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Abstract. In this paper, a new method for estimating gross
gains and losses between streams and groundwater is devel-
oped and evaluated against two existing approaches. These
three stream to groundwater exchange (SGE) estimation
methods are distinct in their assumptions on the spatial dis-
tribution of the inflowing and outflowing fluxes along the
stream. The two existing methods assume that the fluxes are
independent and in a specific sequence, while the third and
newly derived method assumes that both fluxes occur simul-
taneously and uniformly throughout the stream. The analytic
expressions in connection to the underlying assumptions are
investigated through numerical stream simulations to evalu-
ate the individual and mutual dynamics of the SGE estima-
tion methods and to understand the causes for the differences
in performance. The results show that the three methods pro-
duce significantly different results and that the mean absolute
normalized error can have up to an order of magnitude dif-
ference between the methods. These differences between the
SGE methods are entirely due to the assumptions of the SGE
spatial dynamics of the methods, and the performance for a
particular approach strongly decreases if its assumptions are
not fulfilled. The assessment of the three methods through
numerical simulations, representing a variety of SGE dynam-
ics, shows that the method introduced, considering simulta-
neous stream gains and losses, presents overall the highest
performance according to the simulations. As the existing
methods provide the minimum and maximum realistic val-
ues of SGE within a stream reach, all three methods could

be used in conjunction for a full range of estimates. These
SGE methods can also be used in conjunction with other end-
member mixing models to acquire even more hydrologic in-
formation as both require the same type of input data.

1 Introduction

Groundwater and surface water interactions are an important
process in hydrologic systems (Winter, 1998). These interac-
tions within and around streams and rivers impact decisions
on municipal water supply extractions, water pollution, river-
ine habitat, and many others. To make better decisions on
these impacts, the stream to groundwater exchange (SGE)
needs to be accurately quantified as stream losses and gains
can account for a substantial proportion of the total flow and
chemical load of a stream.

In general, when people consider how to estimate the
flow losses or gains along a stream reach they would take a
discharge measurement upstream, a discharge measurement
downstream, subtract the two values, and the result would
be considered the gain or loss of flow within the stream
reach. Although this may be a relatively simple procedure
to accomplish, the assumption that all flow within a stream
reach must be either flowing into the stream or flowing out
of the stream is in many cases an over simplification (Castro
and Hornberger, 1991; Harvey and Bencala, 1993). Depend-
ing on local topography, geology, and the groundwater table,
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gains and losses into and out of the stream can be very dy-
namic even over short distances (Harvey and Bencala, 1993;
Anderson et al., 2005; Payn et al., 2009). Consequently,
what might have originally been estimated as a small gain to
the stream from simply subtracting the upstream and down-
stream discharges might end up becoming a small loss out of
the stream and a large gain into the stream. Without a proper
method to estimate SGE, any attempt at estimating a water
or nutrient mass balance would be difficult and laced with
errors.

Harvey and Wagner(2000) and many other researchers use
a more realistic conceptual model of flow pathways within a
stream (Fig.1). These major flow pathways include initial (or
upstream) discharge (Qup), final (or downstream) discharge
(Qdown), stream gains from groundwater (Qgain), stream
losses to groundwater (Qloss), and hyporheic flow (Qhyp). In
this conceptual model,Qgain is considered to be pure ground-
water entering the stream, andQloss is stream water per-
manently leaving the stream. Hyporheic flow occurs when
stream water temporarily leaves the stream into the surround-
ing groundwater (or more specifically the hyporheic zone),
but returns again to the stream at some downstream location.
During this temporary departure from the stream, additional
biochemical reactions may occur that would not necessarily
have occurred while in the stream itself. The mass is still re-
tained in the stream and not lost (permanently) to the ground-
water. Although the hyporheic flow pathways do occur and
can be very important for stream ecosystems (e.g., the move-
ment of oxygen into the hyporheic zone, nitrogen cycling,
etc.), hyporheic flow will not be directly addressed in this
study as the authors are most interested on fluxes that are per-
manently adding or removing mass over a significant length
of stream. As hyporheic flows only temporarily leave the
stream, the mass of the water is still retained over sufficient
distances.

There are a number of methods to estimate gross stream
gains and losses (Kalbus et al., 2006). The general cate-
gories are seepage meters, (heat or chemical) tracer tests, and
hydraulic gradients derived from groundwater piezometers.
Each has advantages and disadvantages. Seepage meters and
groundwater piezometers are point measurements that can
be accurate at a specific point, but in a heterogeneous sys-
tem they may not represent the stream as a whole. However,
chemical tracer tests are an aggregation of all fluxes along a
stream reach, but do not represent any particular point along
the stream. For this study, the focus is on the total aggregated
flows over the stream reaches, so chemical tracer tests were
found to be the most appropriate and inexpensive.Kalbus
et al.(2006) andScanlon et al.(2002) have a more thorough
qualitative review of the different SGE methods.

Using chemical tracer tests for the source of data, the es-
timation of gross stream gains and losses is most frequently
performed through numerical models like those similar to the
OTIS (One-Dimensional Transport with Inflow and Storage)
model developed by the USGS (United States Geological
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Figure 1. A conceptual overview of the major inflows and outflows
within a stream reach.Qup is the upstream discharge in volume per
time,Qdown is the downstream discharge,Qgain is the groundwater
entering the stream,Qloss is the stream water leaving the stream to
the groundwater, andQhyp is the hyporheic flow water that is tem-
porarily leaving the stream into the hyporheic zone. (Reproduced
afterHarvey and Wagner, 2000.)

Survey) (Runkel, 1998). While able to estimate fluxes in
steady-state conditions, these types of models are primarily
designed for non-steady-state conditions and provide many
output parameters in addition to the inflow and outflow
fluxes and, as a consequence, require more input data than in
steady-state conditions for estimating only SGE (e.g., stream
cross-sectional area, flow advection, flow dispersion, etc.).
Additionally, the OTIS type models would require the esti-
mation of parameters, through a trial-and-error or an auto-
mated nonlinear least-squares (NLS) procedure, that are not
directly measured. Under steady-state conditions, the data
and parameter requirements for estimating only SGE are sub-
stantially lower requiring only discharge and tracer concen-
tration measurements upstream and downstream. If a steady
state is appropriate, then analytical methods are sufficient.

There are two existing analytical methods to estimate SGE
under steady-state conditions ignoring hyporheic flow paths.
These methods use simple mass balance equations to esti-
mate both gains and losses within a stream reach and assume
that the fluxes are independent and in a specific sequence.
In this paper, a new analytical method has been developed
using different assumptions on the spatial distribution of the
inflowing and outflowing fluxes along the stream. The new
spatial distribution assumptions are simultaneous and uni-
form inflows and outflows over the entire stream reach.

