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Abstract. Analytical solutions were derived for the variance,
covariance, and spectrum of groundwater level, h(x, t), in
an unconfined aquifer described by a linearized Boussinesq
equation, with random source/sink and initial and boundary
conditions. It was found that in a typical aquifer, the error
in i(x, t) at an early point in time is mainly caused by the
random initial condition, and the error reduces as time pro-
gresses to reach a constant error at a later time. The duration
for which the effect of the random initial condition is sig-
nificant may be a few hundred days in most aquifers. The
constant error in h(x, t) at a later time is due to the com-
bined effects of the uncertainties in the source/sink and flux
boundary: the closer to the flux boundary, the larger the error.
The error caused by the uncertain head boundary is limited
to a narrow zone near the boundary and remains more or less
constant over time. The aquifer system behaves as a low-pass
filter which filters out high-frequency noises and keeps low-
frequency variations. Temporal scaling of groundwater level
fluctuations exists in most parts of a low permeable aquifer
whose horizontal length is much larger than its thickness,
caused by the temporal fluctuations of areal source/sink.

1 Introduction

Groundwater level or hydraulic head (%) is the main driv-
ing force for water flow and advective contaminant trans-
port in aquifers and thus the most important variable studied
in groundwater hydrology and its applications. Knowledge
about £ is critical in dealing with groundwater-related envi-
ronmental problems, such as over-pumping, subsidence, sea

water intrusion, and contamination. One often finds that data
about groundwater level are limited or unavailable in a hy-
drogeological investigation. In such cases the groundwater
level distribution and its temporal variation are usually ob-
tained with an analytical or numerical solution for a ground-
water flow model.

It is obvious that errors always exist in the groundwater
levels calculated or simulated with analytical or numerical
solutions. The main sources of errors include the simplifica-
tion or approximation in a conceptual model and uncertain-
ties in the model parameters. Problems in conceptualization
or model structure have been dealt with by many researchers
(Neuman, 2003; Rojas et al., 2008, 2010; Ye et al., 2008;
Refsgaard et al., 2007; Zeng et al., 2013). Uncertainties in
the model parameters (e.g., hydraulic conductivity, recharge
rate, evapotranspiration, and river conductance) have been
investigated, based on generalized likelihood uncertainty es-
timation and Bayesian methods (Nowak et al., 2010; Neu-
man et al., 2012; Rojas et al., 2008, 2010). The uncertainty
in groundwater level has been one of the main research topics
in stochastic subsurface hydrology for more than 3 decades.
Most of these studies were focused on the spatial variability
of groundwater level due to aquifers’ heterogeneity (Dagan,
1989; Gelhar, 1993; Zhang, 2002). Little attention has been
given to the uncertainties in groundwater level due to tempo-
ral variations in hydrological processes, e.g., recharge, evap-
otranspiration, discharge to a river, and river stage (Bloom-
field and Little, 2010; Zhang and Schilling, 2004; Schilling
and Zhang, 2012; Liang and Zhang, 2013a; Zhu et al., 2012).

Uncertainties in groundwater level fluctuations have been
studied by Zhang and Li (2005, 2006) and most recently
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by Liang and Zhang (2013a). Based on a linear reservoir
model with a white noise or temporally correlated recharge
process, Zhang and Li (2005, 2006) derived the variance
and covariance of i (¢) by considering only a random source
or sink process, assuming deterministic initial and bound-
ary conditions. Liang and Zhang (2013a) extended the stud-
ies of Zhang and Li (2005, 2006) and carried out non-
stationary spectral analysis and Monte Carlo simulations us-
ing a linearized Boussinesq equation, and investigated the
temporospatial variations in groundwater level. However, the
only random process considered by Liang and Zhang (2013a)
is the source/sink. Temporal scaling of groundwater levels,
discovered first by Zhang and Schilling (2004), was verified
in several studies (Zhang and Li, 2005, 2006; Bloomfield
and Little, 2010; Zhang and Yang, 2010; Zhu et al., 2012;
Schilling and Zhang, 2012). However, we do not know the
effect of random boundary conditions on temporal scaling of
groundwater levels.

