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Abstract

In the 1970s, de L aine devel oped aroot-matching procedure for estimating unit hydrograph ordinates from estimates of the fast component of
the total runoff from multiple storms. Later, Turner produced a root selection method which required only data from one storm event and was
based on recognising a pattern typical of unit hydrograph roots. Both methods required direct runoff data, i.e. prior separation of the slow
response. This paper introduces afurther refinement, called root separation, which allows the estimation of both the unit hydrograph ordinates
and the effective precipitation from the full discharge hydrograph. It is based on recognising and separating the quicker component of the
response from the much slower components due to interflow and/or baseflow. The method analyses the z-transform roots of carefully selected
segments of the full hydrograph. The root patterns of these separate segments tend to be dominated by either the fast response or the slow
response. This paper shows how their respective time-scales can be distinguished with an accuracy sufficient for practical purposes. As an
illustration, theoretical equations are derived for a conceptual rainfall-runoff system with the input split between fast and slow reservoirsin
parallel. These are solved analytically to identify the reservoir constants and the input splitting parameter. The proposed method, called “root
separation”, avoids the subjective selection of rainfall roots in the Turner method as well as the subjective matching of roots in the original
de Laine method.

Keywords: unit hydrograph, identification methods, z-transform, polynomial roots, root separation, fast and slow response, Nash cascade

Introduction

Difficulties often arise in relation to the estimation of
effective precipitation for the purpose of flood prediction
using linear models. These include (@) the difficulties in
estimating areal precipitation accurately, (b) the uncertainties
in relation to the initial soil moisture conditions in the
catchment, (c) thereduction of total precipitation to effective
precipitation due to infiltration and groundwater recharge.
Errorsin the unit-hydrograph derived from past storms due
to such factors will affect the estimation of design floods or
the performance of real-timeflood forecasting systems. This
situation suggests an investigation of the usefulness of those
methods which have been developed to derive the unit-
hydrograph without referenceto rainfall data. Of particular
interest in this connection is the root selection method
(Turner et al., 1989)

This paper describes a theoretical study of this question
asan adjunct to astudy on the Dodder catchment. Numerical

experiments were carried out using synthetic data based on
simple arrangements of linear reservoirs to validate the
methods and the computer program used against the
corresponding analytical solution.

The unit-hydrograph approach

Inthispaper, direct runoff istakento mean thetotal discharge
at the catchment outlet minus the baseflow. The Unit-
Hydrograph (UH) of a catchment can be defined as the
hydrograph of direct runoff resulting from a fixed given
pattern and defined volume of effective rainfall occurring
over that catchment at a uniform rate during a unit period
of time. The classical assumptions inherent in the Unit-
Hydrograph method are given by Johnstone and Cross
(1949). In essence, unit-hydrograph theory makes the
mathematical assumptionsthat the systemislinear and also
time-invariant (Dooge, 1959).
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The relationship between the effective rainfall (input x)
and the direct runoff (output y) can be expressed by the
convolution integral:

y(t) = j h(t)x(z — )8t (1)
0

where, h(t) isthetransfer function characterising theimpulse
response of the system, also called the instantaneous unit
hydrograph. In practice, data are rarely analysed in
continuousform. A discrete formulation of the convolution
integral is (Dooge, 1973):

y(nT) = 3 h(KT) x((n - K)T) )

where, x(nT) is the volume of effective rainfall during the
interval t =nT to t=(n+1)T and y(nT) is the value of the
direct runoff sampled at time t = nT. h(.) represents the T
period unit hydrograph, i.e. the direct runoff due to unit
volume of effective rainfall during an initial interval of
duration T. This equation applies to isolated events. The
standard estimation problem is to determine the values of
the unit hydrograph ordinates, h, from measurements of the
input series, x, and the output series, y. Eagleson et al. (1966)
have shown that the convolution equation also relates the
auto-correlation of the effectiverainfall seriesand the cross-
correlation of the effective rainfall with the direct runoff
series.

If there are p output values, the discrete convolution
equation gives p simultaneous linear algebraic equations,
which can, for convenience, be written in matrix form as:

Xh=y 3

where:

e Xisapx nmatrix formed from theminput seriesvalues,

e Yyisavector containing the p output series values,

e hisavector representing the, asyet unknown, nvalues
of the pulse response.