The goal of our study is to quantitatively evaluate the ac-
curacy and sensitivity of the new method against the exist-
ing steady-state SGE tracer methods. This evaluation is per-
formed through a combination of analytical comparisons and
numerical stream simulations as described in the following
sections.
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2 Methods

2.1 Theoretical basis of the SGE tracer methods

All tracer based methods designed to estimate SGE start with
the conservation of mass equations under steady-state condi-
tions for both the tracer and the water flux and assume com-
plete mixing of the individual flows:

QupCup+QgainCgain=QdownCdown+QlossCloss, (1)

Qup+Qgain=Qdown+Qloss, (2)

whereQdown is the downstream discharge (in volume per
unit time),Cdown is the downstream concentration (in mass
per unit volume),Qup is the upstream discharge,Cup is
the upstream concentration,Qgain is the discharge from the
groundwater to the stream,Cgain is the concentration of
Qgain, Qloss is the discharge from the stream to the ground-
water, andCloss is the concentration ofQloss.

If we assume thatCgain will be estimated later from the
tracer test, then there are three unknown variables (i.e.,Qgain,
Qloss, andCloss) and two equations. As we want to solve for
Qgain andQloss, we must make some assumption aboutCloss
to make the derivation solvable. The two existing SGE esti-
mation methods mentioned in the introduction make specific
assumptions on the distribution of gains and losses through-
out the reach (see Fig.2) to make appropriate assumptions
aboutCloss. The first method, we call “Loss–Gain” assumes
Closs=Cup, while the second method, we call “Gain–Loss”,
assumesCloss=Cdown. In both variants, the methods assume
that the mixing ofQgainCgain andQlossCloss are mixed sep-
arately and in a sequence defined by the above assumptions.
The Loss–Gain variant assumes that the mixing sequence
begins withQloss followed by Qgain, while Gain–Loss is
vice versa.

Combining Eqs. (1) and (2), the solution forQloss for
Loss–Gain is

Qloss,LG=Qup−Qdown

(
Cdown−Cgain

Cup−Cgain

)
. (3)

Similarly, the equation forQloss for Gain–Loss is

Qloss,GL=Qup

(
Cup−Cgain

Cdown−Cgain

)
−Qdown. (4)

To getQgain for both methods, we need to include Eq. (2)
into Eqs. (3) and (4):

Qgain,LG=Qdown

(
Cdown−Cup

Cgain−Cup

)
, (5)

Qgain,GL=Qup

(
Cdown−Cup

Cgain−Cdown

)
. (6)

If we use an artificial tracer (e.g., bromide salt), we can safely
assumeCgain≈ 0 and the resulting equations are as follows:

Qloss,LG=Qup−Qdown
Cdown

Cup
, (7)
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Figure 2. The conceptualizations of the three SGE methods.
(A) The LG (min) method assumesQgain occurs in the first section
followed by Qloss in the last section.(B) The GL (max) method
assumesQloss occurs in the first section followed byQgain in the
last section. Both the LG (min) and GL (max) methods assume that
Qgain andQlossoccur in sequence and independently, although the
lengths of the first and last sections are arbitrary and can be of any
length that when summed together equal the total length.(C) The
SIM method assumes thatQgain andQloss are constant and occur
simultaneously throughout the entire length of the stream reach.

Qloss,GL=Qup
Cup

Cdown
−Qdown, (8)

andQgain becomes

Qgain,LG=Qdown

(
1−

Cdown

Cup

)
, (9)

Qgain,GL=Qup

(
Cup

Cdown
−1

)
. (10)

These methods can be applied conceptually along a stream
length as illustrated in the A and B sections of Fig.2. Qup
is the upstream discharge andQdown represents the down-
stream discharge. Depending on the equation variant,Qgain
is added orQloss is removed fromQup at the beginning of the
stream andQloss is removed orQgain is added at the end of
the stream resulting in a downstream discharge ofQdown. As
these methods make no assumptions about the exact location
along the stream forQgain andQloss, they can occur over any
length of the stream as long as they occur in sequence and
independently.

If a stream reach has some amount ofQgain, then there is
a certain significance to the Loss–Gain and Gain–Loss meth-
ods. The concentration of the conservative tracer starting at
the location ofQup and ending at the location ofQdown will
have a tracer concentration that starts at the value ofCup,
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changing towards the concentration ofCgain wheneverQgain
enters the stream, and finally ending downstream at a value
of Qdown (which again is a value towards that ofCgain). As
this occurs in every possible stream reach whereQgain> 0
andCgain 6= Cup 6= Cdown, Cup andCdown represent the end-
point concentrations along a stream reach. Subsequently, the
Loss–Gain (with theCup assumption) and Gain–Loss (with
theCdown assumption) methods represent the minimum and
maximum possible SGE values given the initial mass balance
assumptions from Eqs. (1) and (2). This also means that any
other SGE method must result in SGE values between the
Loss–Gain and Gain–Loss methods. To provide the reader
with an intuitive sense of both the underlying spatial distri-
bution assumptions and the end point that these two methods
represent, the Loss–Gain method will be called “LG (min)”
and the Gain–Loss method will be called “GL (max)”.

From studies that tested multiple stream reaches for SGE,
almost every stream reach had both gains and losses regard-
less of the method and of the reach length (Anderson et al.,
2005; Ruehl et al., 2006; Payn et al., 2009; Covino et al.,
2011; Szeftel et al., 2011). Additionally, studies that have
tried to identify the spatial distribution of groundwater in-
flows and outflows to and from the stream have found a wide
variety of diffuse flow locations throughout the stream and
were not limited to one or two flow locations every sev-
eral hundred meters (Malard et al., 2002; Wondzell, 2005;
Schmidt et al., 2006; Lowry et al., 2007; Slater et al., 2010).
This indicates that even short stream reaches typically have
many instances of gains and losses to and from the stream
and that limiting the flux instances to one flux each re-
gardless of the stream length may not be the most accurate
assumption.

Following this rationale, this paper presents a new method
based on a different assumption for the spatial distribution
of SGE as compared to the GL (max) and LG (min) meth-
ods, namely that bothQgain andQloss occur simultaneously
and uniformly throughout the entire stream section. This new
method is denoted as “SIM”. Equations requiring the same
input data as the GL (max) and LG (min) methods are de-
rived in Sect.2.2 and length is integrated into the mass bal-
ance equation (Fig.3).

