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Abstract. As the tidal wave propagates into an estuary, the
tidally averaged water level tends to rise in landward direc-
tion due to the density difference between saline and fresh
water and the asymmetry of the friction. The effect of friction
on the residual slope is even more remarkable when account-
ing for fresh water discharge. In this study, we investigate the
influence of river discharge on tidal wave propagation in the
Yangtze estuary with specific attention to residual water level
slope. This is done by using a one-dimensional analytical
model for tidal hydrodynamics accounting for the residual
water level. We demonstrate the importance of the residual
slope on tidal dynamics and use it to improve the prediction
of the tidal propagation in estuaries (i.e. tidal damping, veloc-
ity amplitude, wave celerity and phase lag), especially when
the influence of river discharge is significant. Finally, we de-
velop a new inverse analytical approach for estimating fresh
water discharge on the basis of tidal water level observations
along the estuary, which can be used as a tool to obtain in-
formation on the river discharge that is otherwise difficult to
measure in the tidal region.

1 Introduction

Estuaries are water bodies that form the transition between
an ocean (or sea) and a river. Their specific hydraulic be-
haviour is unique in that they are not merely a mixture of
marine and a riverine signatures, experiencing both the ef-
fect of tides and of river discharge, but that they have a very
specific hydraulic behaviour with a phase lag somewhere be-
tween that of a progressive and standing wave, a strongly

deformed tidal wave and a residual water level slope due to
the presence of a density gradient and the asymmetry of the
friction between ebb and flood currents (e.g.Savenije, 2012).
This asymmetry is even strengthened by river discharge. Due
to the inherent funnel shape of estuaries, the effect of river
discharge is much smaller near the estuary mouth, where the
cross-sectional area is generally orders of magnitude larger
than the cross-section of the river, but it can become domi-
nant further upstream in the estuary, particularly during times
when the river is in spate.

Due to the general dominance of tidal flows in the tidal re-
gion of an estuary, it is often difficult to determine the magni-
tude of the fresh water discharge accurately. Thus, discharge
gauging stations are usually situated at locations outside the
tidal region, even though there may be additional tributaries
or drainage areas within the tidal region. Knowing the fresh
water discharge within the tidal region, however, may be im-
portant for water resource assessment or flood hazard pre-
vention (e.g.Madsen and Skotner, 2005; Erdal and Karakurt,
2013; Liu et al., 2014), or for the analyses of sediment sup-
ply (e.g. Syvitski et al., 2003; Prandle, 2004; Wang et al.,
2008), or for irrigation or estimating the effect of water with-
drawals on salt intrusion (e.g.MacCready, 2007; Gong and
Shen, 2011; Zhang et al., 2012a), and for assessing the im-
pacts of future climate change (e.g.Kukulka and Jay, 2003a,
b; Moftakhari et al., 2013). Although it is possible to estimate
river flow by upscaling the gauged part of a catchment, such
an estimate may be inaccurate, especially in poorly gauged
catchments or in high-precipitation coastal areas (Jay and
Kukulka, 2003).
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It is noted that several forward models (determining tidal
properties from fresh water discharge) have been presented to
investigate the interaction between fresh water discharge and
tide in estuaries (e.g.Dronkers, 1964; Leblond, 1978; Godin,
1985, 1999; Jay, 1991; Jay et al., 2011; Jay and Flinchem,
1997; Kukulka and Jay, 2003a, b; Horrevoets et al., 2004;
Buschman et al., 2009; Cai et al., 2012b, 2014). Based on
the tidal theory developed byJay(1991), Jay et al.(2011),
Jay and Flinchem(1997) andKukulka and Jay(2003a, b),
Jay and Kukulka(2003) used an inverse model (determin-
ing fresh water discharge from tidal properties) to hindcast
river flows for a very high-flow year (1948) and for a low-
flow year (1992) in Columbia River. The model was further
successfully applied to estimate the history of inflow to San
Francisco Bay using the available tidal records (Jay et al.,
2005). Recently,Moftakhari et al.(2013), building on the
earlier work byJay and Kukulka(2003), revised the method
of predicting fresh water discharge by including a quantifi-
cation of uncertainties. However, such an approach is based
on statistical and harmonic analyses without using an analyt-
ical relationship between the fresh water discharge and other
controlling parameters (such as water level and tidal damp-
ing). In this paper, we aim to establish an analytical equation
relating tidal wave propagation to the fresh water discharge
from upstream. Besides the general interest of establishing an
analytical relation between wave celerity, phase lag, velocity
amplitude, tidal damping, residual slope and river discharge,
this relationship can be of practical use to estimate, in an in-
verse way, river discharge on the basis of observed tidal water
levels along the estuary axis. Of course our method also has
its disadvantages. It requires an exponential shape (as is the
case in alluvial estuaries), it requires that theM2 is domi-
nant over other tidal constituents, and there should be a mea-
surable influence of the river discharge (river discharge and
tidal discharge being within the same order of magnitude). It
should also be realized that in convergent estuaries of infinite
length there is no reflected wave (see alsoJay, 1991), but that
it is essentially a single wave moving in upstream direction
with a phase shift that depends on convergence and damping
(according to the phase lag Eq. T1 in Table2).