The matrix X has a particular structure. The number of
columnsisawayslessthan the number of rowsand isoften
considerably less. Inideal conditions:

p=m+n-1 4
In practice, because of data errors and uncertainty, it may

be difficult to estimate the length of the unit hydrograph
series.
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The Root-matching method (De
Laine)

The root matching method, based on runoff data only, was
developed by de Laine (1970,1975). It is based on finding
the polynomial roots of the z-transform of the direct runoff
of anumber of isolated storms on a given catchment. The
z-transform, for any given discrete function, is defined as:

e -s
F(zY) = ZO‘ f(sT)z 5)

where F(z?) is the polynomial whose coefficients are the
corresponding ordinates of the original function f(sT).

For alinear time-invariant system, the z-transform of the
input X, the pulse response H and the output Y are connected

by:

Y(ZH=X(zYHH(Y (6)

where, X and H arerespectively of order p, mand n. Direct
derivation of the transfer function by dividing the
polynomials by the polynomia X(z%) is not satisfactory
because of the sensitivity of the result to errorsin the data.

Knowing that aset of p roots of ismade up of the mroots
of Y(z?) and the nroots of X(z?), de Laing(1970) suggested
that, by examination of the outputs of two or more storms
of differing characters, the common roots in the runoff
polynomial could beidentified as being independent of the
rainfall and hence attributable only to the transfer function
h(sT). For this method, a compromise must be found
regarding the frequency of sampling of the output. Indeed,
the greater the frequency of sampling, the better the
definition of the system. On the other hand, the more
sampling points there are available, the more difficult it is
to recognize pairs of roots. It is important to determine a
suitable frequency of the sampling for any given catchment.

Four disadvantages of the basic root-matching method
were identified by Turner et al. (1989). They can be
summarised as follows:

1. The values of the complex roots for any given storm
arevery sensitiveto the point of curtailment of the direct
runoff hydrograph since the number and hencethevalue
of the roots will vary with the duration of direct runoff
assumed. The effect of this is to make root matching
between two events very difficult.

2. Thevaluesof theroots are very sensitive to changesin
the polynomial coefficients values, and hence the



method isvery sensitiveto the quality of the runoff data.

3. The method of baseflow separation chosen can have a
significant effect on the values of the complex roots.
When the baseflow separation isinaccurate, the values
of the complex roots will contain errors.

4. Common rootsfor the transfer function polynomial s of
several events can be found only if the catchment
behaves as a perfect linear, time-invariant system. This
is a strong assumption.

Turner et al. (1989) tested the de Laine method for a
synthetic case based on assumed rainfall and runoff. The
unit-hydrograph was reconstructed from theroots not rel ated
to the input polynomial. Numerical experiments indicated
that a 10% error in the datawould result in an average error
of 7% in the unit hydrograph. That was a considerable
improvement on the explosive error level of 5000% found
when using polynomial division, but was still in excess of
what could be achieved by using classical methods such as
least-squares, orthogonal transforms or conceptual
models Dooge (1979).

The root selection method (Turner)

Turner (1982) applied de Laine's method to a number of
historical storm eventsfor his study of reservoir inflows on
the river Liffey. He plotted the resulting complex roots on
an Argand diagram and noted several features for the
different flood events:

e A definite relationship existed between the overall
shapes of theroot patternsfor this particular catchment.

o A specific skewed circular pattern of rootswas common
to virtually all flood hydrographs.

Thus the transfer function and the effective rainfall can be
identified, using only one flood event, by plotting the roots
of the output (direct runoff) polynomial and by considering
that:

e Theroots associated with the transfer function appear
either as points on a “skew circle” or as points on the
real axis. The remaining roots are associated with the
effective rainfall.

e By comparison with the de Laine method previously
described, the Turner method also allows the analysis
of longer flood events, since the pattern of the roots
associated with the transfer functionismorediscernible
on an Argand diagram.

To evaluate the significance of these observations,
experiments were carried out in which the observed root
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patterns were compared with the root patterns obtained for
conceptual models such as the Nash Cascade (Nash, 1958)
commonly used to represent to the unit-hydrograph.