2.2 Derivation of the method for simultaneous gains
and losses

In this section, the fundamental equations of mass balance for
the tracer and water flows will be applied on a control volume
represented in Fig.3 under the assumption of simultaneous
and uniform gains and losses throughout the stream reach
and stationarity in time in order to obtain the expressions
predictingQgain andQloss as functions ofQup, Cup, Qdown,
Cdown andCgain. First, applying mass balance for discharge:

Q(x)+qgaindx=Q(x)+
∂

Q
(x)∂xdx+qlossdx, (11)

Simultaneous

Qup

0 Cup

Qdown
Cdown

Figure 3. A conceptual representation of the analytical formulation
of the SIM method.

wherex is distance along the stream,Q(x) is the discharge
at lengthx, qgain is the added discharge per unit length of
stream, andqloss is the lost discharge per unit of length.
Both qgain andqloss are assumed constant for a given stream
reach. In the one-dimensional and stationary case, we can
write ∂Q(x)

∂x
dx = dQ. After rearranging and integrating from

the beginning of the reach over an arbitrary length,

Q(x)∫
Qup

dQ=

x∫
0

(
qgain−qloss

)
dx, (12)

which becomes

Q(x)=Qup+
(
qgain−qloss

)
x. (13)

Then, applying mass balance for the tracer,

ṁ(x)+Cgainqgaindx

=

(
ṁ(x)+

∂ṁ(x)

∂x
dx

)
+C(x)qlossdx, (14)

whereṁ(x) is the mass flow at lengthx, C(x) is the con-
centration at lengthx, andCgain is the concentration ofqgain.
ṁ(x) is defined asṁ(x) =Q(x) · C(x). The inflowing con-
centrationCgain is assumed constant for a given stream reach.
Again, in the one-dimensional and stationary case we can
write ∂ṁ(x)

∂x
dx = dṁ. Taking into account the definition of

ṁ(x), we can writedṁ = d(C · Q) =Q · dC + C · dQ. Rear-
ranging the equation we get

Q(x)dC=Cgainqgaindx−C(x)(dQ+qlossdx) . (15)
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Substituting Eqs. (12) and (13) for Q(x) anddQ respectively
in Eq. (15), and rearranging, yields

dC=
Cgainqgaindx−C(x)

[(
qgain−qloss

)
dx+qlossdx

]
Qup+

(
qgain−qloss

)
x

. (16)

Simplifying and integrating from the beginning of the reach
over an arbitrary lengthx yields

C(x)∫
Cup

dC

C(x)−Cgain
=−qgain

x∫
0

dx

Qup+
(
qgain−qloss

)
x

(17)

which becomes

ln
C(x)−Cgain

Cup−Cgain
=−

qgain

qgain−qloss
ln

Qup+
(
qgain−qloss

)
x

Qup
. (18)

Evaluating Eq. (13) for x =L, whereL represents the total
length of the stream reach, yields

qgain−qloss=
Qdown−Qup

L
. (19)

Substituting Eq. (19) in Eq. (18) and evaluating forx =L

yields

ln
Cdown−Cgain

Cup−Cgain
=−

qgain
Qdown−Qup

L

ln
Qdown

Qup
. (20)

CallingQgain=qgain · L and rearranging yields

Qgain,SIM=
(
Qup−Qdown

) ln
[

Cdown−Cgain
Cup−Cgain

]
ln
[

Qdown
Qup

] . (21)

If we substitute Eq. (2) for Qgain,SIM in Eq. (21), the solution
for Qloss is

Qloss,SIM=
(
Qup−Qdown

) ln
[

Qdown(Cdown−Cgain)
Qup(Cup−Cgain)

]
ln
[

Qdown
Qup

] , (22)

whereQgain,SIM andQloss,SIM are the SIM equations for the
SGE into and out of the stream, respectively.

As with the previous methods, if we use an artificial tracer
(e.g., bromide salt) we can safely assumeCgain≈ 0 and the
resulting equations are as follows:

Qgain,SIM=
(
Qup−Qdown

) ln
[

Cdown
Cup

]
ln
[

Qdown
Qup

] (23)

and

Qloss,SIM=
(
Qup−Qdown

) ln
[

QdownCdown
QupCup

]
ln
[

Qdown
Qup

] . (24)

Equations (21)–(24) are discontinuous whenQup =Qdown.
Fortunately, this is a removable discontinuity and can be
solved by applying L’Hôpital’s rule (Arfken and Weber,
2005). Applying L’Hôpital’s rule to Eq. (21) and differen-
tiating forQup results in the following:

Qgain,SIM=−Qup· ln

[
Cdown−Cgain

Cup−Cgain

]
. (25)

Equation (25) is the solution for the condition that
Qup =Qdown and applies to bothQgain,SIM andQloss,SIM as
they will produce the same result in that situation. This is
only a mathematical exception and should not be needed in
practice asQup andQdown should not truly be equal when
measured in the natural environment due to the natural het-
erogeneity of streams and the inherent measurement error of
the method to measure discharge.

Naturally occurring tracers (e.g., chloride salt) can also
be applied to the SGE equations with additional information
aboutCgain. As long as a quasi-steady-state condition applies
and thatQgain> 0, the only additional information to be col-
lected would be theCup andCdown prior to the injection of
the tracer. For the derivation, we can use any one of the three
SGE methods (six possible equations) and they all will pro-
duce the same final equation as the final equation is not re-
liant on spatial distribution assumptions. For a more thorough
derivation starting from the initial mass balance equations,
refer to AppendixA. For simplicity, we will use theQgain,LG
equation from Eq. (5). As the value ofQgain,LG will be the
same before and after the tracer injection, we can make two
versions of theQgain,LG before and after the tracer injection
with a differentCup andCdown prior to the injection of the
tracer and post injection of the tracer.

Qdown

(
Cdown,prior−Cup,prior

Cgain−Cup,prior

)
=Qdown

(
Cdown,post−Cup,post

Cgain−Cup,post

)
(26)

and with some rearrangement, we come to our final equation:

Cgain=
Cup,priorCdown,post−Cdown,priorCup,post

Cup,prior−Cup,post−Cdown,prior+Cdown,post
, (27)

where Cup,prior is the upstream concentration prior to the
tracer injection,Cup,post is the upstream concentration from
the tracer injection,Cdown,prior is the downstream concentra-
tion prior to the tracer injection, andCdown,postis the down-
stream concentration from the tracer injection. The only main
disclaimer to the application of this equation in the field is
that the difference betweenCup,prior andCdown,prior must be
large enough to be statistically significant when estimated
using available laboratory or field measurement techniques.
The accuracy of the measurement techniques is a general
problem for any chemical tracer test performed to estimate
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SGE. If the difference between theQup andQdown is very
small, much tracer may be needed to accurately measure a
concentration difference betweenCup andCdown. This issue
will become more important with larger rivers as the pro-
portion of theQgain and Qloss to the Qup is substantially
reduced.

It would also be possible to estimateCgain from ground-
water piezometers adjacent to the bank of the stream. As the
intent of our study was to determine integrated values over
a stream reach rather than point values, we preferred to use
Eq. (27) as it is an integrated value ofCgain.

The application of tracer methods to measure SGE in the
field is typically performed by two different techniques: con-
stant injection and slug injection. These two techniques have
been well researched in the scientific community and will
not be evaluated in this study (Wagner and Harvey, 1997;
Payn et al., 2008). Both techniques can be used with the
above SGE methods and provide very similar results. As
slug injections cause theCdown to not be in a steady state,
Cdown must be continuously measured and integrated over
the measurable period of time. A more thorough explana-
tion can be found inPayn et al.(2008, 2009) and Covino
et al. (2011). For simplicity, we will assume constant injec-
tion with steady-state conditions.