The Yangtze estuary in China is used as an illustration of
the analytical approach. The tidal dynamics of the Yangtze
estuary was earlier investigated byZhang et al.(2012b) us-
ing an analytical model proposed bySavenije et al.(2008).
They calibrated their model on data observed during the dry
season assuming that the effect of river discharge was negli-
gible. In this paper, we elaborate on the analytical solutions
proposed byCai et al.(2014) and investigate the influence
of residual water level on tidal dynamics, which is poorly
known, especially during the wet season when there is strong
river discharge. In the method section, we build on the an-
alytical approach proposed byCai et al.(2014) accounting
for the effect of river discharge. The method consists of two
parts. The first part still considers a fixed tidally averaged
depth, while the second part involves an iterative procedure

to account for the residual water level slope due to nonlin-
ear friction. In Sect. 3, the analytical model is applied to the
Yangtze estuary, and the way in which river discharge affects
the tidal damping is discussed. Subsequently, we propose a
new method to estimate fresh water discharge based on ob-
served tidal water levels in the upstream part of an estuary.
Finally, conclusions are drawn in Sect. 4.

2 Method

2.1 Analytical model for tidal dynamics accounting for
river discharge

The basic geometric assumption of the analytical model is
that the shape of alluvial estuaries can be descried by ex-
ponential functions of tidally average cross-sectional area,
width and depth (e.g.Savenije, 2005, 2012):

A = A0exp
(
−

x

a

)
,

B = B0exp
(
−

x

b

)
,

h = h0exp
(
−

x

d

)
, (1)

where x is the longitudinal coordinate directed landward,
A, B, h are the tidally averaged cross-sectional area, stream
width and flow depth,a, b, d are the convergence lengths of
the cross-sectional area, width, and depth, respectively, and
the subscript 0 relates to the reference point near the estuary
mouth.

A second assumption is that the flow width may be as-
sumed to be constant in time while the lateral storage varia-
tion is described by the storage width ratiorS= BS/B where
BS is the storage width (Savenije et al., 2008). Finally, the
instantaneous flow velocityV of a moving particle is con-
sidered to consist of a steady componentUr , caused by the
fresh water discharge, and a time-dependent componentUt ,
contributed by the tide:

V = Ut − Ur , Ut = υ sin(ωt), Ur = Qf /A, (2)

wheret is time,Qf is the river discharge (directed against
the positivex direction),υ is the tidal velocity amplitude,
andω is the tidal frequency.

It has been shown that the estuarine hydrodynamics of an
arbitrary cross-section is controlled by a four dimensionless
parameters that depend only on the local (i.e. fixed position)
geometry and on the external forcing (Toffolon et al., 2006;
Savenije et al., 2008; Toffolon and Savenije, 2011; Cai et al.,
2012a, 2014). Table1 presents these dimensionless param-
eters, including:ζ the dimensionless tidal amplitude,γ the
estuary shape number,χ the friction number, andϕ the di-
mensionless river discharge, whereη is the tidal amplitude,
c0 is the classical wave celerity of a frictionless progressive
wave in a constant-width channel:
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c0 =

√
gh/rS, (3)

andf is the dimensionless friction factor resulting from the
envelope method (Savenije, 1998), defined as

f =
g

K2h
1/3

[
1−

(
4

3
ζ

)2
]−1

, (4)

whereg is the acceleration due to gravity,K is the Manning–
Strickler friction coefficient, the factor 4/3 stems from a Tay-
lor approximation of the exponent of the hydraulic radius in
the friction term (it implies thatζ should be smaller than 3/4).

The dependent dimensionless variables are also shown in
Table 1, whereδ is the damping number (a dimensionless
description of the increase,δ > 0, or decrease,δ < 0, of the
tidal wave amplitude along the estuary),µ the velocity num-
ber (the actual velocity amplitude scaled by the frictionless
value in a prismatic channel),λ the celerity number (the ra-
tio between the theoretical frictionless celerity in a prismatic
channelc0 and the actual wave celerityc) andε the phase lag
between high water (HW) and high-water slack (HWS) or
between low water (LW) and low-water slack (LWS). For a
simple harmonic waveε = π/2− (φZ − φU ), whereφZ and
φU are the phase of water level and velocity, respectively
(Toffolon et al., 2006; Savenije et al., 2008).

Making use of the dimensionless parameters presented in
Table1, Cai et al.(2014) demonstrated that the analytical so-
lutions for tidal dynamics in a local cross-section can be ob-
tained by solving a set of four equations (see Table2), i.e. the
phase lag Eq. (T1), the scaling Eq. (T2), the celerity Eq. (T3),
and the damping Eq. (T4), where

β = θ − rSζ
ϕ

µλ
, θ = 1−

(√
1+ ζ − 1

) ϕ

µλ
, (5)

and0H is a hybrid friction term that is obtained by a combi-
nation of the linearized and the nonlinear Lagrangian friction
term, with the optimum weight of the linearized friction term
0L being 1/3, and 2/3 of the nonlinear friction term0:

0H =
2

3
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1

3
0L, (6)
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2
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If ϕ < 1, the expressions of coefficientsL0 and L1 are
given by (Dronkers, 1964, pp. 272–275)

L0 = [2+ cos(2)]

(
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4α

π

)
+

6
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(
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)
cos(α), (10)

Table 1.Definition of dimensionless parameters.