In this study we extended the above-mentioned work by
considering the groundwater flow in a bounded aquifer, de-
scribed by a linearized Boussinesq equation, with a random
source/sink as well as random initial and boundary condi-
tions, since the latter processes are known to give uncertain-
ties. The objectives of this study are (1) to derive analyti-
cal solutions for the covariance, variance, and spectrum of
groundwater level, and (2) to investigate the individual and
combined effects of these random processes on uncertainties
and scaling of i (x, t). In the following, we will first present
the formulation and analytical solutions, then discuss the re-
sults, and finally draw some conclusions.

2 Formulation and solutions

Under the Dupuit assumption, the one-dimensional tran-
sient groundwater flow in an unconfined aquifer near a river
(Fig. 1) can be approximated with the linearized Boussinesq
equation (Bear, 1972) with the initial and boundary condi-
tions, i.e.,

82h oh
T8 2+W()—SYE (1a)
ah
h(x,1)]|i=0 = Ho(x); Ta_x|x:0 = Q(1);
h(x,0)|x=L = H(?), (1b)

where 7' [L T~1] is the transmissivity, z [L] is the hydraulic
head or groundwater level above the bottom of the aquifer,
which is assumed to be horizontal, W (r) [L T~1] is the time-
dependent source/sink term, representing areal recharge or
evapotranspiration, Sy is the specific yield, Ho(x) [L] is the
initial condition, Q(r) [L2 T~1] is the time-dependent flux
at the left boundary, H(¢) [L] is the time-dependent water
level at the right boundary, L [L] is the distance from the
left to the right boundary, x [L] is the coordinate, and ¢ [T]
is time. In this study the initial head Hy(x) is taken to be a
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Figure 1. A schematic of the unconfined aquifer studied, where
W (¢) is the random time-dependent source/sink, Hy(x) is the ran-
dom initial condition, Q(¢) is the random time-dependent flux at the
left boundary, H (¢) is the random time-dependent water level at the
right boundary, L is the distance from the left to the right boundary,
and h(x, t) is the random groundwater level in the aquifer.

spatially random variable. The source/sink, W (¢), the flux to
the left boundary, Q(z), and the head at the right boundary,
H(t), are all taken to be temporally random processes and
spatially deterministic. The parameters T and Sy are taken
to be constant.

The groundwater level, ha(x, t), the three random pro-
cesses, W(t), Q(t), and H(t), and the random variable,
Ho(x), are expressed in terms of their respective ensemble
means plus small perturbations,

h(x,t) = (h(x,1)) + 1 (xt) (2a)
W)= (W' @)+ W (); Q@) =(0@)+ Q'(1) (2b)
H(1) = (H(1))+ H'(t); Ho(x) = (Ho(x))+ Hy(x), (2c)

where () stands for ensemble average and ' for pertur-
bation. The initial condition Hp(x) in Eg. (1) can be
any function. For the conceptualization of the groundwa-
ter flow presented in Fig. 1, the steady-state condition can
be reached in this aquifer after a rainfall or during a wet
season. Thus the steady-state solution to this model was
often adopted as the initial condition in previous research
(Liang and Zhang, 2012, 2013a, b). Thus, in this study,
we set initial condition Hp(x) to be the steady-state so-
lution to the one-dimensional groundwater flow equation,
i.e., Ho(x)=ho+0.5Wo(L%—x?)IT, wherehg [L] is the
constant groundwater level at the right boundary and Wy
[LT~1] is the spatially constant recharge rate (Liang and
Zhang, 2012). Since hq is taken to be constant, the source
of the uncertainty in the initial head Hp(x) is due to ran-
dom Wy only. Thus, the mean and perturbation of Hy(x)
can be written as (Ho(x)) =ho~+ 0.5(Wo(x))(L? —x)IT
and Hj(x)=0.5W;(L? — x?)IT, respectively. By substitut-
ing Eq. (2), (Ho(x)), and Hy(x) into Eq. (1), one obtains the
mean flow equation with the mean initial and boundary con-
ditions as
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92(h) a(h)
T—5 + W) =Sy—— (32)
Wo (.2 I .
(h(x.0)) = ho+ o2 (L2 =) : =m0 = (Q):
(R, 1)) = (H(1)). (3b)

