlally larger than the fre- E(HY) =E(H*)=HT +HT

quency of the 5coordinates k%) due to additional coordi- v

nates with resolutior}” among the 18coordinates. There- E(H*) =E(H*)= HY +HP+HY.

fore the frequencies of some minute values increase and the

distribution shows the detected pikes. The equality of the expected values of specific frequencie
The observed symmetric property of the distribution re- H™ leads to the observed symmetry of the distribution in

sults from approximate equalities of frequencies of particularFig. 1.

E(H') =E(H)=HT] +H]
®)
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VIl longitude The test of Hypothesis] is made with the? test if there
-_—_ are more than 2 frequencies to compare and with the bino-
2500 1 i mial test if there are 2 frequencies to compare. In the four
2000 |- . single tests for Hypothese6a—d) the null hypothesislg is
1500 - 4 that thek=4 (5, 25, 35, 55) or k=2 (otherwise) minute
] valuesm; occur with a probability ofp=1/k. The alternate
1000 - 12 1 hypothesisH, is p# 1/k.
500 [ R l— The y?-test is made for Hypothesi§d). The test statistic
146], |1j8| , [1/6]"i4]1/6 is in general (Sachs, 1992, pp. 420-421)
0 5 101520 25 30 35 40 45 50 55 ;
minute value L — 2
Xz _ Z (n; n';p) @)
Figure 2. Simulated frequencies of the fractions of degree in lon- i=1

gitude. with the class numbeé, the observed frequencies the hy-

pothetical probabilitiep; andn= 3K n;. Here isk =4 (four

classes 5 25, 35, 55), nj=H™ andp =%1 (testing uni-
form distribution). UnderHg y? follows a y? distribution

with f =k—1-u degrees of freedom, wheuds the number
4.1 Simulation of the unknown parameters. Hereuis O.

] o The y? test is replaced by the binomial test if only two
Assumptions 1 and 2 about the origin of the observed formgasses exist (Bning and Trenkler, 1978, pp. 103-106). At
of the distribution of the minute values were tested firstly {he three tests for Hypothes@b{d) the two possible classes
by means of simulation, i.e. a random generation of minute, e eitherM = m; or M =my (k# j), each withp=05. The
values. For every resolution a specific numben; of co-  yropability that a specific minute value; occursx times is
ordinates was given and their minute valudsvere gener-  given by the distribution density of the binomial distribution

ated randomly using a pseudo random generator. In doingy) Test statistic of the binomial test is the observatith
so every, at a specific resoluti@ possible minute values jiggs.

m; got the same probabilitp. Figure 2 shows the result of
the random generated frequenci¢® on the sample of the
longitudes. In the histogram also the random portildEfSof

coordinates with dierent resolutions are indicated. Compar- gjnce four single tests for ®5/35 /55, 15/45, 10/50

ing the result of the simulation with the observed frequency 5 20/40 have to be made, the test of Hypothedisi a
in Fig. 1, a high similarity in the form of the distribution can  ying of multiple test. Thus the probability increases that at
be stated. That argues for Assumptions 1 and 2. Howeveligast one null hypothesis is rejected by mistake in compari-

since the simulated distribution is more symmetric than theggp, 1o a single test (Sachs, 1992, pp. 183-184). That is why
observed one, it seems that the uniform distribution assumed significance level of 2 = 0.99 was chosen for the single

in Assumption 2 is only approximately present in the Ptole-ggig.
maic coordinates.

4 Verification of the assumptions on the distribution
of the fractions of degree

4.2.1 Applying the hypothesis tests

As a result, the general validity of Hypothes@® (nust be

rejected, some ferences between thd" are significant:
4.2 Statistical hypothesis tests

_ _ 1. Q andQ/Z: in the longitudes betwedd®> andH*5,
Assumptions 1 and 2 or HypothesB (respectively, can not

be tested by statistical tests, because there are no observa2. Q/=: in the longitudes betwear?®, H2%, H3% andH5°,
tions Hy' for the frequencies of coordinates with the same

resolution. However, it was shown that Hypothe@gl¢ads 3. Q: in the latitudes betweeH?® andH*?,

to a symmetric frequency distribution of the minute values ) )

with 4. Q5%ndQ/E: in the latitudes betweeH%, H2%, H* and
(@  E(H®) =E(H®)=EH®)=EH") "
() E(HL) = E(H5) Since less than half of the testedfdrences are signifi-