Dimensionless parameters

Local variable Dependent variable

Tidal amplitude Damping number
ζ = η/h δ = c0dη/(ηωdx)

Estuary shape Velocity number
γ = c0/(ωa) µ = υ/(rSζ c0) = υ h/(rSηc0)

Friction number Celerity number
χ = rSf c0ζ/(ωh) λ = c0/c

River discharge Phase lag
ϕ = Ur/υ ε = π/2− (φZ − φU )

with

α = arccos(−ϕ). (11)

If ϕ ≥ 1, these coefficients become

L0 = −2− 4ϕ2, L1 = 4ϕ. (12)

If the river discharge is negligible (Ur = 0), the damping
Eq. (T4) (see Table2) can be simplified as

δ =
µ2

1+ µ2 (γ − χµλ0H) , (13)

with

0H =
2

3
µλ +

8

9π
, (14)

which corresponds to Eq. (27) ofCai et al.(2012a).
As an illustration, Fig.1 shows the variation of the main

dependent dimensionless parameters as a function of the
shape numberγ and the dimensionless river dischargeϕ for
given values ofζ = 0.1,χ = 2 andrS= 1, where the red lines
represent the values in an ideal estuary (with no damping or
amplification, i.e.δ = 0, λ = 1), of which the solutions are
also presented in Table2.

2.2 Iterative procedure to account for the residual
water level

Building on the work byVignoli et al. (2003), Cai et al.
(2014) proposed an analytical formula to calculate the resid-
ual water level:

z(x) = −

x∫
0

V |V |

K2h4/3
dx,

V |V |

K2h4/3

≈
1

2

[
VHW|VHW|

K2
(
h + η

)4/3
+

VLW |VLW |

K2
(
h − η

)4/3

]
, (15)
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Table 2.Analytical solutions for tidal dynamics accounting for river discharge (Cai et al., 2014).

Cases Phase lag Eq. Scaling Eq. Celerity Eq. Damping Eq.

General tan(ε) = λ/(γ − δ) (T1) µ = sin(ε)/λ = cos(ε)/(γ − δ) (T2) λ2
= 1− δ(γ − δ) (T3) δ = µ2(γ θ − χ µλ0H)/(1+ µ2β) (T4)

Ideal estuary tan(ε) = 1/γ µ =

√
1/(1 + γ 2) λ2
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Figure 1. Contour plot of the main dependent parameters –(a) µ, (b) δ, (c) λ, (d) ε – as a function of the estuary shape numberγ and the
dimensionless river discharge termϕ obtained by solving Eqs. (T1)–(T4) (see Table2) for given ζ = 0.1,χ = 2 andrS= 1. The thick red
lines represent the ideal estuary, whereδ = 0 andλ = 1.

whereVHW andVLW are the instantaneous velocities at HW
and LW:

VHW = υ sin(ε) − Ur , VLW = −υ sin(ε) − Ur . (16)

It is important to recognize that Eq. (15) does not account
for the effect of density difference between ocean and river
water, which results in a residual water level slope amounting
to 1.25 % of the estuary depth over the salt intrusion length
(seeSavenije, 2005, P37). Since the resulted residual water
level is relatively small compared with the tidally averaged
depth and it is concentrated in the seaward part of an estuary,
we neglect the density effect in this paper. Consequently, the
tidally averaged depth including the residual water level is

hnew(x) = h(x) + z(x). (17)

whereh is the depth in relation to mean sea level.
The generic water levels in a tidal channel is illustrated

in Fig. 2. For the case of negligible river discharge (Ur = 0),
the residual water level is usually small compared with the
depth relative to mean sea level, i.e.z � h. However, it be-
comes important and affects tidal damping in the upstream

x

Land

Figure 2. Sketch of the water levels in an estuary, wherez is the
residual water level.

part of an estuary where the influence of river discharge is
considerable.

It should be noted thatϕ is a local parameter because it
depends on the velocity amplitudeυ which is a function
of x (see Table1). At the same time, the tidally averaged
depth depends on the residual water level caused by the non-
linear friction term. Hence a fully explicit solution for the
main dimensionless parameters (i.e.µ, δ, λ, ε) cannot be ob-
tained. Therefore an iterative refinement is needed to obtain
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Figure 3. Sketch of the Yangtze estuary in China.

Table 3.Geometric characteristics in the Yangtze estuary.

Reach Depthh Convergence Convergence Convergence
(km) (m) lengtha lengthb lengthd

(km) (km) (km)

0–275 10.4 143 127 −1135
275–580 9.2 432 1349 636

the correct wave behaviour. The following procedure usually
converges in a few steps: (1) initially we assumeQf = 0 and
calculate the initial values for the velocity numberµ, celerity
numberλ and the tidal velocity amplitudeυ (and hence di-
mensionless river discharge termϕ) explicitly using the ana-
lytical solution proposed byCai et al.(2012a); (2) taking into
account the effect of river dischargeQf , the revised damp-
ing numberδ, velocity numberµ, celerity numberλ, veloc-
ity amplitudeυ (and henceϕ), and phase lagε are calcu-
lated by solving Eqs. (T4), (T2), (T3) and (T1) using a sim-
ple Newton–Raphson method; (3) subsequently we account
for the residual water level according to Eq. (15); (4) this
process is repeated until the result is stable, after which the
dimensional parameters (e.g.η, υ) are computed.

In order to follow along-channel variations of the estuarine
sections, the iterative procedure is combined with a multi-
reach approach (subdividing the whole estuary into short
reaches), where the damping numberδ is integrated in short
reaches over which we assume the estuary shape numberγ ,
the friction numberχ , and the dimensionless river discharge
termϕ to be constant. This is done by using a simple explicit
integration of the linear differential equation:

η1 = η0 +
dη

dx
1x = η0 +

δη0ω1x

c0
, (18)

whereη0 is the tidal amplitude at the downstream end of ev-
ery short reach, whileη1 the tidal amplitude at a distance1x

(e.g. 1 km) upstream (an example of Matlab scripts are pro-
vided as Supplement).
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Figure 4. Semi-logarithmic plot of the tidally averaged cross-
sectional areaA (triangles), widthB (squares) and depthh (circles)
in the Yangtze estuary. The drawn lines represent the fitted expo-
nential curves.