For the case of asingle linear reservoir of delay time, K,
and asampling time, T, the roots describe acircle of radius
exp(T/K) centred on the origin. For the case of a Nash
cascade of n equal linear reservoirs, the root pattern of the
polynomial plotsasa‘skew circle’ andtherootsareregularly
spaced.

Figures 1 and 2 show the unit-hydrographs for both a
singlereservoir (K=5, n=1, N=20, T=1) and a Nash cascade
of reservoirs (K=1, n=5, N=20, T=1), together with their
associated roots plotted on Argand diagrams.

The analogous discrete cascade model suggested by
O’ Connor (1976, 1982) will not be described here, as the
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Fig. 1. Unit-hydrograph for a single reservoir and its associated
roots(K=5, n=1, N=20, T=1)
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Fig. 2. Unit-hydrograph for a Nash cascade of 5 reservoirs and the
associated roots(K=1, n=5, N=20, T=1)

continuous Nash cascade model is concentrated on in
developing a new approach as a variation on the Turner
method. The latter assumed that there is a system response
similitude between the natural catchment and the conceptual
model of a cascade of equal reservoirs.

On the basis of worked examples, Turner (1982) has
shown that the unit-hydrograph is largely or entirely made
up of the roots on the skew circle, as would be expected
considering the results for the conceptua models. When
dealing with the ‘skew circle’, the selection or not of
individual pairs of roots does not substantially alter the
overall shape of the unit-hydrograph.
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Analysis of a 2-component response

To improve on previous methods, the roots corresponding
to the rainfall are separated and the total response is then
split into a quick response and a slow response. The first
step in the proposed method isto assume that the quick and
slow responses can be represented by singlelinear reservoirs
with time constants, K, and K, respectively; these are then

estimated from the average radii of the root patterns.
The z-transform of the unit hydrograph for a single

reservoir is given by:
H(z )= [exp(T/K)—l

T

1

} exp(-T/k)z"

{1—[exp(—T/K)z'1]N}
1—exp(—T/K)z'1

(7)

For two reservoirs in parallel where a fraction, o, of the
flow goes through the fast reservoir with delay parameter
K, and the remaining (1-o)) part of the flow goes through
the slower reservoir with delay parameter K, (0< oo < 1and
K, > K)), the z-transform of the unit hydrograph is

H(z™) = aH,(z ) + Q-a)H (27} ®)

By substituting Egn. (7) twice into Egn. (8) with the
respective values of K, and K, in H,(z*") and H,(z*) the z-
transform of the combined system can be derived as the
ratio of two polynomials. Setting its numerator equal to zero,
theroot pattern for thetwo reservoirsin parallel isobtained.
Thus, the numerator of Eqgn. (8) may be written as:

S[H(z Y] = AfL-lexp(-T/K)z ' }+

(©)
Afl-[exp(-T/K)z '}
where:
A = alexp(T /K,) —1]exp(-T /K )z *
-exp(-T/K,)z ] (10)
and
A, = (1-0)|exp(T/K,) ~Lexp(-T /K )z *
[L-exp(-T/K)z™] (10)

Calculating the roots of the z-transform of the unit
hydrograph requires setting the numerator, Eqgn. (9), to zero
and solving the resulting equations. Here, this is done
numerically, using the method described by Jenkins and
Traub (1972), and examining the negative real root values
of z*. For the case of T=1, K =5, K,=20 and various values
of o from 0to 1, theresultsfor variousvaluesof Nin Table 1
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o Xx(t)

Fast Reservoir (K1 )
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(1-0)x()

Slow Reservoir (K5 )

Fig. 3. Simple two-component catchment model

Table 1. Absolute value of the real negative root for two single
reservoirsin parallel for different o. and timestep N (K, =5, K =20).

N ragl
a=0 a=0.25 0=0.5 a=0.75 «o=1.00
(K, only) (K, only)
2 1051 1142 1.183 1.206 1.221
4 1051 1.136 1.178 1.204 1.221
10 1051 1118 1.161 1.194 1.221
20 1051 1.095 1.132 1.170 1.221
40 1051 1.075 1.096 1.122 1.221
80 1051 1.063 1.076 1.102 1.221

show that the value of |z}| is larger for small values of N,
i.e. it decreasesas N increases. Figure 4 presentsthe Argand
diagramsfor the cases N=40, and ¢=(0 and 0.25) and Fig. 5
for 0=0.5 and N = (20 and 40). The latter shows that
increasing N adds more pointsto essentially the samecircle.