(6) cant, Assumptions 1 and 2 must not be rejected totally, also

(© E(H®) =E(H*) because the results of the simulation argued for them. Still,
(d) E(H?%) =E(H%). coordinates with dferent resolutions can be assumed (As-

sumption 1), Assumption 2 has to be adapted. It is possi-
That can be tested with the observed frequenidi®sso that  ble, that the minute values of coordinates with the same res-
an indirect test of Hypothesi§)is possible. olution are only approximately uniformly distributed or that
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there were systematic influences on the frequencies of the 1.112,37-13 longitude 1.112,3,7-13 latitude
minute values, respectively. S L o I R
A possible reason for the significantidirences of thél™ 200 - {1 &r 1
specified above is: 150 1 80 1
100 | 4 60 |- 4
1) The value 40= 2° was preferred when coordinate val- s} e ﬂ T ‘;2: ]
ues were rounded. That holds espeC|aIIy for preferrlng °7 ; 10 15 20 és 30 215 40 45 50 55 ° 5 10 15 20 25 30 35 40 45 50 55
40 to 35 and 45, but is also imaginable for the value minuto value minute value
50 2.11.4-6 long i
L 114~ gitude 2.11.4-6 latitude
Lo A LA s s e s e s e 100 L s e e e e e
ThusH*is increased systematically comparedif sothat 1| 1 wl |
3. occurs,H* is increased systematically comparedH& 100 | 1 ol |
so that 1. occurs, and® is increased compared k5, H2 ol 1 ol ]
andH?®® so that 2. and 4. occur. a0t 1 ol |
. ] 20 4
In the Greek number representation the v%ue/vas ex- 0 0
. . , . 0 5 10 15 20 25 30 35 40 45 50 55 5 10 15 20 25 30 35 40 45 50 55
pressed by the special sigo’. Thereby it was the only frac- minute value minute value
. o . .
tion of degree> % , Which was not expressed by an addition
. . 3.111.1-4 | itud 3. 1I.1-4 latitud
of unit fractions (e.g. 35=1"+1° and 43=3"+1°). FUr- T S
thermore with the valug” the full degree was only divided — °f I : ]
into three parts, i.e. it was less divided in comparison to the o 1 6l |
. o r N
use of other fractions of degree% , Whereby the value was  «} : wl 1
probably more mathematically attractive too. ol ] 20 1
Moreover’ Vogt (1925) argues Wlth the preference Of Spe- 0 0 5 10 15 20 25 30 35 40 45 50 55 0 5 10 15 20 25 30 35 40 45 50 55
cific fractions of degree in terms of a large frequency of half minute value minute value
and full degrees in the latitudes in the star catalogue of the 4 114-16115-12 longiude 41611512 Iatitude
Almagest. So half and full degrees are supposed to have g, [T T T T T T
higher attractiveness when reading the measurement instrus2 [ ] 100 | 1
ment. = ] 80 - 1
If the value2” was preferred it is to be ask why a fraction %[ 1 ol ]
< 1" was not preferred too. An explanation for this fact is 2| 1 2 1
that each of these values with exception%? =25 could e s 20 2t5 30I35 40 45 50 55 e s 20 2;5 30‘35 40 45 50 55
. . . . minute value minute value
be expressed with a single unit fraction so that there was not
a specifically preferable value among them. Figure 3. Frequencies of the fractions of degree in Regions 14

