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Abstract

An electrical circuit analogue of a river catchment is described from which is derived an hydrological model of river flow called
the River Electrical Water Analogue Research and Development (REWARD) model. The model is based upon an analytic solu-
tion to the equation governing the flow of electricity in an inductance-capacitance-resistance (LCR) circuit. An interpretation of
L, C and R in terms of catchment parameters and physical processes is proposed, and tested for the River Irwell catchment in
northwest England. Hydrograph characteristics evaluated using the model are compared with observed hydrographs, confirming
that the modelling approach does provide a reliable framework within which to investigate the impact of variations in model

input data.

Introduction

Many successful flood forecasting schemes are based on
stochastic approaches which sometimes neglect available
information about the physical characteristics of river
basins. Deterministic modelling, however, is still not being
reliably implemented. In either approach knowledge of
basin morphology is difficult to include in operational
schemes without significantly increasing the need for addi-
tional physical information and calibration.

It is clear that deterministic approaches to flow fore-
casting can benefit from detailed topographic descriptions
of river basins such as Digital Elevation Models (DEM),
and from spatially detailed real-time measurements of
rainfall as provided by weather radar systems. However,
use of these data can be daunting, and some research has
adopted simplifying assumptions to reduce the data
requirements. For example, Beven and Kirby (1979) intro-
duced the concept of variable saturated areas using a topo-
graphic wetness index to define the surface saturated area
dynamically. Nevertheless, these conceptual models still
require the use of extensive records of historic events to
obtain an adequate calibration (Hornberger ez al., 1985),
and problems still remain in using multi-parameter opti-
misation or Monte Carlo simulation methods (see for
example Freer et al, 1996).

Garrote and Bras (1995) and others have recognised that
if physically meaningful parameters are chosen in model
formulation, then calibration requirements may be
reduced. Likewise, Refsgaard (1997) emphasised the
importance of a rigorous and purposeful parameterisation
in order to get as few model parameters as possible. Beven
(1996) goes further suggesting that the future development
of distributed models lies more in developing sub-grid
scale parametrisations based directly on large scale mea-
surements rather than on the improvements of the aggre-
gation of small scale theory and parameter values. This
suggests that the minimal model to describe the distrib-
uted response of a river basin would be simpler than
today’s distributed models.

The approach to modelling described in this paper is
consistent with this view point in that processes are para-
metrised and linked via a larger scale physical system. In
the work to be described the physical system represents
the whole basin, and therefore the model adopts a lumped
approach, although implementation for individual grid
squares can be envisaged.

The aim of the work has been to investigate the possi-
bility of representing the whole of a river basin as an elec-
trical circuit analogue and hence to develop a truly
analytical solution to modelling river flow. The extent to
which this is achieved will be discussed.
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Conceptualisation of a river
catchment as an electrical circuit

The identification of the analogue between water and elec-
tricity is not new. The representation of the flow of water
in pipes in terms of an electrical circuit has been described
many years ago (see for example Webber, 1971). So to has
the analogy between Ohms Law and Darcy’s Law for
describing the movement of groundwater found a place in
standard hydrological textbooks (see for example Shaw,
1994). This analogy has also been used to model crop
energy partition and the interaction of the lowest layers of
the atmosphere and vegetation with the substrate, usually
the soil (see Shuttleworth and Wallace, 1985; Shuttleworth
and Gurney, 1990). However, attempts to use this
approach to represent river flow do not appear to have
been described.

This may be due to the difficulty of associating basin
processes with the parameters and responses of an electri-
cal circuit, but it may also be due to the success of the Unit
Hydrograph and transfer function approaches to model-
ling. Unfortunately these approaches mask the physics of
catchment processes, and consequently more comprehen-
sive, although not necessarily more successful, physics-
based distributed models have been developed.
Distributed models provide a physical framework within
which to investigate the impact of, and the sensitivity to,
changes in data inputs and catchment characteristics.
Unfortunately these impacts are complex, and depend very
much upon the ways in which physical processes are rep-
resented, much as the performance of atmospheric models
depends upon the parameterisations they employ. As men-
tioned in the previous section there is some disquiet about
the ability of current approaches used to formulate such
models.