The problem addressed here is to estimate the values of
themodel parameters, K , K, and . from aseries of solutions
of the above type. This could be attempted using ageneral-
purpose optimisation algorithm to estimate values for the
three parameters simultaneously. However, very often in
such cases a large number of combinations of parameter
values give similar model outputs, which may cause
problems for automatic parameter estimation algorithms.
The method described here concentrates on identifying
physically realistic valuesfor each of the parametersinturn.
It is easier to estimate the value of the slow reservoir
parameter, K, thanthefast, K, because the slow component
dominates a greater length of the total runoff hydrograph
than the fast. Accordingly, the first step in estimating the
system parameters should be to estimate the slow
component. It can then be separated from the total
hydrograph and the parameter of the quick response can be
estimated from the residual hydrograph of shorter duration.

2 single reservoirs in parallel, alpha=0, N=40

==

R 2 B2

+* *
*
> =

2 single reservoirs in parallel, alpha=0.25, N=40

=

Fig. 4. Roots for two single reservoirsin parallel (K =5, K,=20,
N=40, ¢=0,0.25)
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Fig. 5. Roots for two single reservoirsin parallel (, , N=20,40,
a=0.5)

Estimation of the slow reservoir
parameter

An estimate of K., denoted K, , can be calculated by using a

high value of N. As before, the numerator of Eqgn. (8) can
be set to zero, i.e.
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3HE]=0 (1)

Substituting Egn. (9) and rearranging gives
[Ap(-NT/K) + A exp(-NT/K,) J(z )" = A+ A, (11')

For high values of N, since K >K, , exp(=NT/K,) will
become negligible compared with exp(—NT /K, ) and this
will morethan compensate for thefact that A >A,. For values
of N of the order of 100 and higher thefirst term in brackets
on the left hand side can be neglected and the equation
rewritten as:

Aexp(-NT /K )(z )" = A + A, (12)

or in the form:
R Ea " (T/K.) (13)
z T =|1+—2| ex
( Az] p 2

If N is sufficiently large, z* converges to exp(T/K,) and
thus gives an estimate of the parameter K,. Unfortunately,
the values of N estimated for typical cases can bein excess
of 100 and rounding error can become significant when
estimating the polynomial roots using standard precision
arithmetic.

Since, in practice, it isnot feasible to solve an equation of
order 1000, an approximation could be obtained for N=10
and N=100. Taking N N, = —N,, whichfor values

1000 ' Y100 T ' V100

of T=1, K, =5, K,=20 and :=0.5 would give the upper bound
of K= 237, and a solution sought between K, = 15.2 and

K, = 23.7. The average of these estimates is K, = 19.45.

Estimation of the fast reservoir
parameter, K,

To estimate the parameter of the fast reservoir, the beginning

of the hydrograph is addressed. For the simplest case, taking

thefirst two ordinatesonly, i.e. N=2, there aretwo real roots

and the negative one can be shown to be a close

approximation to the root for the fast reservoir in isolation.
For N=2, Egn. (8) becomes:

exp(T/K)-1

H(z‘l):(x[ T }exp(—T/Kl)z‘1[1+exp(—T/Kl)z‘1]

(14)
+ (1—a)[%}exp(—T/ K,)z- L+ exp(-T /K, z-1]

or
H(z™Y) = Bl+exp(-T/K)z ] + B,l+exp(-T/K,)z "]
(15)



where:
B

1

= a[eXp(T{l_Kl)_l} exp(-T/K)z*

B, = (1-a) [exp(l’ /TKZ) — 1} exp(-T/K,)z? (16)

Setting H(z%) to zero and solving for the roots gives
-1 Bl + BZ

 B,exp(-T/K,) + B,exp(-T/K,)

1+ B// (17)
B
=- : exp(T/K))

1+ (B;/Bl)exp(rl K,-T/K,)
For example, for T=1 and K,=5, B,= 0.051:¢
For T=1and K,=20, B, = 0.221 o
a=0.5
exp(T /K1 - T/Kz2)=1.162
2= (L28Y Jexp(T/K,) = 1.186

which indicates an equivalent value of K, noted Ky 8
exp(T / Ky,) =1.186, whence K_=5.9, which is the

estimate of K, denoted Rl .