3 Application to the Yangtze estuary

3.1 Geometry of the Yangtze estuary

The Yangtze River feeding the estuary is the largest river
in China with an annual mean fresh water discharge of
28 300 m3 s−1 measured at the upstream boundary of the
estuary at Datong station (1950–2010). The tide penetrates
from the mouth (Zhongjun station) up to Datong at a distance
of approximately 630 km (see Fig.3). The tidal near the es-
tuary mouth is mesotidal with a mean tidal range of 2.7 m
with the dominant tidal constituent being semi-diurnal. The
main geometic parameters (i.e. cross-sectional area, width
and depth) along the estuary axis are shown in Fig.4, along
with best-fitting lines based on Eq. (1). It can be seen that
the whole estuary can be simplified as two reaches with the
inflection point atx =275 km (located between Jiangyin and
Zhenjiang, see Fig.3). The topographical parameters used to
fit the geometry are presented in Table3. We see that both
the cross-sectional area and width exponentially decrease in
landward direction from the estuary mouth, while there is
a slight increase of the averaged depth in the seaward reach
(x = 0–275 km). From 275 km upstream the depth gradually
reduces. It is noted that the Yangtze estuary is a branched
system, where the seaward part is divided by the Chongming
Island into the North Branch and the South Branch. In this
paper, we only focus on the South Branch and the upper
reach, since the North Branch is much smaller compared to
the South Branch, and functions in isolation (Zhang et al.,
2012b).
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Figure 5. Comparison between analytically computed monthly averaged values (left-hand vertical scale: tidal amplitude; right-hand vertical
scale: residual water level) and observations in the Yangtze estuary in 2005.

3.2 Calibration and verification of the model

The analytical model presented in Sect. 2 was calibrated
and verified with the monthly averaged tidal amplitudes and
water levels collected in 2005. It is important to point out
that the model uses a variable depth in order to account for
along-channel variations of the estuarine sections. Figure5
shows the comparison between the measurements and the
analytically computed tidal amplitude and tidally averaged
depth along the estuary in 2005. We see that the correspon-
dence with the observed values in each month is good, which
suggests that the proposed analytical model can well repro-
duce the tidal dynamics with a wide range of river discharge
(11 600–48 000 m3 s−1). The calibrated Manning–Strickler
friction coefficient K and storage width ratiorS are pre-
sented in Table4. A relatively largerK value in the seaward
reach of 70 and 60 m1/3 s−1 in the landward reach has been
used to calibrate the model, which is reasonable since the
downstream part has a higher mud content, distinguishing
between riverine and marine dominated parts of the estuary.
It is interesting to note that the calibratedrS in the dry sea-
son (months 1, 2, 3, 4, 11 and 12) is larger than that in the
wet season (months 5, 6, 7, 8, 9 and 10), which is possi-
bly due to the fact that the influence of storage area (such as
marshes and tidal flats) is much stronger in the dry season
compared with that in the wet season. A possible explana-
tion for this phenomenon is discussed in Sect. 3.3. Figure5
also shows the resulted residual water level due to nonlinear

Table 4.Calibrated parameters used in the analytical model.

Reach Manning–Strickler Storage width ratiorS
(km) friction K

(m1/3 s−1)

Dry season Wet season
(1, 2, 3, 4, 11, 12) (5, 6, 7, 8, 9, 10)

0–275 70 1.4 1
275–580 60 1.8 1

friction according to Eq. (15) (i.e. including bottom friction
and river discharge). It can be seen that the residual water
level is increased with river discharge, which indicates that
the residual effect is more important in the wet season.

According to Eq. (2) the flow velocity consists of two com-
ponents: the tidal component with velocity amplitudeυ and
the velocity of the river dischargeUr . In Fig.6 the two com-
ponents and the ratio between them (i.e.ϕ defined in Table1)
are presented for the Yangtze estuary in 2005. A critical point
can be defined where the river flow velocity is equal to the
velocity amplitude (i.e.ϕ = 1), upstream of which the influ-
ence of river discharge is dominant over the tidal flow. We
can see from Fig.6 that the location of this point varies with
river discharge. At a small discharge of 11 600 m3 s−1 in Jan-
uary, the velocity of the river discharge becomes dominant
from 368 km onward, while with a large river discharge of
48 000 m3 s−1 in September this occurs atx = 139 km.
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Figure 6. Longitudinal variation of the tidal velocity amplitudeυ and river flow velocityUr along the Yangtze estuary in 2005. The dash-
dotted line represents the ratio of the river flow velocity to the tidal velocity amplitude (i.e. the dimensionless river discharge termϕ).

It is worth examining the tidal wave propagation in conver-
gent estuaries with significant river discharge. We focus on
analytical solutions for infinite length estuaries (long coastal
plain estuaries), where there is no reflected wave (see also
Jay, 1991). In this case, the value of the phase lagε is always
between 0 andπ/2 (i.e. mixed wave, seeSavenije, 2005,
2012). If ε = π/2, the tidal wave is a progressive wave, which
corresponds to a frictionless wave in a prismatic channel. If
ε = 0, the tidal wave is an “apparently standing” wave (the
wave is not formally a standing wave generated by the su-
perimposition of incident and reflected waves; rather it is an
incident wave that mimics a standing wave with a phase dif-
ference of 90◦ between water level and velocity and a wave
celerity tending to infinity).