2.3 Evaluation methods

2.3.1 Analytics

All three SGE methods were broken down analytically to bet-
ter understand the dynamics of the equations of the methods.
We wanted to know what caused the differences in the re-
sults of the three SGE methods and how these differences
were related. The relative differences between the methods
were accomplished by the ratio of one method’s equation to
another both analytically and illustratively.

2.3.2 Numerical simulations

Perfect measurements or estimates of SGE are impossible
using any existing method. Arbitrarily comparing results of
different methods using field collected data will only indi-
cate that the different methods produce different results, and
it will not indicate if one method is more accurate than an-
other. Consequently, we thought that it would be appropriate
to simulate artificial streams with known SGE for compar-
isons. With SGE perfectly known, we could effectively eval-
uate the accuracy of the different methods.

We simulated the lateral inflows and outflows per unit
length throughout a stream using an autoregressive inte-
grated moving average (ARIMA) model performed using the
arima.sim package in the R statistical computing environ-
ment (R Development Core Team, 2011). The routine gen-
erates a variety of artificial time series with both a random-
ness and memory component. To represent a small stream,

the ARIMA model was designed to take a random discharge
of between 1 and 5 L s−1 as input discharge and a random
input tracer concentration of between 20 and 150 mg L−1 to
represent practical tracer test concentrations.

In an attempt to create realistic simulations of the streams,
we tuned the ARIMA model to have spatial flux dynamics
based on studies using distributed temperature sensing (DTS)
of groundwater inflows within streams (Lowry et al., 2007;
Westhoff et al., 2007; Briggs et al., 2012; Mwakanyamale
et al., 2012). The quantitative surrogate we used for the spa-
tial flux dynamics was the average length that the fluxes
would switch from inflow to outflow or vice versa within
a stream reach. For example, if we simulate a stream with
1000 m total length and the fluxes in this stream oscillate be-
tween inflows and outflows 10 times then the average length
per switch would be 100 m. For our simulations, we used two
different switch lengths of 100 and 200 m and total stream
lengths of 1000 and 2000 m. The switch lengths had a strong
linear relationship with the correlation lengths and resulted in
correlation lengths of 40 and 70 m for the switch lengths of
100 and 200 m, respectively. Correlation length is commonly
defined as the length at 1/e on the autocorrelation distribu-
tion (Blöschl and Sivapalan, 1995).

We used stream lengths of 1000 and 2000 m in the sim-
ulations for two main reasons. First, the stream lengths of
1000 and 2000 m scale well with the switching lengths of
100 and 200 m and could easily be converted to nondimen-
sional values if needed. Second, the lengths fit within prac-
tical tracer test lengths that have been performed in the past
to determine stream to groundwater exchange, albeit towards
the upper end (Covino et al., 2011). In practice, the appropri-
ate stream lengths will be dependent on the discharge in the
stream, the available mass of tracer, and the sensitivity and
accuracy of the laboratory analytical methods.

The ARIMA model allowed us to create 5000 simulations
of stream fluxes within a hypothetical stream. We ran four
series of 5000 simulations. Series A had a 1000 m stream
length and a 100 m average switch length, series B had a
1000 m and a 200 m average switch length, series C had a
2000 m and a 100 m average switch length, and series D had
a 2000 m and a 200 m average switch length. The spatial dis-
cretization of the model was 1 m for all series and simula-
tions. These four series of simulations were to test the effects
of both length and intermittency on the stream flux methods.
Without loss of generality, we definedCgain= 0 for the simu-
lations, which would be equivalent to the use of an artificial
tracer (e.g., bromide salt) for the tracer test.

We tested two distinct assumptions when deciding on the
appropriate SGE ARIMA model. One assumption was that
bothQgain andQloss can occur simultaneously at one point.
For example, if the groundwater table is sloped perpendicu-
lar to the stream then water would be flowing into one side
of the bank, while water would be flowing out of the other
side of the bank. In this assumption, we created two separate
and independent vectors ofQgain andQlossalong the stream.
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The second assumption was that bothQgain andQloss can-
not occur simultaneously at one point. In this assumption,
only one vector of SGE was created that could oscillate be-
tweenQgain and Qloss. We decided to omit the option for
simultaneity ofQgain andQloss throughout the stream as this
assumption coincided too closely with the assumption in the
SIM method. To ensure a more rigorous evaluation against
the SIM method, we decided to omit the ARIMA model as-
sumption of simultaneity and only use the nonsimultaneity
assumption for the simulations.

We attempted to simulate the stream with realistic dynam-
ics of SGE, but we also tried to keep the model complexity
as simple as possible. Although we did attempt to cover a
wide range of SGE conditions when creating the many simu-
lations, we undoubtedly did not cover all possible SGE con-
ditions that could exist in nature. Realistically, the scientific
community does not even know the full range of possibilities
for natural SGE. We have also likely created simulations of
SGE that do not exist in nature. Both issues are unavoidable
when creating hydrologic simulations, particularly with the
stochastic generation approach used in this paper. The hope
is that the flux distributions of the simulations do closely rep-
resent reality for the purpose of our evaluation.

The statistical evaluation consisted of several methods and
procedures. First, we took all of the simulated scenarios
(5000 in our case) within an individual series and averaged
the inflows and outflows for each simulation. This gave us
an average inflow to the stream and outflow from the stream
over the entire length of the stream for each scenario and
served as our "true" values of the fluxes that the other SGE
methods would be compared to. Next, we calculated the SGE
of each scenario using the three SGE methods from the start-
ing and end values of the scenarios. We did not include ad-
ditional randomness in the input values for the SGE meth-
ods, which would equate to measurement error. This is due
to the large variety of measurement devices and techniques
that could be used in a tracer test, and each device and tech-
nique would have different measurement errors associated
with them. Additionally, we calculated the net flux (we will
call “Net”) simply by subtractingQup from Qdown. We con-
sidered the Net as the upper error benchmark for the evalua-
tion as the estimation of Net requires less information and
should therefore perform worse than the other three SGE
methods that require more information.

Once the SGE was calculated for all of the methods to be
evaluated, we used as a performance measure the absolute
normalized error for methodm and for each simulationi,
defined as

εm
i =

∣∣∣∣Qm
est,i−Qtrue,i

Qtrue,i

∣∣∣∣ i=1, . . . , 5000, (28)

whereQm
est,i is the estimated gross gain or loss value from

the SGE methodm and simulationi andQtrue,i is the average
flux from the ARIMA model at simulationi. The results of
εm
i are two vectors (one for gross gains and one for gross

losses) for each of the four methods. Each vector contains
5000 elements, one for each scenario. To make an overall
evaluation for each method, we simply took an average of all
of the scenarios in each series for both vectors of gains and
losses:

εm
=

1

n

n∑
i=1

εm
i , (29)

whereεm is the mean absolute normalized error (MANE) for
each methodm (either flux leaving the stream or entering
the stream) andn is the total number of scenarios in each
series (5000). This is a compound measure of relative bias
and accuracy.