Estimation of the splitting parameter Ol

If an estimate of the lag between input and output, U, ", is
available from a comparison of measured rainfall with
discharge dataor from someempirical formula, e.g. interms
of the catchment characteristics, then:

o K +(1-o)K, = U, (18)
S0 that:
RZ'Ull
=" .

In the above example, U, =0.5(K,+K,)=12.5 .
Accordingly, the use of the estimate

N . . 19.5-125

K;=5.9 and K;=19.5 would give: a="1¢9 £ ¢ g =0.51
whichis close to the value of 0=0.50 used in the simulated
data.

Refinement of the initial estimates

When preliminary estimates of the rainfall pattern and of
values of K, and K, have been made, these can beimproved
by aniterative approach. Thisisana ogousto the application
of iteration by Collins(1939) to unit hydrograph derivation
and by Duband et al. (1993) to the enhancement of the fast
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component of the total response.

When the total response has been divided into the quick
response and the slow response, each can be examined to
see if the representation can be improved by relaxing the
assumption of n=1. For a single reservoir (n=1), the root
pattern is a single circle and the value of the negative real
root is z* = —exp(T/K). For integer values of n>1, thereisa
root at the origin. Where such a root occurs, the best
assumption based on experience would be to take n=2. For
n=3, there will be three roots 0, +1 and —1/2 so that
71=-1/2:exp(T/K).

Enhancement of the slow response

The relative contribution of the quicker component can be
enhanced by forward differencing the outflow hydrograph
and then analysing the resulting time-series. However, this
tendsto enhance any errorsin the data at the expense of the
underlying information. In contrast, auto-correl ation, which
enhancesthe slow component, reducesthe effect of any data
errors by smoothing the total response.

The K, component in the catchment response can be
amplified and the effect of measurement noise greatly
reduced by using the autocorrelation p(t) of the output y(t)
as the subject of analysis,

p(D) = [y yt+r)dr (20)

where, T is a time displacement parameter. In the present
case, the output is the unit-hydrograph h(t):

y(t) = h(t) = aaexp(-at) + (1-o) b exp(-bt) (21)
where, a=T/K_ and b=T/K,. Then:
p(t) = {0‘2 + a(l_a)b}aexp(—af) + (22)

2 a+b

a(l-aa (1-oaf
a+b 2

}bexp(—br)

For the example of «=0.5, a:=T/K =0.2 and b=T/K =0.025,
this gives:

1|1 b
PV _4{2+a+b

L { a +1}bexp(—br)

}aexp(—ar) +
(23)

4|la+b 2

which, compared with Egn. (21), increases the weighting
of b exp(-bt) from 0.5 to 0.65 or ailmost to 2: 1.

A further autocorrelation would produce a weighting of
0.82 which would further increase the estimate of K, to 18,
compared to the ‘true’ value of 20.
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Application to flash floods

In applying the approach to actual floods, advantage can be
taken of the fact that the changes in the state of the system
dueto therainfall, the surface processes and the subsurface
processes are each dominant in different parts of the
hydrograph. Figure 6 showsthe hydrograph, sampled at half
hourly time steps, for a flash flood on 3 July 1992 in the
upper River Dodder (113 km?) which flows through
urbanised areas of Dublin, Ireland. A rainstorm which
averaged 15 mm over the catchment, produced a peak flow
of 14 m® s*. Figure 7 showsthe corresponding root pattern.
Selection of the six inner roots as rainfall roots and their
inversion to the origina time domain gives the estimated
rainfall pattern of Fig. 8. The root pattern of Fig. 7 can be
separated out as follows. If the rising hydrograph is taken
for ordinates 1 to 6 only, the pattern of Fig. 9 is obtained
which approximatesto, but is not exactly equal to, theinner
roots shown for the total response, Fig. 7. The remainder of
the hydrograph can be split into two distinct parts—an initial
steep recession followed by amuch slower one. The segment
of thetotal hydrograph from ordinates 8 to 14 givesthefive
roots shown on Fig. 10, which lie closeto acircle of radius
1.2458 equivalent to K /T approximately equal to 4; this,
because of the half hour data time step, indicates a single
reservoir of lag time K, = 2 hours as agood approximation.
The later part of the hydrograph, from ordinates 22 to 85
givesriseto theroot pattern shown in Fig. 11 whichisvery
close to a circle of radius 1.0135 equivalent to K/T
approximately equal to 74, indicating a single reservoir of
37 hours lag time as an excellent approximation. Further
refinement is unnecessary. The model of two single
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Fig. 6. Hydrograph for the river Dodder flood
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reservoirs can be adopted or the root patterns shownin Figs.
10 and 11 can be inverted to the time domain.