Figure 7 shows the variation of the wave celerityc and
phase lagε along the Yangtze estuary under different river
discharge conditions. We see that the wave celerityc is
smaller than the classical wave celerityc0, which is mainly
due to the fact that the Yangtze estuary is a damped estuary
under significant influence of river discharge. As expected,
we see that the classical wave celerity during the wet season
is larger than that during the dry season, due to the larger
residual water level and smaller storage width ratio (accord-
ing to Eq.3). However, we see that the increase of the actual
wave celerity is not significant, which is due to the counterac-
tion of the tidal damping by river discharge (see the celerity
Eq. T3 in Table2). With regard to the variation of the phase
lag, the values are in the range of 50–70◦, which suggests that

the tidal character is close to a progressive wave (ε = 90◦).
Meanwhile, it can be seen that the bigger the river discharge
the smaller the phase lag.

3.3 Effect of river discharge on tidal dynamics

With the analytical model presented in Sect. 2, the ma-
jor mechanisms of how river discharge affects tidal dynam-
ics can be identified. One mechanism is increasing friction,
which can be seen from the damping Eq. (T4). The influence
of river discharge on tidal dynamics is very similar to that of
the friction numberχ . This can be demonstrated by rewriting
the friction parameter0H in Eq. (6):

0H=



2
3µλ

[
1+

8
3 ζ

ϕ
µλ

+

(
ϕ
µλ

)2
]
+

1
3

(
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2 −ζ
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3µλ

)
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2
3µλ
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8
3 ζ
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(
ϕ
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]
+

8
9π
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3π
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8
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(
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(
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4
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(
ϕ
µλ

)2
]
+

8
9π

(
3π
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π
8

L0ζ
µλ

)
for ϕ≥µλ,

(19)

where we see that the influence of river discharge is basi-
cally that of increasing friction by a factor depending on the
dimensionless river dischargeϕ (i.e. by comparing the last
two terms in Eq. (19) with the right-hand side of Eq. (14),
see more details in AppendixA).

The second mechanism is related to the residual water
level caused by the nonlinear frictional effect according to
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Figure 7. Longitudinal variation of the wave celerityc (blue) and the phase lagε (red) along the Yangtze estuary in 2005. The dash-dotted
line represents the classical wave celerityc0 from Eq. (3).

Eq. (15), in which the river discharge plays an important
role. We should recognize that this residual effect (indicat-
ing higher depth) partly acts the other way around, i.e. re-
ducing the tidal damping, since it reduces the bottom friction
(smallerχ ) in Eq. (T4). Additionally, the residual water level
induces a slight increase of the cross-sectional area conver-
gence (a smallerγ ), especially in the upstream part of the es-
tuary with large depth divergence, since 1/a = 1/b − 1/|d|,
where the depth convergence lengthd is negative.

The third mechanism is linked to the storage area, which
is represented by the storage width ratiorS. As a result of the
calibration in the Yangtze estuary (see Sect. 3.1), we note that
the effect of the storage area on the tidal dynamics is stronger
in the dry season (biggerrS), which indicates more friction
(largerχ ) and lower channel convergence (smallerγ ) com-
pared with those in the wet season. This seasonal variation of
the storage width ratio is illustrated in Fig.8. In the case of
low river discharge, the channel width changes more strongly
than the depth, resulting in a dominant lateral flow between
the storage area and the main channel over the tidal cycle.
Conversely, the depth increases more substantially compared
with the width in the case of high river discharge, leading to
a more dominant longitudinal flow in the storage area. As a
result, the flow in the storage area is in the same direction
as that in the main channel, which suggests a smaller storage
width ratio for high river discharge condition.

To provide insights into the relative importance of these
three mechanisms, we applied the analytical model under dif-
ferent river discharge conditions (varying between 5000 and
60 000 m3 s−1). A yearly averaged tidal amplitude of 1.36 m
at Zhongjun station (2005) is imposed at the seaward bound-
ary. The calibrated parameters (including the friction coef-
ficient K and storage width ratiorS) are fixed for the sen-
sitivity experiments. For simplicity, we adopted the cali-
bratedrS in the dry season when the river discharge is be-
low 25 000 m3 s−1, while using therS in the wet season for
river discharge larger than 25 000 m3 s−1. In Fig. 9 we see
that both the residual water levelz and the parameter0H are
increased with river discharge, which counteract each other,
leading to changes in the friction termχ µλ0H in the damp-
ing Eq. (T4), the friction numberχ and the shape numberγ .
As the river discharge increases, we see from Fig.9c that the
friction numberχ is decreased, which indicates a reduction
of the bottom friction. However, it is noted that the whole
friction termχ µλ0H is increased with river discharge (see
Fig. 9d), which suggests that the increased friction due to
river discharge (0H) is dominant over the reduced friction
due to residual water level. On the other hand, the estuary
shape numberγ is decreased with river discharge for cases
using the samerS, which is due to an increase of the residual
water level. The lower values ofγ for small river discharge
(Qf < 25 000 m3 s−1) in the seaward reach is mainly caused
by the adoption of larger storage width ratio, since the depth
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Figure 8. Variation of the water levels (LW: low water level, TA: tidally averaged water level, HW: high water level) in a cross-section(a)
and the dominated flow direction in the storage area(b). The blue drawn line represents the case with low river discharge, while the red
dashed line represents the case with high river discharge.
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Figure 9. Longitudinal variation of the residual water levelz (a), the parameter0H (b), the friction numberχ (c), the friction termχ µλ0H
in Eq. (T4), and the shape numberγ (e) in the Yangtze estuary under different river discharge conditions.

divergence is rather small. Conversely, in the upstream reach,
where the depth divergence is remarkable, we see a smaller
γ for larger river discharge conditions.