We also used the normalized root-mean-square error
(NRMSE) as a supplement to the MANE:

NRMSE=

√
1
n

n∑
i=1

(
Qm

est,i−Qtrue,i

)2

1
n

n∑
i=1

Qtrue,i

. (30)

The use of the NRMSE to supplement the MANE is to pro-
vide a higher weight to larger errors and scatter as compared
to the MANE.

In addition to calculating theεm for all of the SGE meth-
ods, we compared theεm

i within each of the SGE methods to
determine how frequently one method outperformed another:

rm1,m2=
1

n

n∑
i=1

{
1 if εm1

i < εm2
i

0 if εm1
i ≥ εm2

i ,
(31)

whererm1,m2 is the frequency of m1 SGE method outper-
forming m2 SGE method.

Onceεm
i andεm were estimated, we wanted to determine

the causes of the errors in the individual methods. This was
accomplished through a correlation ofεm

i to various combi-
nations of the input parameters.

3 Results

3.1 Analytics

When there is 0 flux of eitherQgain or Qloss all three equa-
tions produce the same results. For example, ifQloss= 0 then
Eq. (2) becomes

Qdown=Qup+Qgain. (32)

As Qdown andQup are previously known, there is only one
solution for Qgain regardless of the other equations. Simi-
larly, as the ratio ofQgain to Qloss grows to infinity or to 0,
the results for the three equations will converge.
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Figure 4. Relative comparisons between the different methods due to changes in the input ratios. The rows are the ratios of two of the SGE
methods and the columns are the results forQloss andQgain. In the two graphs in the middle panels, for example, if the ratio of the input
parametersCup andCdown is 5 and the ratio of the input parametersQup andQdown is 1 then the SIM method will result inQlossandQgain

being approximately 2 times larger than the LG (min) method. They axes of
Qup

Qdown
is on a logarithmic scale to ensure equal space weighting

on the plot forQup andQdown. Thex axes are plotted from 1 to 10 asCup≥ Cdown.

Although somewhat obvious, if all of the assumptions are
met for any of the SGE methods then the method will per-
fectly reproduce reality. For example, if there is only inflow
to the stream from 1–100 m followed by only flow out of the
stream from 101–1000 m then the GL (max) equation will es-
timate both fluxes perfectly.

If Qgain> 0 and if Cgain< Cup then Cdown< Cup. Simi-
larly, if Cgain> Cup then Cdown> Cup. This indicates that
Cup andCdown are the concentration end points within the
stream reach. As formulated in Eqs. (7)–(10), the LG (min)
and GL (max) equations are divided by the end-point concen-
trations of the stream and will therefore represent the mini-
mum and maximum values of fluxes within a stream reach.
The LG (min) equations will always produce the minimum
flux values, while the GL (max) equations will always pro-
duce the maximum flux values. Consequently, as LG (min)
and GL (max) have the minimum and maximum flux values,
the flux values for the SIM equations must be somewhere in
between the two.

The GL (max) and LG (min) methods are very similar, and
subsequently can be compared quite easily. Dividing the in-
flow and outflow equations for the two methods can show the
rate of increase of one method over the other:

Qloss,GL

Qloss,LG
=

Cup

Cdown
(33)

and
Qgain,GL

Qgain,LG
=

QupCup

QdownCdown
. (34)

For bothQloss andQgain, GL (max) grows from LG (min) at
a rate proportional to the concentration ratio, and additionally
Qgain grows with load ratio. AsQloss andQgain increase in
a stream reach,Qdown will change andCdown will decrease.
In the case of a lowerCdown caused by higher SGE, the ratio
between the results of GL (max) and LG (min) grows larger
(Fig. 4).

Unfortunately, the SIM method does not simplify nearly
as well as the others due to the nonlinearity of the SIM equa-
tions. For a better visual comparison, the three methods were
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Figure 5. The major input and output parameter density distributions of the ARIMA numerical model for series A (1000 m with 100 m
average switch length).

plotted together with axes of concentration and discharge ra-
tios (Fig. 4). As shown analytically in Eqs. (33) and (34),
the ratio of GL (max) to LG (min) is insensitive to discharge
for Qloss and sensitive to both discharge and concentration
for Qgain. The ratios of SIM to the other methods illustrate
the nonlinearity of the method. The methods’ ratios forQgain
show a surprising similarity in the distribution of the contours
even though the magnitudes are different.

3.2 Numerical simulations

Figure5 presents the major input and output parameter den-
sity distributions created by the ARIMA simulations for the
inflow and outflow profiles. The parameter distributions for
Qloss, Qgain, andQnet closely follow a normal distribution.
As defined in the model,Qup andCup are equally distributed
between 1–5 L s−1 and 20–50 mg L−1, respectively.

The results of the numerical simulations are presented in
Tables1, 2, and3. Plots of the estimated gains and losses to
the actual gains and losses for each of the methods for series
A are illustrated in Fig.6. The plots for the other scenarios
have similar patterns only with a greater or lesser degree of

spread. The numerical simulations indicate that the SIM SGE
method is on average the best performer when compared to
the other two SGE methods, with a 1 : 1 slope to the true
value, the lowestεm and the NRMSE in every series, and the
highestrm1,m2 in nearly every series. However, the LG (min)
method has a slightly higherrm1,m2 to Net as compared to
SIM. The LG (min) method also performed very well as com-
pared to the SIM method according to the NRMSE. The
LG (min) method had effectively the same error as SIM in
series B and is very close in series D, both of which have
the longer switch lengths. Interestingly, simply using the net
discharge between upstream and downstream (Net) results in
lower error values forεm as compared to GL (max) in both
2000 m series, and GL (max) performed poorer than Net in
all series according to the NRMSE. This is attributed to the
fact that Net by definition cannot have an error of 1 or greater.
Similarly, LG (min) also cannot have errors 1 or greater and
must have errors less than those of Net. If 0 is used for all the
values ofQgain andQloss in the error assessment ofεm, then
εm would be exactly 1. GL (max) and SIM can have errors
greater than 1 as they can have values larger than the true

www.hydrol-earth-syst-sci.net/18/2715/2014/ Hydrol. Earth Syst. Sci., 18, 2715–2734, 2014
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Figure 6. A plot of simulated inflow and outflow flux values by the estimated values from the three SGE methods using theQup, Qdown,
Cup, andCdown from series A simulations (1000 m with 100 m average switch length).

value, which is clearly exemplified by the GL (max) equa-
tion’s highεm and the NRMSE in some series.

Figures7 and8 show the six simulations with the smallest
εm
i for both LG (min) and GL (max). Not surprisingly, they

performed best when the assumptions of the individual meth-
ods were met. Figure9 shows the six simulations with the
smallestεm

i for SIM. No obvious conclusion can be drawn
from the simulations other than an evenly random spread be-
tweenQgain andQloss with no clear spatial trend unlike the
other methods.