Large diferences betweeid*® andH?° could also be ex-  (q gray, /= no fil).
plained by a frequent mix of 2& £° =y and 40=2" =0’
(according to Sickelberger and Gra3fig2006, p. 40) a typ-
ical mistake in the manuscripts), but then a frequent erro- 5. GH 111.13-17: Macedonia, Greece (530 locations),
neous transcription fromy toyo’” must have occurred, which ) )
surely is not as likely as the opposite case. 6. GH IV: Africa (960 locations),
_ After the frequencies of_thefra_lction_s of degree were inves- 7. GH V.1-13: Turkey, Asian Sarmatia, Colchis, Armenia
tigated globally the question arises, if the observed form of (922 locations)
the distribution also occurs regionally. To investigate this, the '

location catalogue was divided into 10 regions in which the 8 GH V.14-20, VI1.1-8: Cypern, Syria, Mesopotamia,
frequencies of the minute values was determined (see also  Assur, Media, Persia, Arabia FelSaudi Arabia

Fig. 7): (974 locations),
1. GH II.?, 3, 7—.13: Ireland, Britlain, Gaul, Germania, 9. GH VI.9-21: Bactria, Scythia, Serik@hina
Rhaetia, Noricum (550 locations), (276 locations)

2. GH 1.4-6: Iberian Peninsula (507 locations), 10. GH VII: India, Sineriindochina, Taprobari8ri Lanka

3. GH Ill.1-4: Italy, Corsica, Sardinia, Sicily (592 locations).

(563 locations), . . . .
Figures 3-5 show the frequencies of the minute values i

4. GH 11.14-186, 111.5-12: Pannonia, lllyricum, European the 10 regions. Mainly, the forms of the distributions corre-
Sarmatia, Tauric Chersonese, Dacia, Moesia, Thracispond with the global form in Fig. 1. The relative propor-
(459 locations) tions of the frequenciesl™ among each other partly fEer

www.hist-geo-space-sci.net/2/29/2011/ Hist. Geo Space Sci., 2, 29-37, 2011




34 C. Marx:

5.111.13-17 longitude
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Figure 4. Frequencies of the fractions of degree in Regions 5-8
(Q gray,Q/Z no fill).
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Frequencies of the fractions of degree in Regions 9
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from the global distribution. This can be explained by region-
ally different amounts of coordinates withterent precision.
Furthermore, larger relativefiierences between frequencies
appear, which should coincide according to Hypothe8)s (
however, this is anyhow to be expected due to smaller sam-
ples. The globally observed excess of d0es not occur in
every region.

Hypothesis §) was tested in the single regions again by
means of the described hypothesis tests, the significance
level was again + a=0.99. In the following %", “>
and “«<” stand for statistically significant fferences as well
as >" and “<" for insignificant but noticeable éierences.
The indexQ stands for the data s€, indexE for data set
Q/Z. If no index is used, the result holds for and Q/=.
The results in the several regions akrécension only in
Regions 1-7, since X ends in GH V.13):

=

. no significant diferences

N

. 450 10
- A HY < HG

w

. 445 15 35 05 1425 455
C @ HP > HZP, H2 # H HE, H2
. no significant diterences
. no significant diferences

A HB £ H® £ H? £ H%

@: HP> HZ, decay also if)/Z; H3°# H3 HZ HP,
congenerous flierences also i@ (explalnable Wlth 1)
since alsdH*° < H1®)
. AT H® < H% HY®# H2 % H35 £ HE®
. A: HE® < HX® (explainable with 1),
since alsdH;?> H2?)

®: H? < HY? (explainable with 1),
since alscH;?> HZ? andHZ> < HL®)

®: H? < HY? (explainable with 1),
since alscH o <HL andH > H2)

10. A: HY < HL® (not explainable with 1)),

®: HE® < HE® (not explainable with 1))

Inthe three Regions 1, 4 and 5 ardiras well as if2/= no
significant diferences concerning the Hypothe%$. ((No-
table is that these regions match the area of Europe except
for the southern and south-eastern regions of GH I1l.1-4 and
GH 111.13-17.) If there are significant fierences, they dif-
fer regionally in general. Only a few significantfidirences
exist, in no region all single test results contradict Hypothe-
sis 6). The frequencie$l™ which are responsible for sig-
nificant diferences are mostly obvious.
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4.2.2 About the differences between Q- and Z-recension 3. longitudes: 1 timesvip =10 and Mz = 30/, 12 times
_ ) ) Mg = 30 and Mz = 10, difference:—11, AH1°=-10,