Subtracting Eq. (3) from Eq. (1) leads to the following per-
turbation equation with the initial and boundary conditions

92n on'
T—+W =8y — 4a
dx 2 + Y ox ( )
/A BY% )
W0 =22 (L2 =) To-lio= 0"
W (L,t)= H'(1). (4b)

The analytical solution to Eq. (4) can be derived with
integral-transform methods (Ozisik, 1968) given by

/=%Ze BB 008 (byx) (;T) W0+ﬂ/ pUiE
n=0

where 8 =T/Sy, b, =(2n + 1)x/2L. Using Eq. (5), the tem-
poral covariance of the groundwater level fluctuations can be
derived as

Chn (x,t15x,12) = E[I' (x, 1) h' (x,12) ]

= ZZ —BBL1+bER) cog (byyx) COS (byx)

m=0n=0
(=1)mtn 25,42
T o2, + B2 // BRE+52p)
(=" 00, p)
[mcww(&p)+T
+Cru(§, p)(_l)ernbmbn]dédp] (6)

in which f’vzvo is the variance of W, and Cww (&, p), Coo (&,
p)and Cy g (&, p) are the temporal auto-covariance of W (),
Q(t), and H(t), respectively. We assume that W (z), Q(z),
and H(z) are uncorrelated in order to simplify our analy-
ses. It is shown in Eq. (6) that the head covariance depends
on the variance of Wy and the covariances of W(z), QO (1),
and H () and this equation can be evaluated for any random
W), Q(t), and H(r). We assume that these processes are
white noise, as employed in previous studies (Gelhar, 1993;
Hantush and Marino, 1994; Liang and Zhang, 2013a). More
realistic randomness of these processes will be considered in
future studies.

Following Gelhar (1993, p. 34), we express the spectra of
W(t), Q(1),and H (1) as Sww = o Aw /7, Soo = o5 ho/7,
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and Sy =oZAn /7, respectively, where o, aé, and o2
are the variances and Aw, Ao, and Ay are the correlation
time intervals of these three processes, respectively. The cor-
responding covariances of W(¢), Q(¢) and H (z) are Cww (&,
p) =208 Aw8(5 —p), Coo(&, p)=205208(5 — p), and
Cun(, p)=20%ry8( — p). Substituting these covari-
ances into Eq. (6) and taking integration, one obtains an ana-
Iytical solution of head covariance

Crn(x' .1, 7') = = ZZCOS 'mx’) cos (b x)
T m=0n=0
m+n 2
[(b/Z h’i)l +(b/2 h/Z) ]L ( l)
BOS
e—b’,znr’ _ e—2b’,2nt’ (_1)m+no_2 Aw Ué)hQ
b2 + b2 b,,b, L?
(=™t b T?0 3
+ ’z . : (7

where t’ =1, — 17 and t' = (¢ 4 1;)/2. The analytical solution
for the head variance can be obtain by setting z’ =0

o2(x' 1) ) cos (b),x")
m=0n=
__q\ym+n 2 _2b/2 /
[e—<b’,2n+b’§)t’ L 1) Ty | 1T
3.3 2 2
ﬂb/mb/n b/m + b/n
(—1" oAy Opho (=1l b TP0h 0y ®
b,b, L2 L4 ’
where
t/—i' X/Zf' IZL—Z b/=(2n+1)n’
tc ) L b C ﬁ ) n 2