The effect of river discharge on the main features of the
tidal dynamics is shown in Fig.10. We see that the tidal
amplitude, velocity amplitude and phase lag are reduced
with river discharge, especially in the upper reach of the

estuary, where it gradually becomes more riverine in char-
acter (indicating larger river flow velocity, see Fig.10c).
The abrupt higher tidal amplitude observed near the estu-
ary mouth (see Fig.10a) for the cases of larger river dis-
charge (Qf > 25 000 m3 s−1) is due to the assumption that
the adopted storage width ratio is smaller in the wet season
than in the dry season (see Table2). With regard to the wave
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c (d), and the phase lagε (e) in the Yangtze estuary under different river discharge conditions.

celerity, it tends to increase with river discharge although
there is significant damping caused by river discharge. The
reason is mainly due to the increase of residual water level
when increasing the river discharge.

3.4 A new approach for estimating fresh water
discharge

Reliable estimation of fresh water discharge into estuar-
ies is a critical component of water resources management
(e.g. salt intrusion, freshwater withdrawal, flood protection),
yet fresh water discharge into estuaries remains poorly ob-
served, as it requires observations during a full tidal cycle.
The analytical model for tidal wave propagation makes clear
that tide and river discharge interact and are governed by the
damping Eq. (T4) in Table2. As a result, it is possible to
develop an analytical equation to determine river discharge
based on measurements of tidal water levels. If the tidal
dampingδ and the tidally averaged depth (including residual
water level)h are known, we are able to use the inverse ana-
lytical model to predict the fresh water discharge.Moftakhari
et al.(2013) also proposed a method to predict the fresh water
discharge based on analysis of tidal statistics, using known
astronomical forcing. However, they did not recognize the
importance of residual water level. As opposed to the regres-
sion model they used for fresh water discharge estimation,
the method presented here is fully analytical and takes into
account both the friction and residual water level.
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Figure 11. (a)Comparison between observed tidal dampingδ and
its corresponding moving average value with a window of 5 months;
(b) comparison between analytically predicted fresh water dis-
charge and observations (at Datong tidal station) in the Yangtze
estuary in different months of 2005–2009.R2 is the coefficient of
determination.

Knowing δ andγ , the tidal variablesε, λ andµ can be
determined using Eqs. (T1), (T3) and (T2). Subsequently the
damping Eq. (T4) in the upstream river discharge-dominated
zone (ϕ ≥ µλ) is used to predict the fresh water discharge.
Recalling thatL0 = −2–4ϕ2, L1 = 4ϕ for the case ofϕ ≥ 1
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and rearranging Eq. (T4), it is possible to obtain a quadratic
equation ofϕ:

α1ϕ
2
+ α2ϕ + α3 = 0, (20)

with

α1 = −4χ0µ
2ζ 2/

[
3− 16ζ 2/3

]
, (21)

α2 = rSδµζ/λ− 2µ3χ0λζ/
[
1− (4ζ/3)2

]
− (µγ − δµ)

(√
1+ ζ − 1

)
/λ, (22)

α3 = −χ0µ
2ζ 2

(
8µ2λ2/9+ 2/9

)
/
[
1− (4ζ/3)2

]
− δ + µ2γ − δµ2, (23)

whereχ0 is the reference friction number, defined as

χ0 = χ
[
1− (4ζ/3)2

]
/ζ = rSgc0/

(
K2ωh

4/3
)
, (24)

where therS andK are the calibrated parameters.
It can be seen from Eqs. (21) and (22) that bothα1 and

α2 are always negative for givenζ < 0.75. Thus, for given
values ofδ (always negative),γ , λ, µ, χ0 andζ , the positive
solution is

ϕ =

−α2 −

√
α2

2 − 4α1α3

2α1
. (25)

With this solution forϕ, an explicit solution can be ob-
tained forQf :

Qf = AUr = Aϕυ. (26)

In fact, the introduced damping equation (i.e. Eq. T4 in
Table2) can be regarded as a modified Stage–Discharge re-
lationship that accounts for the effects of residual water level
slope (i.e. dh/dx) and tidal damping (i.e. dη/dx), while the
resulted predictive Eq. (25) is a modified Manning equation
that is applicable to estuaries. A detailed derivation can be
found in AppendixB.

To reduce the statistical uncertainties in estimating tidal
dampingδ =

1
η

dη
dx

c0
ω

(which is rather sensitive to changes in
observed tidal amplitudes), we propose to use a moving av-
erage filter to smooth the estimated tidal damping. As an ex-
ample, Fig.11a shows the estimated tidal dampingδ between
2005 and 2009 atx = 456 km in the Yangtze estuary located
between the two points where tidal observations can be ob-
tained (i.e. Wuhu and Maanshan tidal stations, see Fig.3) and
its corresponding moving average value with a window of
5 months. The obtainedδ is subsequently used to predict the
monthly averaged fresh water dischargeQf from Eq. (26).
In this case we used the calibrated Manning–Strickler fric-
tion coefficientK = 60 m1/3 s−1 and the calibrated storage
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Figure 12. Seasonal variation of the cross-sectional area conver-
gencea due to the changes in residual water level slope dh/dx at
x = 456 km in the Yangtze estuary.

width ratio of rS= 1.5. We see from Fig.11b that the cor-
respondence with observations is good (R2

= 0.95), which
suggests that the proposed analytical model can be a useful
tool to have a first-order estimation of fresh water discharge
in the tidal region. The deviation from observations is proba-
bly related to the simplification of a rectangular cross-section
and observational error.