The ratios ofCup to Cdown andQupCup to QdownCdown
show a strong correlation to theεm

i of the SGE methods
(Fig. 10). They are the same ratios that were found during
the analytical evaluation described by Eqs. (33) and (34).
Both LG (min) and GL (max) have stronger correlations than
SIM. SIM appears to have an error trend towards lower val-
ues rather than the full range of the correlation.

LG (min) and GL (max) also have a strong correlation
to the midpoint concentrations and loads. GL (max) had a
strong correlation to the ratios ofCmid (the midpoint of the
concentration profile of the stream) toCdown andQupCup to
QmidCmid (the midpoint of the load profile of the stream).

LG (min) had a very strong correlation to the ratios ofCmid
to Cup andQdownCdown to QmidCmid.

4 Discussion

4.1 Evaluation of stream to groundwater exchange
methods

As described in earlier sections and shown by Fig.6, the
LG (min) and GL (max) methods represent the minimum and
maximum realistic SGE values and consequently will always
produce SGE values below or above the true SGE values
unless the individual spatial flux assumptions are perfectly
met. This does not mean, however, that the SGE estimates
from LG (min) and GL (max) will be equidistant from the
true SGE value as shown in Fig.6 and Tables1 and2.

LG (min) performed consistently better than GL (max)
through all of the numerical simulation assessment measures
(i.e.,εm, the NRMSE, andrm1,m2). As described in the previ-
ous sections, the GL (max) equations can create results that
can be many times larger than the other methods and conse-
quently can be many times larger than the true value from the

Hydrol. Earth Syst. Sci., 18, 2715–2734, 2014 www.hydrol-earth-syst-sci.net/18/2715/2014/
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Figure 7. The simulated SGE profiles from series B (1000 m with
200 m average switch length) of the six scenarios with the small-
est normalized error (εm

i
) for LG (min). A clear pattern can be

seen according to the spatial assumption of the method. Predomi-
nant stream losses are at the beginning, while stream gains are to-
wards the end of the reach. Red indicates losses, while blue indi-
cates gains.

ARIMA model. Although these circumstances may account
for a small proportion of the total simulations, they can cause
the average error to be very high. These large deviations are
exemplified in the NRMSE measure due to the square of the
difference. Net was clearly superior in series C and D for the
εm and for all series for the NRMSE, but GL (max) had a
solid majority over Net in therm1,m2. In series A, GL (max)
and Net had a similarεm, but according torm1,m2 GL (max)
performed better almost 80 % of the time. Indeed, if the top
10 % of the simulations with the highest errors were removed
from series C, then GL (max) and Net would have approx-
imately the sameεm. Nevertheless, even with the help of
removing 10 or 20 % of the simulations with the highest
errors, both LG (min) and SIM perform substantially better
than GL (max).

Since the LG (min) and GL (max) methods bound the re-
alistic values of SGE, any new method must have spatial
flux distribution assumptions that cause the SGE estimate
to be in between LG (min) and GL (max). The SIM method
has such assumptions. The ARIMA stream simulation model
randomly generated stream flows with a specific reach length
and switching length, and this was to evaluate the effects
of both reach length and intermittency on the three SGE
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Figure 8. The simulated SGE profiles from series B (1000 m with
200 m average switch length) of the six scenarios with the small-
estεm

i
for GL (max). A clear pattern can be seen according to the

spatial assumption of the method. Predominant stream gains are at
the beginning, while stream losses are towards the end of the reach.
Red indicates losses, while blue indicates gains.

methods. According to theεm and the NRMSE, LG (min)
and GL (max) were affected by both the switch length and
the stream length. SIM was affected by stream length, but
was not significantly affected by switch length. As LG (min)
and GL (max) are affected by switch and stream length, the
reader can extrapolate from Table1 that as the stream length
decreases and the switch length increases, the errors for
LG (min) and GL (max) will continue to decrease, potentially
below that of SIM.

No net emphasis on theQgain or Qloss was programmed
into the ARIMA model as shown by the normal distribution
and mean of approximately 0 ofQnet in Fig. 5. The introduc-
tion of aQnet emphasis towards a higherQgain would cause
the SGE estimates ofQloss of the three methods to slightly
decrease or stay the same and the SGE estimates ofQgain to
have significant improvement. An emphasis towards a higher
Qloss would cause the SGE estimates ofQloss of the three
methods to slightly improve or stay the same and the SGE
estimates ofQgain to have a significant reduction in accu-
racy. Nevertheless, the accuracy rankings would remain the
same as those listed in Table1. If a weight was introduced
into the ARIMA model on one type of spatial flux distribu-
tion, then the SGE model (i.e., LG (min) or GL (max)) that

www.hydrol-earth-syst-sci.net/18/2715/2014/ Hydrol. Earth Syst. Sci., 18, 2715–2734, 2014
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Table 1.εm: the average value ofεm
i

for each series and for bothQlossandQgain (Corr. – correlation; Avg – average).

SGE method

Series Stream
length
(m)

Avg switch
length (m)

Corr.
length
(m)

Flux type Net LG (min) GL (max) SIM

A 1000 100 40
Qloss 0.821 0.243 0.675 0.115
Qgain 0.821 0.264 0.849 0.135

B 1000 200 70
Qloss 0.775 0.183 0.421 0.111
Qgain 0.763 0.204 0.591 0.143

C 2000 100 40
Qloss 0.852 0.393 2.390 0.170
Qgain 0.855 0.422 2.949 0.194

D 2000 200 70
Qloss 0.815 0.306 1.268 0.168
Qgain 0.821 0.339 1.652 0.202

Table 2.NRMSE: the value of the NRMSE for each series and for bothQlossandQgain.

SGE method

Series Stream
length
(m)

Avg switch
length (m)

Corr.
length
(m)

Flux type Net LG (min) GL (max) SIM

A 1000 100 40
Qloss 0.784 0.269 1.639 0.198
Qgain 0.776 0.267 1.624 0.196

B 1000 200 70
Qloss 0.724 0.210 1.056 0.201
Qgain 0.705 0.205 1.029 0.196

C 2000 100 40
Qloss 0.830 0.417 7.581 0.292
Qgain 0.834 0.419 7.617 0.294

D 2000 200 70
Qloss 0.779 0.331 3.771 0.294
Qgain 0.786 0.334 3.807 0.297

most closely represented this weight would have a reduction
in the error.