in which 1.(=SyL?/(KM)) [L/T] is a characteristic
timescale (Gelhar, 1993) where the transmissivity (T) is
replaced by the product of the hydraulic conductivity (K)
and the average saturated thickness (M) of the aquifer. The
characteristic timescale (¢;) is an important parameter and
its value for most shallow aquifers is usually larger than
100 days, since the horizontal extent of a shallow aquifer
is usually much larger than its thickness. For instance, the
value of #¢ is 250 days for a sandy aquifer with L =100m,
M =10m, K =1mday~?!, and Sy =0.25.

The spectral density of A(x, ¢) cannot be derived by or-
dinary Fourier transform, since the head covariance and
variance depend on time ¢/, and thus A(x, t) are tempo-
rally non-stationary as shown in Egs. (7) and (8). Priest-
ley (1981) defined the spectral density of non-stationary
processes (Wigner spectrum) as the Fourier transform of
time-dependent auto-covariance with fixed reference time ¢
and derived time-dependent spectral density. In order to ob-
tain the spectrum of i(x, t), we applied Priestley’s method
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and obtained the time-dependent spectral density (Priestley,
1981; Zhang and Li, 2005; Liang and Zhang, 2013a), i.e.,

oo

/ Chn(x,1,7)e " Tde

—00

Shin(x,t,w) = E

2 (,,3 — B2 ) AUl
#2(v
88b2, 1

— z Zcos (bmx) coS (byx)

m=0n=|

2
- b,%,) /4 + 2
=D *af,

ATZ30E 1o (02 + B2) PP + a2

(_1)m+nS S .

[ o 20 ) by || ©)
mvn

where w is angular frequency and w =2x f, f is frequency,
and i =+/—1. It is seen in Eq. (9) that the spectrum Sy
is dependent on not only frequency and locations but also
time 7. The time-dependent term (i.e., first term) in Eq. (9)
is caused by the random initial condition and is proportional
to e~PUn+bi)t which decays quickly with . We evaluated
the first term in the Eq. (9) by setting r =0 and found that
it is much smaller than the second term in Eq. (9). We thus
ignored the first term and evaluated the spectrum using the
approximation,

X, ., 8Bb2 cos (b),x’) cos (b,x')
=S (b/,% + b’?n) (,3219’51 JLA+ wZ)

[(—1)”‘+”SWWL2 So0

Shn(x', w) =

(=1 by, by

nSHH:| ) (10)

T2b),b), T2 L2

3 Results and discussion
3.1 Variance of groundwater levels

The general expression of the head variance in Eq. (8) de-

pends on the variances of the four random processes, o%,o,

ol 04, and o In the following, we will study their indi-

vidual and combined effects on the head variation and focus
our attention only on the variance of i (x, t). The dimension-
less standard deviation of h(x, 1), o;, and the square root

of the dimensionless variance, (a’fl), as a function of the di-
mensionless time (¢'), are evaluated and presented in the left
column of Fig. 2 at fixed dimensionless locations (x). The o,
as a function of x was evaluated and is presented in the right
column of Fig. 2 at fixed ¢’.

We first evaluate the effect of the random initial condition
due to the random term, Wo, by setting 02, =02 =02 =0.
In this case, the dimensionless variance in Eq. (8) reduces to
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Figure 2. The graphs on the left column show the standard de-
viation (‘7;1) of groundwater level (i (x, t)) versus the dimension-
less time (¢') at the dimensionless locations x” = 0.0, 0.2, 0.4, 0.6,
and 0.8. The graphs on the right column show a;l versus x’ for
the different ¢': panels (b) and (d) show ¢’ =0.0, 0.2, 0.4, 0.6,
and 0.8, panels (f) and (h) show #' =0.01, 0.1, and 1.0, and panel
() shows ¢'=0.01, 0.2, 0.4, 0.6, and 0.8. Also, (a) and (b) are
based on Eq. (11) where o2, = aé =02 =0; (c) and (d) are based

on Eq. (12) where U‘%’o :Ué =02 =0; (¢) and (f) are based on
Eg. (13) where o‘%,o:a‘%,:alglzo (g) and (h) are based on

Eq. (14) where GVZVo =02 —aQ =0; and (i) and (j) are based on

2 —
Eq. (15) where aﬁ,o £ol, ;éaQ #oZ #0.