Conclusion

This study has developed a reliable method of unit-
hydrograph derivation for flood forecasting from eventsfor
which the estimates of effectiverainfall are either unreliable
or non-existent. Such a method depends on the extraction
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Fig. 10. Roots for ordinates 8 to 14
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Fig. 11. Roots for ordinates 22 to 85

of an estimated unit-hydrograph solely from the data for
catchment runoff.

For the case of sampling interval T=1 and a linear
reservoir, with a lag time of K, analysis indicates a
z-transform root pattern on the Argand diagram of a perfect
circle with aradius of exp(T/K). For the case of two linear
reservoirs (K, and K,) in parallel with aproportion o of the
total flow through the fast response reservoir K, numerical
experiments were conducted for various parameter values.
For the values of o, other than O or 1, the root pattern no
longer forms a perfect circle.

In the case of parallel response functions, the slower
response signal can be enhanced by taking the
autocorrelation function of the output data. For the synthetic
example shown, with o=0.5, asingle use of autocorrelation
increasesthe proportion of flow through the slower response
from 50% to 65%. A second autocorrelation would increase
the proportion further from 65% to 82%. The use of
autocorrelation on real data should smooth out the effect of
data errors.

The experience of these numerical experiments on
synthetic data was then applied to a single storm event on
the Dodder catchment. The z-transform root pattern was
shown for this data set and its slow and fast components
wereidentified. Thework described above representsanew
step in the development of the root-matching—root selection
approaches, due to de Laine and Turner respectively. To
distinguish the method described here from the previous
versions of this general approach, it is described as the
‘root separation method'.
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Earlier inthe paper, thefour disadvantages of theorigina
root-matching method of de Laine (1970) as described by
Turner et al. (1989) were quoted. The first two
disadvantages are overcome by the root selection method
(Turner 1982, 1989) since the shift in the actual values of
the polynomial does not affect the overall pattern. A
difficulty remainsin the case of uniform effectiverainfall
or an extremely U-shaped distribution of rainfall, both of
which giveriseto acircular pattern of rainfall rootswhich
may not be readily separated from the response rootsfor a
singlereservoir. Thethird disadvantage, effects of choice
of method of base flow separation, is overcome by
separating the root pattern of the total response into its
component parts. In the example given, the reduction of
total rainfall to effectiverainfall isonthe basis of asingle
coefficient. This can be extended to other forms of
separation, but this question is not addressed here. In
regard to the fourth disadvantage, the assumption of
linearity, thereisthe possibility of extending the approach
to the case of non-linearity (Dooge, 1967) but thisalsois
outside the scope of the present paper.
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Appendix: List of symbols and notations

Unit-hydrograph theory

X(1),y(1),h(t)
X(ST),y(sT),h(sT)
X(p;n)

x(m)

y(p)

h(n)

(n)

m

p

Root Methods
T,sT
t

KKK, K
a

n

X(),y(0).h(t)
X(ST),y(sT),h(sT)
N

F(zY)
X(z").Y(z").H(z")
U

1

G

continuous input, output and transfer functions
discrete input, output and transfer functions
matrix of input made of the effective rainfall
input vector, i.e. the effective rainfall

output vector, i.e. the direct runoff

transfer function vector

estimate of h(n)

length of the input time series

length of the output time series

discrete timestep, discrete time variable
continuous time variable

reservoir parameters (K denotes the estimate of K)

parameter for the splitting of input into a system of reservoirsin parallel
number of reservoirsin series

continuous input, output and transfer functions

discrete input, output and transfer functions

length of a unit hydrograph or number of ordinates in a hydrograph time-series
selected to derive the z-transform

z-transform of the discrete function f(st)

z-transforms of the input, output and transfer functions

lag between input and ouptut

autocorrelation function for lag t

the numerator of the z-transform,
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