In the histograms of the several regions largféedences AH30= 8, explainable with 10> 30’
AHM = Hg";’ —Hm (8) latitudes: 3 timesMg =10 and Mz = 30/, 13 times
= Mg = 30 and Mz = 10, difference: —=10, AH0 = —6,

occur partly between th@- and Z-recension. A possible AH®*0 =6, explainable with 10 30

explanation for a large fference is that a large amount of

equal transcription errors occurs in one of both recensions. 6. latitudes: 9 timedq = 10 andMz = 30, 3 timesMq, =
For example in the longitudes of Region 2 (GH 11.4-6) the 30 andMg = 10, difference; 6AH® =4, AH3°=-17,
differencesAH?° = 17 andAH® = —17 can be explained by thereof 6 explainable with 16> 30

a frequent error if):

. . . 10 lo _
2a) 50 — 20 erroneous transcription fromS83 +35 = 5 Egtimation of the proportions of the resolutions
Ly to20=3"=7".

. . o 10
But then there should exist about 17 locations with iR Iffor the coordinates of every resoluthlg R holds that

and 50in Z. That is not the case.

For further types of dferencesAH™ such explanations
are imaginable, which have to be investigated. In addition to
Error 2a) the following transcription errors were considered:

of coordinates with dferent resolutions can be estimated.
Deviations from the uniform distribution, which appear as
peculiar observationd™ in the histogram, can be weighted
down in the parameter estimation. The estimation also give
2b) 50' — 30': erroneous transcription from 58 % + % = the uncertainties (standard deviations) of the estimated po
Ly to30=4"=L, tions of the resolutions. Largeftiérences between frequen-
ciesH™ , which should be equal according to Hypothesjs (
2c) 55 — 25': erroneous transcription from 55 % + % + will result in larger uncertainties.
H=Lyp 025 =3+L=yp, In the following the frequency of coordinates with a reso-
lution & is namedH,,. An estimation of theH,, is carried out
2d) 10 &30 mix-up of 10 = §° = ¢’ (Stigma) and 30=  in two steps. At first th¢4[! are estimated from the observed

%° =L, frequenciedH™. Then theH, are simply summed up.
_ o, o For the estimation of thél a common paramete is
2e) 20' <30 mix-up of 20 =5 =" and 30=3 =L, introduced into the Equation syster®) for these unknown

Hg‘j which have according to Hypothesis) (the same ex-

2f) x0° xZ2200': erroneous transcription of a coordinate .
) y> P pected value. We obtain

valueXZ’ to XZ, whereby the fractio’ becomes the
degree valu€Z, with the possible values= 6,6 =4 and

05 _ &gm

v =3 for Z and the multiple of 1(X. (@) H™ = Hﬁ

For each of the Regions 1-7 d i (b) H® = HY

gions was determined for how many EY

locations the minute valuesftir in theQ- and=-recension © H¥ = Am

according to the possible Errors 2a) to 2f); in the case of Er- &

ror 2f) also the degree value had to be considered. As a result,(d) HSS = Hm

pairs of minute values occur according to Errors 2a) to 2f) in 1z
Q andg, but in general their number is much lower thanthe () H1©0 = {m 4H{
observed dference2\H™ betweer2 and=. Hence, the dif- 2 E
ferences in the frequencies of the minute values between (f) H® = HT 4+H?
12 6

und = mostly can not be explained by the Errors 2a) to 2f). (9)