The present work is an attempt to develop an approach
to understanding catchment dynamics which would be
easy to use quantitatively, verifiable and yet retain the
essential physics of catchment processes. A simple analyt-
ical model based upon the concept of a inductance-capac-
itance-resistance alternating current electrical circuit has
been developed. However, this has involved making some
intuitive assumptions, the validity of which will be con-
sidered further. The aim is not to provide an operational
flow forecasting model, but rather to provide a framework
within which to investigate the impact of changes in model
parameters and input data. This approach is somewhat
similar to that adopted by Milly and Eagleson (1988),
although the analogy and formulation are quite different.

An electrical circuit analogy
catchment model
Hydrological models have been regarded for many years as

low-pass filters in that the fluctuations in the river hydro-
graph are smaller than the temporal fluctuations in the
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rainfall input. A resistance (R)—inductance (L) electrical

* circuit is a low-pass filter when an ac voltage is applied in

series with the resistance and inductance. A resistance-
capacitance (C) circuit is a high-pass filter when the out-
put voltage is measured across the resistance as for the
resistance-inductance circuit.

In ac circuits the reactance of capacitors and inductors
can be treated much like the resistance of resistors. Hence
1/®wC, the capacitance reactance, and ®L, the inductive
reactance, where  is the frequency of the ac voltage, both
determine the magnitude of the current flowing through
the circuit.

By analogy, we may regard the current as the river flow;
the ac voltage as being related to the rainfall volume; resis-
tance as relating the time it takes for water to pass through
the vegetation and along the surface taken as a function of
the soil moisture deficit, surface roughness and the soil and
the hillslope velocity; capacitance as the water storage and
release as evapotranspiration represented by the aerody-
namic resistance of the vegetation canopy; and the induc-
tance, a measure of the electric motive force (emf) induced
in the circuit as the current changes dependent upon the
circuit geometry, as the ratio of the cross-sectional area of
the river divided by the velocity of travel down the catch-
ment of the peak flow after rain. Figure 1 shows the
processes and the schematic circuit associated with a river
basin.
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Fig. 1. Schematic representation of river basin processes as an elec-
trical circuit.

Analytical evaluation of river flow
FORMULATION

To investigate the impact of changes in frequency of rain-
fall input, we may use Kirchhoff’s emf Law (see for exam-
ple Reitz and Milford, 1962):

¢ al
v(f)=R+—=+L— 1
®) cti M
where v is the input voltage (rainfall volume rate time
series):
I is the current (river flow);
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C, R and L are as before;

¢ is the rate of charge of the capacitor taken as the time
taken to evaporate the amount of water intercepted by sur-
face vegetation during rainfall.

We may reformulate (1) using dimensional considera-
tions,

_ c| A dgt) 1
r(t) = [R+ C]‘T, + L. X 2)
where
A = cross-sectional area of the river at the bottom of
basin
X = mean distance to the nearest water course

r,(t) = rate of rainfall multiplied by the stream area i.e.
the rain volume falling on the average catchment
area of each individual stream. In what follows we
will test the model on the River Irwell basin in
North West England. For this river the individual
stream area catchment is 1 km?

4(t) = river flow (cumecs)

T, time of concentration of river

Equation (2) may be solved by assuming that the circuit is
suddenly connected to a constant emf, in our case 7(z).
The transient response of the circuit takes the form of an
exponentially decaying sine wave. Such a response is sim-
ilar to that reproduced by transfer function flow forecast-
ing models. However, rainfall events are generally not
suddenly switched on or off. They are more realistically
represented as providing a sinusoidal excitation which car-
ries on for a period of time. Hence, we will assume that r,
() takes the following form,

() = 7, Sin ©OF 3)

This is a reasonable assumption given the real rainfall time
series shown in Fig. 2. Hence substituting (3) in (2) and
rearranging the equation then,