/2 (- 1)m+n ’os
o/ (x’ t)—zz b3 57 cos (b),x")

m=0n=0

2 12 .1
cos (b, x") e~ Cn Wl (11)

where '} = o2 TI(AL* 62, ). The changes of the o; with x’
and ¢’ are presented in Fig. 2a and b, respectively. It is shown
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in Fig. 2a that for a fixed location the o is at its maximum
at /=0 and it decreases gradually with time to a negligi-
ble number at " = 1.0. This means that the error in &(x, t),
predicted by an analytical or numerical solution due to the
uncertain initial condition, is significant at an early point in
time, especially near a flux boundary. The duration for which
the effect of the uncertain initial condition is significant de-
pends on the value of the characteristic timescale (z), since
t' =tlte. In most aquifers this duration may be many days.
In the typical aquifer studied, the effect of the uncertainty in
the initial condition on A(x, ¢) is significant during the first
250 days (¢/ = 1.0). This duration should be relatively short,
however, in a more permeable aquifer whose horizontal ex-
tent (L) is relatively smaller than its thickness (M). It is seen
in Fig. 2b that for a fixed time the o, is the largest at the
left flux boundary (x’=0.0) and becomes zero at the right
constant head boundary (x” = 1.0), since the right boundary
is deterministic. This means that the error in ha(x, t) pre-
dicted by an analytical or numerical solution due to the un-
certain initial condition is significant almost everywhere in
the aquifer: the further away from a constant head boundary,
the larger the error.

We then consider the uncertainty in the areal source/sink
term (W) by setting 0§, =0 =07 =0. In this case the di-
mensionless variance in Eq. (8) reduces to

(x ) ZZZCOS

m=0n=
(1 b/,zn /)( 1)m+n
(62 +02) byt

) cos (by,x")

: (12)

where o'2 _oh T Syl(4L? 2 )y). The changes of the o),
with x” and ¢’ are presented in Fig. 2c and d, respectively. It
is noticed in Fig. 2c that at a fixed location, the o; is zero
initially, gradually increases as time goes, and approaches a
constant limit at later time. This means that the error in A (x,
t) due to an source/sink is at its minimum at early time and
increases with time to approach a constant limit at later time:
the closer to the left flux boundary, the larger the limit. For a
fixed time the o decreases smoothly from the left to the right
boundary (Fig. 2d). The error in i(x, t) due to the uncer-
tainty in the source/sink is significant almost everywhere in
the aquifer: the further away from the constant head bound-
ary, the larger the error, similar to the previous case with the
random initial condition (Fig. 2b).

Thirdly, we investigate the effect of the left random flux
boundary by setting o, =g, =07 =0 in Eq. (8). In this
case the dimensionless head variance is given by

o’,zq =2 Z Zcos (b,

m=0n=|

12
)cos ('byx’)

e T s
v

where o’ h —Uh T Sy/(40' 10). The changes of the o; with
x" and ¢’ are presented in Flg 2e and f, respectively. At any
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location, the o; in Fig. 2e or the error in i(x, r), due to an
uncertain flux boundary, is at its minimum at an early point
in time, and it increases quickly with time to approach a con-
stant limit: the closer to the left flux boundary, the larger the
limit. At any time, the o} in Fig. 2f or the error in the wa-
ter head due to the uncertain flux boundary is at its maxi-
mum at the left boundary but decreases quickly away from
the boundary to become insignificant for x’ > 0.8.