It is important to note that even if the Manning–Strickler
coefficientK and the storage width ratiorS can not be cali-
brated due to the lack of observed fresh water discharge data,
it is still possible to apply the proposed analytical approach.
This is made possible by calibrating the analytical model for
tidal wave propagation against the observed tidal amplitude
in the seaward part of the estuary, where the influence of river
discharge on tidal damping is negligible. Assuming thatK

andrS in the upstream part are the same as that in the sea-
ward part, the analytical approach presented in this section
can be used to hindcast fresh water discharge based on the
tidal water level observations.

We also note that the cross-sectional area convergencea is
no longer a constant at the studied position (x = 456 km) due
to the significant variation of the residual water level slope
dh/dx, which is implicitly included in the parameter ofa

since 1
a

=
1
b

+
1
d

= −
1
B

dB
dx

−
1
h

dh
dx

. The seasonal variation of
a is given in Fig.12, where we see a larger value ofa during
wet season while a smaller value during dry season.

Figure13shows the analytically predicted fresh water dis-
charge for a range of tidally averaged depthh (9 to 20 m)
and damping numberδ (−2 to 0) according to Eq. (26) (the
Matlab scripts are provided as Supplement). For simplicity,
we assumed a fixed tidal amplitude atx = 456 km equal to
the monthly averaged value of 0.14 m. It can be seen from
Fig. 13 that the fresh water discharge is mainly determined
by two controlling factors. Both the tidally averaged depth
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Figure 13. Contour plot of the predicted fresh water discharge
at x = 456 km as a function of the tidally averaged depthh and
the damping numberδ for given tidal amplitudeη = 0.14 m, con-
vergence lengtha = 432 km, Manning–Strickler friction coefficient
K = 60 m1/3 s−1 and storage width ratiorS= 1.5.

and the tidal damping tend to result in a larger fresh water
discharge.

Further work will be required to test the accuracy of the
explicit Eq. (26) with more detailed measurements (e.g. daily
river discharge and water level).

4 Conclusions

An analytical model has been applied to the Yangtze es-
tuary where the influence of river discharge is significant.
The method involves solving a set of four implicit equations
(i.e. the phase lag, the scaling, the celerity and the damping
equations), in combination with an iterative procedure to ac-
count for the influence of residual water level due to nonlin-
ear frictional effect. The results show a good agreement with
observed tidal amplitude and water level in both dry and wet
seasons, which suggest that the presented analytical model
can be a powerful instrument for assessing the influence of
human interventions (e.g. dredging, freshwater withdrawal)
on tidal dynamics.

The effect of river discharge on tidal damping is not trivial,
triggering different effects that partly counteract each other.
We show that the river discharge affects tidal damping pri-
marily through the friction term, and subsequently by the
residual water level and the storage area, whereby the friction
term and the storage area tend to increase the tidal damping,
while the residual water level affects the tidal damping by re-
ducing the bottom friction and increasing the cross-sectional
area convergence length.

The relationship between water level (including residual
water level) and river discharge, governed by the damping
equation, enables us to develop a new method for estimating
fresh water discharge in estuaries on the basis of tidal wa-
ter level observations via an inverse analytical model, which
is actually a modified Manning equation accounting for the
effects of residual water level slope and tidal damping in es-
tuaries. The application to the Yangtze estuary shows that the
proposed analytical approach is able to have a first-order es-
timation of fresh water discharge in estuaries, and therefore it
is a particularly useful tool for water management in coastal
areas.
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Appendix A: Influence of river discharge on the friction
term

In case of negligible river discharge, the damping equation is
given by (seeCai et al., 2012a)

δ =
µ2

1+ µ2

[
γ − µλχ

(
2

3
µλ +

8

9π

)]
. (A1)

To illustrate the influence of river discharge on the friction
term, we introduce an artificial friction numberχr due to river
discharge. When accounting for the effect of river discharge,
the damping Eq. (A1) is modified as (seeCai et al., 2014)

δ =
µ2

βµ2 + 1

[
γ θ − µλχ

(
2

3
µλ +

8

9π

) 2
3µλκ1 +

8
9π

κ2
2
3µλ +

8
9π

]

=
µ2

βµ2 + 1

[
γ θ − µλ

(
2

3
µλ +

8

9π

)
χr

]
, (A2)

whereβ andθ are defined in Eq. (5) and the coefficientsκ1
andκ2 are given by

κ1 =

1+
8
3ζ

ϕ
µλ

+

(
ϕ
µλ

)2
for ϕ < µλ

4
3ζ + 2 ϕ

µλ
+

4
3ζ

(
ϕ
µλ

)2
for ϕ ≥ µλ

(A3)

κ2 =
3π

16
L1 −

π

8

L0ζ

µλ
. (A4)

As can be seen from Eqs. (A1) and (A2), the influence of
fresh water discharge is basically that of increasing friction
by a factor which is a function ofϕ. Expressing the artificial
friction number asχr = κχ provides an estimation of the cor-
rection of the friction term

κ =
χr

χ
=

2
3µλκ1 +

8
9π

κ2
2
3µλ +

8
9π

, (A5)

which is needed to compensate for the lack of considering
fresh water discharge. It should be noted that bothβ andθ are
equal to unity ifϕ = 0. Forϕ > 0, the correction factorsθ and
β have values smaller than unity, but are close to unity as long
asζ � 1. Thus the influence of river discharge introduced by
these parameters is less prominent than that of the friction
term.