Most of theεm
i errors in LG (min) and GL (max) could be

correlated by the ratio of the upstream and downstream con-
centrations forQlossand the ratio of the upstream and down-
stream loads forQgain. Qloss,GLhad an especially strong cor-
relation. LG (min), however, had an especially strong cor-
relation to the concentration and load midpoints along the
stream (not shown in figures). As with much of the previ-
ous results, the midpoint correlations follow precisely the as-
sumptions of the methods. LG (min) assumes that theQloss
occurs at the beginning and if the ratio ofCmid to Cup does
not follow a relationship that the method assumes then it will
produce a larger error. At least in LG (min), it appears that
if the concentration ratio does not follow the predicted pat-
tern by the time it reaches the midpoint, then the method is
more likely to create erroneous results. A similar pattern can
be seen in GL (max), but not nearly as strong as the upstream
and downstream ratios. Unfortunately, SIM did not have such

clear correlations. There only appears to be an error trend to-
wards smaller upstream and downstream ratios.

There is much scientific literature on the estimation of
SGE from chemical tracers. Many have preferred to use
the well-established OTIS numerical model, which effec-
tively solves the differential equations with a finite differ-
ence model with similar spatial flux assumptions to our SIM
method. We found only one study that used the OTIS model
and tested the three different assumptions that we also tested
(Szeftel et al., 2011). However, the reasoning behind their
test appeared to be precisely the opposite of ours. As they
stated in the methods, they assumed that simultaneous in-
flows and outflows at a single cell was unrealistic and imple-
mented the LG (min) and GL (max) type scenarios to provide
more realistic alternatives. Although they did not test the ac-
curacy of the three methods, they concluded that the spatial
flux distribution assumptions of the SGE methods have a sig-
nificant impact on the SGE estimates and that a breakthrough

Hydrol. Earth Syst. Sci., 18, 2715–2734, 2014 www.hydrol-earth-syst-sci.net/18/2715/2014/
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Figure 9. The simulated SGE profiles from series B (1000 m with
200 m average switch length) of the six scenarios with the smallest
εm
i

for SIM. No consistent or obvious pattern can be seen within the
scenarios. Red indicates losses, while blue indicates gains.

curve (BTC) analysis is not sufficient to determine the spatial
variability.

Like us, others have instead preferred to use the more
simple analytical equations to estimate SGE (Harvey and
Wagner, 2000; Payn et al., 2009; Covino et al., 2011). One
of the earliest to hint at using tracers with analytical equa-
tions to determine SGE wasZellweger et al.(1989). The
use of tracers with dilution gauging to estimate SGE was
only mentioned in passing as an explanation for the differ-
ences in the estimation of discharge from a flow meter and
from dilution gauging. Later,Harvey and Wagner(2000)
picked up on the idea of using dilution gauging with a cur-
rent meter to estimate SGE. Their description for the pro-
cedure to estimate SGE was purely qualitative and did not
fully explain the underlying assumptions in the method that
they proposed (i.e., the spatial distribution of the fluxes).
The dilution gauging method to estimate discharge was ref-
erenced back toKilpatrick and Cobb(1985). Based on the
dilution gauging method and the description provided by
Harvey and Wagner(2000), they effectively proposed the
use of the GL (max) method.Payn et al.(2009) and Ward
et al.(2013) estimated SGE using both the LG(min) and the
GL (max) methods. They also found significant differences
in the estimations between the two different methods and cor-
rectly identified that the LG (min) and the GL (max) methods

Table 3. rm1,m2: the ratios of the frequency that the methods in the
rows (m1) have a smallerεm

i
than the methods in the columns (m2).

In simpler terms, the table shows how often the methods in the rows
outperform the methods in the columns.

Denominator (m2)

Series Method Net LG
(min)

GL
(max)

SIM

N
um

er
at

or
(m

1)

A

Net 0.000 0.000 0.204 0.014
LG (min) 1.000 0.000 0.711 0.149
GL (max) 0.796 0.289 0.000 0.068
SIM 0.985 0.851 0.931 0.000

B

Net 0.000 0.000 0.143 0.022
LG (min) 1.000 0.000 0.627 0.223
GL (max) 0.857 0.373 0.000 0.163
SIM 0.978 0.777 0.837 0.000

C

Net 0.000 0.000 0.501 0.029
LG (min) 1.000 0.000 0.869 0.109
GL (max) 0.499 0.131 0.000 0.013
SIM 0.971 0.891 0.987 0.000

D

Net 0.000 0.000 0.352 0.037
LG (min) 1.000 0.000 0.753 0.177
GL (max) 0.648 0.247 0.000 0.067
SIM 0.963 0.823 0.933 0.000

produce the minimum and maximum values for SGE, respec-
tively. Similar studies were also performed in sewer systems
(Rieckermann et al., 2005; Rieckermann et al., 2007). Al-
though in these studies, the conceptual model included only
Qloss and notQgain and subsequently did not need to use a
spatial distribution of fluxes assumption to solve forQloss.

4.2 Connections with end-member mixing models

End-member mixing models or end-member mixing analysis
(EMMA) as they tend to be known is a method to estimate
the relative contributions of defined source waters at a spe-
cific downstream discharge measurement point. For example,
EMMA can estimate the amount of groundwater contribution
within a single hydrograph. EMMA is used extensively for
this precise purpose.

Similarly to the SGE methods, EMMA uses the mass bal-
ance equations with distinct chemical tracers that represent
the end-member sources to formulate the model. The EMMA
equations start with the assumption that the discharge at
a specific point along the stream (x) is composed of the
source waters. We will name these sources source 1 (S1) and
groundwater (GW):

Q(x)=QS1(x)+QGW(x), (35)

www.hydrol-earth-syst-sci.net/18/2715/2014/ Hydrol. Earth Syst. Sci., 18, 2715–2734, 2014
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Figure 10. A correlation of various input parameters toεm
i

of the
SGE methods for series A. Both the LG (min) and GL (max) meth-
ods have strong correlations, while SIM only tends to have an error
trend at lower ratios.

whereQ(x) is the total discharge at locationx along the
stream,QS1(x) is the part ofQ(x) from source 1, and
QGW(x) is the part ofQ(x) from groundwater. The chem-
ical load mass balance is the following:

Q(x)C(x)=QS1(x)CS1+QGW(x)CGW, (36)

whereC(x) is the concentration ofQ(x) at locationx, CS1 is
the concentration of source 1, andCGW is the concentration
of the groundwater.

Unlike the SGE methods that apply the mass balance equa-
tions over the length of a stream reach, the EMMA equations
only apply the mass balance equations at one specific point
and as a result do not need the same spatial flux assump-
tions to solve the mass balance equations as the SGE meth-
ods (i.e., do not require aQloss term).

Combining Eqs. (35) and (36) and solving forQGW(x),
we get the following:

QGW(x)=Q(x)

(
C(x)−CS1

CGW−CS1

)
. (37)

Equation (37) will produce the same result regardless of the
spatial flux assumptions associated with the SGE methods
presented in this study.