Fourthly, we investigated the effect of the random head
boundary by setting o, =of, =05 =0 in Eq. (8). The di-
mensionless head variance in this case is given by

0/2 ', 1) =2 Z Zcos ) cos (b),x")
m=0n=
(_1)m+nb/ b (1_6—2b’,2nt’)
m%n

: 14
b+ (4

where ¢/% =0, 212Syl(4T aH Aw). The changes of this o
with x” and ¢’ are presented in Fig. 2g and h, respectively.
It is seen in Fig. 29 that at any location, the o; or the er-
ror in h(x, t), due to the random head boundary, increases
quickly with time to approach a constant limit: the closer to
the uncertain head boundary, the larger the error. The spatial
variation in o} can be clearly observed in Fig. 2h for fixed
t'. At any time, o, is at its maximum at the right boundary
(x" = 1) where the head is uncertain, and it decreases quickly
away from the boundary. The error in A (x, ¢) due to the un-
certain head boundary is limited to a narrow zone near the
boundary (x’ > 0.8) (Fig. 2h).

Finally, we consider the combined effects of the uncertain-
ties from all four sources, i.e., the initial condition, sources,
and flux and head boundaries. The head variance in Eq. (8)
is written in the dimensionless form as

o2 1) = Z Zcos

m=0n=

_1\m+n /2 (1 _Zb/m /)
ef(b/fﬁb’,zl)t’( D" oy, 2

) cos (by,x")

v 0
(_1)m+n 7 1/ /2
—— to + (=" b, b0 , (15)

bmbn
where
2 U}?TSY 2 LZSYO"%VO 2 O—éAQ
=722, TW T 3 90T,

4L UW)\.W TO’W)\.W L O'W)LW

2.2
0_/2 _ T O’H)LH
H— 71 »o. -
Log hw

The dimensionless variances, o’ W , o’ Q, and a , heed to

be specified in order to evaluate the dimensionless a/i(x/,
') in Eq. (15). For the typical aquifer mentioned above
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with L =100m, T =10m?day ! (or K =1mday ! and
M =10m), and Sy =0.25, we set a‘%,ol(a%, Aw)=10"1,
o5 hollof Aw) =10 and oF Anl(of w)=10% and ob-
tain OJ%VO =25, a% =0.1and 6’2, =0.01.

The changes of this ; with x” and ¢ are presented in
Fig. 2i and j, respectively. It is observed in Fig. 2i that at
any location, the o, is at its maximum due to the uncertainty
in the initial condition, it gradually decreases with time, and
approaches a constant limit at a later time (¢’ > 0.6), which is
due to the combined effects of the uncertain source/sink and
flux and head boundaries. This means that the error in the wa-
ter head at an early time is significant if the initial condition
is uncertain and reduces with time to reach a constant limit.
The error in the water head at a later time is determined by
the uncertainties in the source/sink, and flux and head bound-
aries. It can be observed in Fig. 2j that o, is relatively larger
near both boundaries. The values of ¢, at the two bound-
aries are equivalent (~1.3) at an early time, say ' =0.01
(the top curve in Fig. 2j) and it reduces slowly away from the
flux boundary, but quickly away from the head boundary. As
time progresses, the o, near the head boundary stays more
or less the same but reduces significantly in most parts of the
aquifer. This means that early on, the error in i (x, ¢) in most
parts of the aquifer is mainly caused by the initial condition
and at a later time it is due to the combined effects of the
uncertain areal source/sink and flux boundary. The effect of
the uncertain head boundary on & (x, ¢) does not significantly
change with time, but it is limited to a narrow zone near the
boundary.