L dq

E.E=rmsina)t—Ble )
where B=(R+¢/C)
E=A/T,

Integrating (4) with respect to #, assuming that @ is nor a
function of ¢ i.e. the application of a rainfall time series
having constant frequency gives

£.q=—-rﬂcoswt=Blet+K )]
X w
where K is a constant L ,
= = 1 K="¢g +2
when t = 0, ¢ = ¢;, the river baseflow and X 4 p
X k.
Therefore ¢ = er—a) (1 - cos wr) - T+q, 6)

Now @ = 2xn/ Ty where T is the period of the input rain-
fall time series, therefore,

g =2Xh {1 - cos[Zn‘ Tiﬂ _BEX L h O

27l : L

This is the basic equation of the REWARD (River
Electrical Water Analogue Research and Development)
model.

Parameter definition
We define the C, L and R values as follows:
C=r, 8)

where 7, is the vegetation aerodynamic resistance as dis-
cussed by Shuttleworth and Gurney (1990) and others. A
typical value for an upland grassed area such as the West
Pennine Moors of the upper Irwell basin in North West
England (see later) is 10?2 s m™!.

_ cross - sectional area of river
velocity of travel flood peak

€))

Taking the River Irwell in North West England as an
example and considering a lumped approach, the cross-
sectional area of the river is taken at the bottom of the
catchment (Adelphi Weir, Salford) as about 100 m2, The
velocity of travel of the flood peak is taken as approxi-
mately the length of the lower part of the river (20 km)
divided by the time of concentration of this part of the
river (around 6 hours), namely 1 m s-1. Hence L is 10? ms.

The resistance (R) is taken as the characteristic length
scale over which a downward pressure force acts. When
the ground is saturated rain travels through the vegetation
canopy and then moves horizontally along the ground sur-
face. However, when evaporation has dried out the upper
layers of the soil rainwater must move downwards through
the soil to the water table, the height of which it then
modifies.

Both the definition of R and ¢ require more detailed
consideration. We relate R to the infiltration of water
through the Earth’s surface and ¢ to the evaporation of
water from the surface. The infiltration process is compli-
cated involving micropores and macropores (see for exam-
ple Bevan and Germann, 1982, Bronstert and Plate, 1997).
The treatment below represents a very simplified view. We
deal first with ¢.

The interception of rainfall by vegetation and its subse-
quent evaporation or drainage through the canopy has
been extensively studied (see for example Calder, 1990).
The transport of water vapour between the surface and the
atmosphere may be estimated using eddy diffusion theory.
Hence the flux of water vapour, F,, is given by

F, =-pK, %gm‘zs“ (10)
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where p, = air density; K, = eddy diffusion coefficient for
water vapour; 7 = specific humidity (approximately the
mixing ratio). The vertical gradient of 7 is taken here over
the atmospheric boundary layer roughness length, zg (see
later).

The amount of water available for evaporation, W, is
found from,

W = pps gm2 (11)

where p, = density of water; and s = storage capacity of
the canopy. Hence,

w - _ p,,,SZO

12
E, p.K,or 12

Taking, 20 = 3.9 cm (see later); p, = 1.g cm=3; p, = 1073
g cm3; K,=10° cm? 571, s = lmm (Calder, 1990 for grass);
and 67 = 0.1g kg! then ¢ = 3.9 sec. In practice the value
of ¢ will depend upon surface temperature and wind speed
as K, and z¢ will depend on these parameters.

The Distributed Basin Simulator (DBSIM) model
developed by Garrote and Bras (1995) assumes that the
distributed instantaneous response function of the basin to
rainfall is a Dirac delta function with a delay equal to the
time of travel from the location of an individual grid ele-
ment to the outlet of the basin. The travel path for a typ-
ical hillslope element consists of a hillslope fraction,
corresponding to overland flow or diffuse flow in small
gullies, and a stream fraction corresponding to concen-
trated channelled flow. The hillslope velocity is v;(#) and
vi(?) is the stream velocity at time 7.