Appendix B: Revisiting the Manning equation

The momentum equation when written in a Lagrangian ref-
erence frame reads (seeSavenije, 2005, 2012)

dV

dt
+ g

∂h

∂x
+ g

∂zb

∂x
+ g

h

2ρ

∂ρ

∂x
+ gn2V |V |

R4/3
= 0, (B1)

whereh is the water depth,zb is bottom elevation,ρ is the
water density,n is Manning’s coefficient (n = 1/K), andR

is the hydraulic radius.

For uniform steady flow in a prismatic channel, Eq. (B1)
can be simplified as the well-known Manning equation by
neglecting the first, the second and the fourth terms:

V =
1

n
R2/3S1/2, (B2)

whereS = −∂zb/∂x is the slope of the channel.
Hence the expression for river discharge is given by

Q0 = AV =
1

n
AR2/3S1/2, (B3)

whereA is the cross-sectional area.
For steady flow when depth may vary along a short section

of the channel (e.g. during a flood), the residual water level
slope (∂h/∂x) should be taken into account and Eq. (B1) re-
duces to

∂h

∂x
+

∂zb

∂x
+ n2V |V |

R4/3
= 0. (B4)

Consequently, the Manning equation (Eq.B2) is modified as

V =
1

n
R2/3

(
S −

∂h

∂x

)1/2

, (B5)

while the river discharge becomes

Q1 = Q0

(
1−

∂h

∂x

1

S

)1/2

. (B6)

In the Lagrangian reference frame, the continuity equation
can be written as (seeSavenije, 2005, 2012)

dV

dt
= rS

cV

h

Dh

dx
− cV

(
1

b
−

1

η

dη

dx

)
. (B7)

In a tidal region, it is noted that both depth and discharge
change along the channel axis (i.e. varied unsteady flow).
Thus, Eq. (B1) when combined with Eq. (B7) becomes (see
Savenije, 2005, 2012)

rS
cV

h

dh

dx
− cV

(
1

b
−

1

η

dη

dx

)
+ g

∂h

∂x
+ g

∂zb

∂x
+ g

h

2ρ

∂ρ

∂x

+ gn2V |V |

R4/3
= 0. (B8)

An analytical expression for the tidal damping can be ob-
tained by subtracting high-water and low-water envelopes
while accounting for the effect of river discharge (Cai
et al., 2014): in the downstream tide-dominated zone, where
Ur < υ sin(ε),

1

η

dη

dx

(
θ − rs

ϕ

sin(ε)
ζ +

gη

cυ sin(ε)

)
=

θ

a
− f

υ

hc(
2

3
sin(ε) +

16

9
ϕζ +

2

3

ϕ2

sin(ε)
+

L1

6
−

L0

9

ζ

sin(ε)

)
, (B9)

www.hydrol-earth-syst-sci.net/18/4153/2014/ Hydrol. Earth Syst. Sci., 18, 4153–4168, 2014



4166 H. Cai et al.: Analytical approach for predicting fresh water discharge

and in the upstream river discharge-dominated zone, where
Ur ≥ υ sin(ε),

1

η

dη

dx

(
θ − rs

ϕ

sin(ε)
ζ +

gη

cυ sin(ε)

)
=

θ

a
− f

υ

hc(
8

9
ζ sin(ε) +

4

3
ϕ +

8

9

ϕ2

sin(ε)
ζ +

L1

6
−

L0

9

ζ

sin(ε)

)
. (B10)

When river discharge dominates over tide (ϕ ≥ 1), it is noted
that the coefficientsL0 andL1 can be calculated according
to Eq. (12). Substituting Eq. (12) into Eq. (B10) then yields
a quadratic equation for the dimensionless river dischargeϕ:

σ1ϕ
2
+ σ2ϕ + σ3 = 0, (B11)

with

σ1 = −
4

3

f υaζ

hcsin(ε)
, (B12)

σ2 =
1

η

dη

dx

rSaζ

sin(ε)
− 2

f υa

hc

+

(
1

η

dη

dx
a − 1

) √
1+ ζ − 1

sin(ε)
, (B13)

σ3 = −
f υa

hc

[
8

9
ζ sin(ε) +

2

9

ζ

sin(ε)

]
−

1

η

dη

dx
a

[
1+

gη

cυ sin(ε)

]
, (B14)

where the unknown variablesε, c, υ can be calculated with
the explicit equations (i.e. the phase lag equation, the celerity
equation and the scaling equation in Table2) for given water
level observations.

Equation (B11) gives two solutions:

ϕ1 =

−σ2 +

√
σ 2

2 − 4σ1σ3

2σ1
,

ϕ2 =

−σ2 −

√
σ 2

2 − 4σ1σ3

2σ1
, (B15)

in which the first root is always negative since bothσ1 and
σ2 are always negative. Hence the positive solution forϕ can
only be given by the second root, which can be rewritten as

Ur = υ
−σ2 −

√
σ 2

2 − 4σ1σ3

2σ1
. (B16)

We can see that Eq. (B16) is actually a modified Manning
equation, accounting for friction and the effects of resid-
ual water level slope (i.e. dh/dx implicitly included in the
parameter of the cross-sectional area convergencea since
1
a

=
1
b

+
1
d

= −
1
B

dB
dx

−
1
h

dh
dx

) and tidal damping (i.e. dη/dx).
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