Regarding dierences\H™ > 4, only differences concerning  (g) H® = HT +HT
the minute value® = 10 andM = 30 can be explained by 45 e .
a transcription error. The respective regions are: (h) H™ = HE +H;1n
1. latitudes: 3 timesMq =10 and Mz =30, 10 times (i) H?® = HT +HA7 +HT
Mq = 30 and Mz = 10, difference: -7, AH1°= -9, _ 40 et N
AH3° =10, thereof 7 explainable with 16> 30 () HT = HY +HY +HY
2. latitudes: 7 timesMq = 10 and Mz =30, 11 times (k) H®® = HT +HT +HT +HT
Mg = 30 and Mg = 10, difference; -4, AH° = -4, o et R o
AH30 =9, thereof 4 explainable with 16> 30 ) H® = HY +HT +HP +HT +HT+HT
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their minute values are uniformly distributed, the frequencies
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Figure 6. Estimated proportions of the several resolutions in
GH 1I-VII (Q gray, /= no fill).
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For the determination of the 6 unknovﬂ’g‘ 12 observations
H™ are given.l—]T, |:|r1n, |:|r1r1 andI:IT are overdetermined by Figure 7. Average resolutions of the Ptolemaic coordinates in Re-

i j). Si ions 1-10.
the Equation systen®é—). Since the observed valusgy o

are random variables, the Equation syst&m-{) are not sat-

isfied, so that th(T;q.uatlons have to be expanded by randogp,q reqyits. The estimation reveals clearly that the Ptolemaic
errors or residuals™: coordinates have fierent resolutions. According to the esti-
H™ v =T 4. (10) mation only relatively few longitudes with a resolutiongf

12

exist. The largest portions have the resolutignst” and3”,
Then, the estimation g™, A™ H™ and ™ is made with  followed by 1° and a small portion of the resolutiori.1in
an adjustment (least squares method). latitude slightly predominates the resolutigyi, followed by
Equations 9k) and @l) do not play a role in the overdeter- = . % .3 and3’. According to the estimation latitudes with
mination of the unknowns (they are the only two equationsa resolution of 1does not occur. Thus, in latitude exist more

with the two unknownﬁ’}“ andHT). From them follows coordinates with smaller resolutions than in longitude. This
2 1 is reasonable due to the departure of the longitudes and, at
AM— H30_@gm _[gm_@gm (11)  this point, does not mean that the latitudes are really more
2 L s 3 accurate.
and The frequencies of the coordinates wittfelient resolu-

tions were also estimated for the Regions 1-10. The visually

am  _ 1400 m am_gm_ gm_gm . X . .
H% H Hﬁ H% H% Hg H% detected outlierdd™ were taken into account again using
— HO0_ 30_m (12) lower weightsp = 0.5 in the adjustment. In order to summa-
3 rize the results here, for every region an average resolation

The wanted frequencidd, result according to Equation was calculated by means of

system 9) from the estimations for thel7". SiaiHa,
_ ,
a= (14)
Hi = 12HT, Hi = 6HT 2iHa
12 1 6 %
Hi = 4H™, Hy = 3HM (13) Sinf:e the resolutioraﬁw longitude is not_comearable for
4 a 3 3 regions of diferent latitudes, the resolutiorss were con-
H: = 2HT, H: = 1HT. verted into kilometre, where the average latitude of the re-
: 2 ' 1 gion was used approximately. Table 1 gives the calculated —

The adjustment also gives the estimations for the variance&ig. 7 shows them additionally in form of axes. Only fae
and covariances of tHégl Therefrom we get the variances recension is considered here, for teecension the results
of the H,, by means of a variance-propagation, i.e. informa- are similar.
tion about the uncertainty of the results. The longitudes are more imprecise than the latitudes in

Initially the whole location catalogue of the “Geography” every region, however, insignificant in Europe. Maybe that
was examined. The detected deviations from Hypoth&3is ( has to do with a scaling error in the Ptolemaic coordinates,
were taken into account; the obvious outliet® in the lon-  which difers in longitude and latitude and alsfiezts the
gitudes as well abi3> andH*? in the latitudes were weighted fractions of degree. A larger scaling error in the longitudes
down with the weight 0.5 (instead of 1.0). is explicable with Ptolemy’s overestimation of the dimension

Figure 6 shows the estimated proportions of the resolu-of the Ecumene.
tions. In the diagram also the estimated standard deviations The most precise coordinates are to be found in Greece,
are plotted. Their values are small enough for interpretingMacedonia and Italy, followed by the Iberian Peninsula. Less
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