Hillslope and stream velocities vary with location, and
must be strongly correlated with slope. Therefore a spatial
distribution of velocities and hence travel times could be
obtained. However, Garrote and Bras (1995) felt that, in
the absence of a sound basis to estimate the spatial distri-
bution of velocities, it is appropriate to choose mean veloc-
ity values. This is the approach adopted in what follows
here. Nevertheless, in general it is necessary to account for
some non-linearities in the basin response because travel
times are a function of the amount of water present in the
basin. Following Garrote and Bras, mean values of hills-
lope and stream velocities are allowed to vary during a
rainfall event and are related as follows,

V(1)

v, (1) = Sy

(13)
where SV is the ratio of the stream velocity to hillslope
velocity and values of 10-15 have been found to perform
well in almost every case.

If the basin response is clearly non-linear then (see for
example Pilgrim, 1977),

a0

Where ¢,(z) is the discharge at the basin outlet at time #; a
is a calibration parameter that controls the degree of non-
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v, (1) = cc (14)

linearity in the basin; and cc is a calibration coefficient
specific to the basin. The best fit values derived for the 840
km? Arno basin in Italy were found by Garrote and Bras
(1995) to be SV = 12.75, ¢c¢c = 0.408 km h™! and 4 = 0.
Hence vy(#) = 0.408 km h™! (0.1 m sec™!) and v; = 5.3 km
h™! (1.3 m sec!). However, preliminary studies in the
Irwell basin suggest that a is more likely to be around 0.25
for this basin. Following the lumped approach, and taking
the once in five year flood for the River Irwell as about 256
cumecs, then from (13) v, = 1.6 km h! (0.4 m sec!) and
v;=21.2 km h™! (5.2 m sec™).

Take F as the electrical force due to the movement of
electrons, having charge —e, along a conductor of length /
(see for example Reitz and Milford, 1962) then,

F = e. (potential gradient) (15)
Taking E = total emf then,
F=¢§ (16)
Using Ohm’s Law,
F=§LR (17)

Now assume that F is equivalent to the force causing
water to move downwards through vegetation and the soil
to the water table (Fig. 1). This force is the rate of trans-
fer across the Earth’s surface of momentum along it, 7, the
stress arising from the velocity gradient between the move-
ment of water over the surface and the movement of water
along the water table.' We will assume that this gradient v
() = (v + v,) since the velocity along the water table is
usually very much smaller than the surface velocities. The
length of the conductor, /, is taken as Zy + SMD, where
Zy = roughness length of the surface (m) = 0.13hy ; 4, =
vegetation height (m) (after Choudhury and Monteith,
1988); and SMD = soil moisture deficit (m).

This analogue assumes that there is continuity of veloc-
ity between the surface and the water table. For areas of a
catchment which include water surfaces, impermeable
areas, saturated land and areas that saturate rapidly, all
water falling produces surface runoff. In such cases this
assumption is valid. For other areas where and when the
precipitation rate exceeds the infiltration capacity of previ-
ously unsaturated soil, the excess is available for the pro-
duction of overland flow. The overland flow may be
accelerated by topographically induced accumulation of
lateral moisture flow. Clearly there is no overland flow
where there is very little or no rainfall.

The quick transmission of soil water downslope occurs
when the macropore system (assumed to be to the depth
of tillage or the root zone) has a sufficient degree of con-
nectivity, and when there is significant infiltration into the
macropore system due to infiltration excess of the soil
matrix at the surface.

As rain water moves down into the soil, the soil water



Modeliing a river catchment using an electrical circuit analogue

content decreases, sometimes quite rapidly for high soil
conductivities. This decrease, capillary action in the
micropore system and the connectivity of the macropore
system, is assumed to provide the continuity of velocity
between the surface and the water table. This assumption
is taken as valid in significant rainfall situations, but it is
conceded that it is unlikely to be valid for groundwater
dynamics during periods of little or no rain.