3.2 Spectrum of groundwater levels

We first evaluated S, in Egq. (10) due to the ef-
fect of the white noise flux boundary only by setting
Soo #0, Sww =0, and Syx =0. The dimensionless spec-
trum Spx/Sgo as a function of the frequency (f) was eval-
uated and presented in the log-log plot (Fig. 3a—c) for three
values of 7, (40, 400, and 4000 days), since the value of 7
is 250 days for a sandy aquifer, as we mentioned above, and
also at the six locations (x’ =0.0, 0.2, 0.4, 0.6, 0.8, and 0.9).
The spectrum Sy, /Sg o in Fig. 3a is more or less horizontal
(i.e., white noise) at low frequencies and it decreases gradu-
ally as f increases, indicating that an aquifer acts as a low-
bass filter that filters signals at high frequencies and keeps
signals at low frequencies. The aquifer significantly damp-
ened the fluctuations of the groundwater level. The spectrum
varies with the location x’: the smaller the value of x’ or
the closer to the left flux boundary (x’ =0), the larger the
spectrum (Fig. 3a—c). All spectra in Fig. 3a are not a straight
line in the log—log plot, meaning that the temporal scaling of
h(x,t) does not exist in the range of f=10"3-10° when
tc =40 days. As ¢ increases to 400 and 4000 days, how-
ever, the spectrum at x” =0 becomes a straight line (the top
curve in Fig. 3b and c) or has a power-law relation with f,
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i.e., Sun/Sog o<1/ f, since its slope is approximately 1. The
fluctuations of 4(0, ¢) are pink noise due to the white noise
fluctuations flux boundary when the characteristic timescale
(tc) is large which means that the aquifer is relatively less
permeable and/or has a much larger horizontal length than
its thickness.

Secondly, the spectrum S;,/Sy gy due to the sole effect
of the random head boundary was evaluated by setting
Sun #0, Sww =0, and Spp =0 in Eq. (10) for the same
three values of ¢ and six locations and presented in Fig. 3d—f
as a function of f. It is shown that similar to Fig. 3a—c, the
spectrum decreases as f increases but different from Fig. 3a—
¢, the spectrum is larger at x” = 0.9 near the right boundary
(the top curves in Fig. 3d-f) than at x’=0.0 (the bottom
curves). Furthermore, none of the spectra are a straight line
in the log-log plot, indicating that the temporal scaling of
groundwater level fluctuations does not exist in the case of
the white noise head boundary.

Thirdly, the spectrum S;,/Sww under the white noise
recharge was evaluated by setting Sww #0, Spo =0, and
Syr =0in Eqg. (10) for the same values of 7 and x” and pre-
sented in Fig. 3g—i as a function of f. It is shown that when
tc = 40 days, the spectrum in Fig. 3g is horizontal at low fre-
quencies and becomes a straight line at high frequencies: the
closer to the right head boundary, the later it approaches a
straight line (Fig. 3h). As f. increases to 400 and 4000 days,
the slope of the spectrum at all locations, except at x’ =0.9,
approaches a straight line with a slope of 2 (Fig. 3h and i),
indicating a temporal scaling of A (x, ¢). The fluctuations of
groundwater level reflect a Brownian motion, i.e., S oc1/f2,
when ¢ > 4000 days or in a relatively less permeable and/or
has a much larger horizontal length than its thickness.