The value of 7 is derived assuming that it has the same
form as the stress between the atmosphere and the Earth’s
surface (see for example Scorer, 1997) namely,

T=Kgl av 2 (18)
iz

where { = density of water and K is a constant similar to
Von Karman’s constant. In the atmosphere K is equal to
about 0.4. In this case we take K = Zy/l. Therefore, tak-
ing the force causing the water to move downwards as the
square root of this stress then,

F =+t = [Ke () (19)

Hence, equating (17) and (19) we have,

%I.R. = \/% vy +v) (20)

Therefore,
R=(v, + v,).—VZ;g Al @1
€

We assume now that the electron charge multiplied by
the current is related to the velocity of the water moving
downwards into the soil as a consequence of the hydrosta-
tic pressure, p, over the height, Zy(dp/ Zy) = —{.g; (see for
example Scorer, 1997). The square root of this pressure is
taken as the momentum (mass multiplied by the down-
wards velocity) of the water. Hence,

el = \Jcg.Z, 22)

where g = acceration due to gravity (m sec™2).

Substitution of (22) in (21) gives

R=(v, +V). Zy + SMD 23)
g

The resistence R is the characteristic distance over which
the additional (to gravity) downwards pressure force, pro-
duced by flow over the Earth’s surface, acts. This formu-
lation says nothing about how the water actually flows
downwards, and is therefore not at variance to the double
porous (micropore and macropore) model of infiltration
discussed by Bronstert and Plate (1997) and others.
Taking the typical values of v, and v, as above for the
Irwell basin as a whole, 4, = 0.3 m and SMD = 0.3 m then

R = 1.3 m. For a paved drainage basin then SAMD =10 and
2 is redefined in terms of the roughness of the paved area.

We may consider the implications of this approach for
the actual depth of water flowing overland. Consider that
flow takes place in adjacent ‘pathways’ each having cross-
sectional area of Zp X 1m?, then the hillslope flow is
q = vy X Zy cumecs. The depth of water may be derived
from ¢ using a discharge—stage relationship (rating curve)
and for example with v; = 0.4 m sec! (see eqn. 14) and
Zp = 3.9 cm, then the flow is 0.015 cumecs, and the equiv-
alent depth of water is 0.4 cm. As Zj gets larger, then the
depth of flow increases, for example for Zy = lm (trees),
then ¢4 = 0.4 cumecs equivalent to a flow depth of 2.6 cm,
which ignores any interception by trees (Calder, 1990).

This approach has some similarities to that described by
Bevan (1997) and others in which ¢ = r.da where r =
steady input rate to the saturated zone and 4z is the unit
area of the sloping land. However, it should be regarded
as a ‘parameterisation’ of flow overland to small tributary
streams. It does seem to give reasonable values, although
further testing needs to be undertaken to assess the valid-
ity of the approach.

Resonance

For RLC circuits the current is very small at low fre-
quencies (0—0) because the capacitance reactance is great.
Similarly, the current is small at high frequencies (@ >0)
because the inductance reactance becomes large. Between
these two extremes, the current is a maximum when
1
owL-—=0 (24)
oC
At this frequency the circuit is said to be in resonance
and the peak current is given by Ohm’s Law

I, =— 25)

where V is the voltage applied to the circuit.
The resonant frequency is
2 1
Wy =27y = - = —— (26)
I, LC
The ratio of inductive reactance to resistance is called
the quality factor, or, more usually, the Q of the circuit.
Expressions for the current, I are,

V 1

I=—. 27)
R \/l +(wL/ R*(1 -1/ @*LC)

Hence,
: B

I 2 @ )y
— =1+ —_——
I [ -Qn( o ) } (28)

where Qp is the value of Q at resonance
13
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Fig. 2. Plots of fine resolution rainfall (raingauge) data taken from
sites in the south-west of England.

The plots show intense short-duration rain (convective cells) embed-
ded within lighter long-duration rain (stratiform cells) (from
Cowpertwait et al, 1997).

w,L
R
The Q of the river basin is taken as relating to the shape

of the river hydrograph. High Q indicates a peaky hydro-
graph. Combining (19) and (22) gives,

Q= 29)

L1

Q= 5% (30)
Plotting the current I, corresponding to the river flow,
as a function of the frequency of the emf (rainfall time
series), curves of the form shown in Fig. 3 may be derived.
All the curves shown are based on the same values of L
and C, but the resistance varies from curve to curve. The
curves are sharper for small rather than large values of the
resistance. As the driving frequency is varied, not only the

Fig. 3. Resonance curves for a series R—L—C circuit.

14

magnitude, but also the phase, of the current (flow) varies.
Below resonance, the phase of the current (flow) is posi-
tive and it leads the voltage (rainfall). Above resonance, the
opposite is true, and the current (flow) lags the voltage
(rainfall).

For the Irwell Basin, using the values of L, C and R
given in the previous section, the Q is about 0.8, ay = 102
sec™! and T about ten minutes. This is the period (fre-
quency) of the input rainfall time series which will pro-
duce the maximum river flow from each unit of rainfall
throughout the event. Periods (frequencies) other than this
value will reduce the peak flow from the maximum possi-
ble from the amount of rain falling on the basin area as
shown in Figure 4.

A
1.0 [
-
Im
0.5 Q@
Q,
0 1 1 »
0.5 1.0 15 0/W,

Fig. 4. Shape of the flow/ peak flow (1/1,,) function as a function
of @/ ax.

Applications to the River Irwell
basin

The River Irwell is a tributary of the River Mersey in
north west England (Fig. 5). Using (7) and the parameter
values discussed previously we may evaluate the river flow
resulting from specific rainfall input. Hence taking: Tp =
20 minutes; A = 100 m?; X = 100 m (the mean number of
stream junctions recorded on a 1 : 25000 map in the upper
Irwell basin is approximately 1 per km2, and therefore this
value of X is not unreasonable); L = 10> m sec; B = R +
¢/C =1m; T, = 6 hours; £ = 5.103 m? sec! and r, =
Immh-! x 1 km?, the maximum rain volume. The value of
7m 1S equivalent to a storm rainfall of 40 mm in
4 hours over 10 km?. The river flow time series obtained
is shown in Fig. 6 which has a peak flow of 64 cumecs
above the base flow.

In deriving (7) the rainfall was assumed to provide a
sinusoidal excitation of constant amplitude to the ‘circuit’,
which carried on for a period of time. This assumption is
a reasonable first order approximation for a rainfall time
series. However, in reality, the ‘circuit’ is subjected to a
series of impulses (IMP) of variable amplitude as shown in
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@ Environment

Agency raln gauges

Fig. 5. River Irwell basin in north west England. The dashed line
shows the size of a typical subcatchment

Fig. 2. These impulses may have different time dependent
frequencies. Unfortunately (7) is not amenable to analyti-
cal solution when @ = «(?).

However, the resultant river flow may be found by
adding together the set of impulse responses correspond-
ing to the rainfall time series, that is,

¢() = 2G(@ — t") IMP +transient 31

where the function G(z — ') is called the Green’s function
(see for example Kibble, 1966). This function represents
the response of the ‘circuit’ to the impact of unit impulse
delivered at the time #’. Hence the net effect of a rainfall
time series (Fig. 2) is assumed to be the sum of a number
of functional solutions such as that shown in Fig. 6. In
practice we take the envelope of this function in order to
construct a physically realistic functional response to the
total storm rainfall over the average tributary stream catch-
ment area. This is similar to the selection of a physically
realistic transfer function.

Hence taking the positive envelope of the function in
Fig. 6 (shown as a dashed line) we see that the river rises
to its peak flow at 0.25 Tp, and recedes much more slowly
over a time interval of about 19 Tg, where Ty, is the period
of the input rainfall time series.

Figure 7 shows the hydrograph for a minor event, the
like of which occurs many times per year. The peak flow
is about 8 cumecs. In this case, the storm rainfall is about
17 mm in 12 hours over 120 km? that is 7,, = 0.01 mmh™!
x 1 km?2. The hydrograph derived using (7) is shown as a
dashed line. The value of Ty is about five hours. Therefore
(7) suggests that the river should rise to its peak in about
1.25 hours, and take about 47 hours (2 days) to recede
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Fig. 6. Evaluation of functional expression for the flow of the River
Irwell at the bottom of the basin (Adelphi Weir, Salford).

fully. Figure 7 shows that, in fact, the river takes about 12
hours to rise to its peak, although it rises to about 80% of
the peak flow in about 3 hours. The river is seen to fall to
its base level after about 2 days.