Finally, the head spectrum due to the combined effect of all
three random sources (the white noise recharge, and flux and
head boundaries) was evaluated, i.e., Sww #0, Spo #0, and
Suu #0in Eg. (10). The spectrum of Sp,,/Sww as a function
of f is presented in Fig. 3j—I for the same values of ¢, and
X/, where SQQ/SWW =1000 and Sy g/Sww = 1000, which
are the same as the values used in the previous section. It
is noticed that the general patterns of Sy,;/Sww in the com-
bined case are similar to the case of the random source/sink
only (Fig. 3g-i), except at x’ =0.0 and 0.9 (the dashed and
dotted curves in Fig. 3], respectively) due to the strong ef-
fects of the boundary conditions at these two locations. At
tc =4000 days, the spectra at all locations except x’=0.0
(Fig. 3I) are similar to those in Fig. 3i, indicating the domi-
nating effect of the random areal source/sink. The spectrum
at x’ =0 in this case is also a straight line (the dashed curve
in Fig. 3I) but with a different slope due to the effect of the
random flux boundary which is similar to the top straight line
in Fig. 3c. The above results provide a theoretical explanation
as to why temporal scaling exists in the observed groundwa-
ter level fluctuations (Zhang and Schilling, 2004; Bloomfield
and Little, 2010; Zhu et al., 2012). We thus conclude that
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Figure 3. The dimensionless power spectrum versus frequency (f) at the dimensionless locations x” =0.0, 0.2, 0.4, 0.6, 0.8, and 0.9. The
graphs on the left column show ¢ = 40 days, the graphs on the middle column show 7. =400 days, and the graphs on the right column show
tc =4000 days. The graphs on the first row show the dimensionless spectrum Sy,/Sg o when Sy w =0, Sy =0, and Sg #0in Eq. (10);
the graphs on the second row show Sy,;,/Sy i when Sy w =0, Spo =0, and Sy #0; the graphs on the third row show Sy;,/Sww when
S00 =0, Sy =0, and Sy w #0; and the graphs on the bottom row show S, /Sy w when Spo #0, Sy #0, and Sy w #0.

temporal scaling of & (x, t) may indeed exist in real aquifers
due to the strong effect of the areal source/sink.

4 Conclusions

In this study the effects of random source/sink, and initial and
boundary conditions on the uncertainty and temporal scaling
of the groundwater level, h(x, ¢) were investigated. Analyt-
ical solutions were derived for the variance, covariance, and
spectrum of &(x, t) in an unconfined aquifer, described by a
linearized Boussinesq equation with white noise source/sink,
and initial and boundary conditions. The standard deviations
of h(x, t) for various cases were evaluated. Based on the re-
sults, the following conclusions can be drawn.
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1. Theerrorin i(x, t), due to a random initial condition, is

significant at an early time, especially near a flux bound-
ary. The duration for which the effect is significant may
be a few hundred days in most aquifers.

2. The error in h(x, t) due to a random areal source/sink

is significant in most parts of an aquifer: the closer to a
flux boundary, the larger the error.

3. The errors in h(x, t) due to random flux and head

boundaries are significant near the boundaries: the
closer to the boundaries, the larger the errors. The ran-
dom flux boundary may affect the head over a larger
region than the random head boundary.
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4. In the typical sandy aquifer studied (with the length of
aquifer at the direction of water flow L =100 m, the av-
erage saturated thickness M =10 m, hydraulic conduc-
tivity K =1 mday 1, and specific yield Sy =0.25) the
errorin a(x, t) atan early point in time is mainly caused
by an uncertain initial condition, and the error reduces
with time, reaching a constant error at a later time. The
constant error in A(x, t) is mainly due to the combined
effects of uncertain source/sink and boundaries.

5. The aquifer system behaves as a low-pass filter which
filters the short-term (high frequencies) fluctuations and
keeps the long-term (low frequencies) fluctuations.

6. Temporal scaling of groundwater level fluctuations may
indeed exist in most parts of a low permeable aquifer
whose horizontal length is much larger than its thick-
ness, caused by the temporal fluctuations of areal
source/sink.

Finally, it is pointed out that the analyses carried out in
this study are under the assumption that the processes W (z),
Q(t), and H(¢) are uncorrelated white noise. In reality, they
may be correlated and spatially varied. We plan to relax those
constraints and study more realistic cases in the near future.
Itis also noted that the analytical solutions for head variances
derived in this study provide a way to identify and quantify
the uncertainty. The spectrum relationship obtained among
the head, recharge, and boundary conditions can help one to
improve spectrum analysis for a groundwater level time se-
ries and remove the effects of the boundary conditions.
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