Equation (7) shows that the magnitude of the peak flow
is closely related to the rainfall input as one would expect.
The peak flow occurs when ¢ = Tp/4 and is,

T,X(r, Bk
=feA T BR, 2
“I=o0 (n 2) b (32)

For a rainfall of 160 mm in 2 hours over 10 km? (r,, =
8 mmh™ X 1 km?) (32) gives a value for the peak flow of
532 cumecs above the base flow. Such a rainfall is compa-
rable to the rainfall totals from the Hampstead (southern
England) storm on 14 August 1975, 170 mm in 2.5 hours,
and the 193 mm (approximately) in 2 hours from the
Halifax (northern England) storm on 19 May 1989.

This calculated peak flow for the River Irwell may also
be compared to the flows predicted at Adelphi Weir at the
bottom of the basin by the UK Flood Studies rainfall-
runoff model (FSR 1975) listed in Table 1. In addition,
the highest ever flow recorded for this river is 585 cumecs
which occurred on 20 September 1954. Note that (32) is
consistent with the expectation that the peak flow on any
occasion will decrease as the resistance increases i.e. as the
SMD increases.

The base width of the hydrograph depends in a complex
way upon the value of Ty To compare the observed base
width, T, defined as the time difference between the
event start and the point when the flow reaches 1/¢ of the
peak flow, with the value derived from (7) (Fig. 6), we
have analysed a number of hydrographs measured at the
bottom of the Irwell basin. This comparison is shown in
Fig. 8, in which the error bars give an indication of the
uncertainties in both the extraction of the base length

15
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Table 1. Flows at Adelphi Weir,
Salford predicted using the FSR

Return period Peak Flow Values

(years) (cumecs)
10 341.19
50 474.40
100 550.36
200 638.34
500 780.25

(width) of the hydrograph and the derivation of 7p from
the rainfall time series by frequency analysis methods. The
extraction of the dominant frequency from the rainfall
time series is not straightforward, and is the subject of
continuing research.

Also shown in Fig. 8 is the base length of the hydro-
graph derived empirically and used for some years, that is
Tp=2.52.T, where T, = time of concentration of the river.
It would appear that the observed values of T3 fit the the-
ory quite well. The empirical value of 7T, however, does
seem to be consistent with an overall mean as one might
expect.

Sensitivity to input rainfall
frequency

The frequency of the input time series will depend upon
the base time period (sampling interval) of the rainfall
used. For example, a raingauge network may supply data
at 15 minute intervals, and a radar system at 5 minute
intervals or less. The dominant frequency depends upon
the time step used to define the time series. Large time
steps will introduce significant aliasing effects which mask
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Fig. 8. Width of the hydrograph for the River Irwell as a function
of the period (inverse frequency) of the rainfall time series from the-
ory (full line), observation (dots) and as derived empirically and
used operationally.

higher frequencies in the time series. In a transfer func-
tion approach to modelling this is equivalent to the shape
of the transfer function changing with the time step. In the
approach outlined in this paper, the way in which the
width and peak flow of the hydrograph relate to changes
in the frequency may be quantified by (7) and (32). The
changes will also depend upon the temporal dependence of
the error characteristics of these data, and the dynamics of
the rainfall system producing the rain. Figure 2 shows
examples of an actual rainfall time series using a sampling
interval of one minute for both convective and stratiform
rainfall. The time period of the stratiform rainfall is about
one hour, and that of convective rainfall about 20 minutes.

The frequencies of both stratiform and convective rain-
fall may be changed by errors in the technique used to
measure such rainfall. For bright-band situations, the
region where snow melts to form rain, see for example
Collier (1996), a radar may overestimate the rainfall when
the radar beam intersects the bright-band. This will intro-
duce higher frequencies into the rainfall time series mov-
ing the ‘catchment circuit’ towards its resonant value for
which the river peak flow will be a maximum for the storm
rainfall total input. However, if the frequency moves
through and beyond the resonant value, then the peak flow
will again decrease. In convective rainfall, the presence of
hail in the radar beam will increase rainfall frequencies,
whereas the occurrence of radar beam attenuation may
lead to input rainfall rates which may appear as approxi-
mately a square wave.

Many frequency components are present in a square
wave. If a rainfall time series having the form of a square
wave is applied to a hydrometerological RC circuit, the
output waveform, the hydrograph, becomes a series of
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attenuating positive and negative sharp pulses. This is
consistent with the approach to catchment modelling
known as transfer function modelling. Correspondingly by
taking the output voltage across the capacitor the circuit
performs the operation of integration producing a triangu-
lar waveform form from the square wave input. This sit-
uation resembles that of a unit hydrograph type of model.
The RC part of the circuit might be regarded as the rain-
fall-runoff model, and the inductance as the routing
model. The higher frequencies present in a square wave
are necessary in order to reproduce the sharp corners of
the square wave. Likewise, the high frequency terms must
be included in order to obtain the sharp corner of a saw-
tooth waveform. Removal of higher frequencies will
smooth the hydrograph, whereas addition of higher fre-
quencies will make the hydrograph more peaky. Hence,
the frequency structure of the rainfall time series has as
much impact upon the shape of the river hydrograph as
the storm total rainfall.

Concluding remarks

The use of an electrical circuit amdlogue to represent a
river basin provides a mathematical equation relating river
flow to rainfall and basin characteristics. This approach has
been tested successfully for the river Irwell basin in north
west England.

Whilst the peak flow of a river is directly related to the
storm rainfall volume over the average area of tributary
streams, rainfall frequency and antecedent conditions
through R and ¢, the shape of the river hydrograph
depends mainly upon the frequency of the input rainfall
time series. High frequencies arising in convective rainfall
cause peaky hydrographs as observed.

This approach to basin modelling does not require
model calibration, although it does require continuous
information on catchment characteristics such as soil mois-
ture and vegetation. It is therefore a deterministic
approach to flow forecasting. However, its possible success
in an operational environment is not clear. The original
motivation for this work was to provide a framework for
the testing of the impact upon the hydrograph of errors in
rainfall input arising from measurement techniques partic-
ularly radar. Future work will investigate this further.
However, it is already clear that errors which modify the
frequency as well as magnitude of the input are significant
in that they change the shape of the river hydrograph in a
non-linear way. Also modification of the frequency struc-
ture of the input time series may restrict the applicability
of particular types of hydrological model at specific times.
However, further work is necessary to confirm or refute
this possibility.

Finally, in this paper we have considered a lumped
approach to catchment modelling. It is possible to develop
the model in terms of a network of linked L.CR circuits to
provide a distributed structure. It remains unclear whether

this would be successful and further work is necessary to
explore its feasibility.
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Appendix A
GLOSSARY OF TERMS

A cross sectional area of river at bottom of basin

B R+ /0 .
time taken to evaporate the amount of water intere-
cepted by surface vegetation during rainfall

C vegetation aerodynamic resistance

F  Force causing water to move downwards into the soil

F,, flux of water vapour

g acceleration due to gravity

AnY

18

vegetation height

A/T,

Von Karman’s constant, Zy/!/

eddy diffusion coefficient of water vapour

(Zo + SMD)

A/velocity of travel of flood peak

hydrostatic pressure

base flow of river

peak flow of river

river flow as function of time

surface aerodynamic resistance

peak rainfall volume over average tributary stream
catchment area

rainfall volume- over average tributary stream
catchment area

(Vi + v)/N(z0 + SMD)/g; characteristic distance
over which downwards pressure force acts

storage capacity of vegetation canopy

soil moisture deficit

ratio of stream velocity to hillslope velocity

water stress

time

time of concentration of river

period of rainfall volume time series

hillslope velocity

stream velocity

amount of water available for evaporation
frequency of rainfall volume input 27/ 7y

mean distance to nearest water course

roughness length of the surface (0.13hy)