Equation (37) is strikingly similar to Eq. (5). Indeed, if
we apply the LG (min) method at an arbitrary discharge lo-
cation (x) and useCup asCS1, then we would produce the

Qup

Qdown

Cup

Cdown

Source 1 
(S1)

Groundwater 
(GW)

Qup

Qdown

Qgain,GW

Qloss,S1

Qloss,GW

Figure 11. A conceptual illustration of the application of EMMA
at two measurement locations along a stream reach and the as-
sociated gross gain and loss components between the two mea-
surement locations.QGW,up is the groundwater proportion ofQup
andQGW,down is the groundwater proportion ofQdown. Qloss,S1
is the gross loss specifically from source 1,Qloss,GW is the
gross loss specifically from the groundwater, andQgain,GW is the
gross gain from the groundwater (and the only gross gain). The
SGE methods estimate the total gross loss (Qloss,S1+ Qloss,GW)
and gross gain (Qgain,GW). SubtractingQGW,up from QGW,down
estimatesQloss,S1 and the net of the groundwater components
(Qgain,GW− Qloss,GW).

same result for both EMMA and SGE (if we want to make
the LG (min) spatial assumption). As described above, this
is not due to shared assumptions. The LG (min) method as-
sumes that all of theQgain enters the stream after theQloss
and thus theQgain estimated by the LG (min) method must
be the groundwater proportion ofQdown.

If EMMA can be applied to a single stream measure-
ment location and produce the same results as the LG (min)
SGE method, the next natural question would be whether
EMMA could be applied on multiple downstream measure-
ment locations and still produce the same results as LG (min).
If we estimate the groundwater proportions at two down-
stream measurement locations using EMMA, could we sub-
tract the two to get the estimated gross gain of ground-
water over that stream reach? Figure11 illustrates the use
of EMMA for estimating the groundwater proportions of
the upstream (QGW,up) and downstream (QGW,down) mea-
surement locations and the gross gains and losses from
the two sources. In this scenario, we want to consider if
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Qgain,EMMA =QGW,down− QGW,up. Using Eq. (37) at Qup
andQdown, we get the following:

Qgain,EMMA=Qdown

(
Cdown−CS1

CGW−CS1

)
−Qup

(
Cup−CS1

CGW−CS1

)
, (38)

whereQgain,EMMA is the hypotheticalQgain from the EMMA
equations. To determine the underlying assumptions in the
above equation, we must rearrange the equation back to the
basic mass balance equation from Eq. (1) including both Eq.
(38) and Eq. (2).

QupCup+Qgain,EMMACGW=QdownCdown+QlossCS1 (39)

As stated in Sect.2.1, the LG (min) method assumes
Closs=Cup and the GL (max) method assumesCloss=Cdown.
Cup andCdown represent the end point concentrations within
the stream and thus LG (min) and GL (max) represent the re-
alistic minimum and maximum values for SGE. The use of
EMMA according to Eq. (38) makes the final assumption of
Closs=CS1 and represents a concentration end point poten-
tially outside ofCup andCdown, which indicates that this is
an unrealistic mass balance assumption for SGE models.

For the mass balance Eq. (39) to have physical mean-
ing, we would have to redefineQgain,EMMA andQloss. Qloss
would no longer be the gross loss from the SGE meth-
ods, but rather only the loss from source 1 over the stream
reach (we will renameQloss,S1). The other gross loss compo-
nent is from the groundwater (Qloss,GW). Qgain,EMMA would
become the net groundwater components instead of only
Qgain,GW (i.e., Qgain,GW− Qloss,GW). These flow compo-
nents are shown in Fig.11. Consequently, Eq. (39) can be
rewritten withQloss replaced asQloss,S1andQgain,EMMA re-
placed with the appropriate net groundwater components:

QupCup+
(
Qgain,GW−Qloss,GW

)
CGW

=QdownCdown+Qloss,S1CS1. (40)

Equation (40) is the solute mass balance for this scenario.
The water mass balance would be the following (in the same
form as Eq.2):

Qup+Qgain,GW=Qdown+Qloss,GW+Qloss,S1. (41)

If we combine Eqs. (40) and (41) and solve forQloss,S1, we
get the following equation:

Qloss,S1=
Qdown(Cdown−CGW)+Qup

(
CGW−Cup

)
CGW−CS1

. (42)

The interesting aspect about Eq. (42) is that no spatial flux
assumption is yet needed to solve the derivation unlike with
the SGE methods.Qloss,S1is independent of spatial flux as-
sumptions and so is the result from Eq. (38) which rep-
resentsQgain,GW− Qloss,GW. Although bothQgain,GW and
Qloss,GW must include a spatial flux assumption to be esti-
mated individually, the difference will always be the same

regardless of the spatial flux assumption. In this scenario,
Qgain,GWcan be estimated using the SGE methods described
in Sect.2 and subsequently the components ofQloss. The
additional information about source 1 provides slightly more
information aboutQlosswithout the necessity of a spatial flux
assumption.

To take the EMMA and SGE combination to the final log-
ical conclusion, we will include a scenario where there are
two component inflows and outflows unlike the previous ex-
ample with one inflow and two outflows. We will call the two
sources “source 1” and “source 2” with variable names simi-
lar to those presented above. The mass balance forQgain for
a stream reach is the following:

Qgain=Qgain,S1+Qgain,S1 (43)

and

QgainCgain=Qgain,S1CS1+Qgain,S2CS2. (44)

If we combine Eqs. (43) and (44) and solve forQgain,S1, we
get the following equation:

Qgain,S1=Qgain

(
Cgain−CS2

CS1−CS2

)
. (45)

To estimateQloss,S1, we need to incorporateQgain,S1 into
Eqs. (40) and (41) and change the groundwater terms to
source 2. Combining the resulting equation and solving for
Qloss,S1gives the following:

Qloss,S1=

(
Qup

(
Cup−CS2

)
+Qdown(CS2−Cdown)

CS2−CS1

)
−Qgain,S1. (46)

Combining EMMA with SGE methods can provide valuable
complimentary hydrologic information. They both require
the same type of input data and as a consequence would
be easy to apply together. They should not, however, be
used interchangeably due to both conceptual and quantitative
conflicts.

5 Conclusions

A new SGE estimation method is presented and derived an-
alytically with the assumptions of constant, uniform, and
simultaneous groundwater inflow and outflow throughout a
given stream reach. This new method is compared to the two
existing methods and presents the smallest error measures
when applied to four different sets of artificially generated
scenarios. The main control of the model performance for
all three cases is the spatial dynamics of the actual SGE in
relationship with the assumptions for each method. As the
LG (min) and GL (max) methods bound the realistic values
of SGE estimates, the SIM method, or any other new SGE
method, produces SGE estimates between those two meth-
ods. Although this study found that the SIM method per-
formed better against the numerical simulations, estimating
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SGE using all three methods would be very valuable as min-
imum and maximum SGE values can provide information on
the full range of realistic SGE values. For the same inputs,
the different assumptions of each method can lead to values
of gross stream gains and losses differing up to one order of
magnitude between approaches. Estimating SGE using the
proposed simple analytical method over numerical models
solving full hydrodynamic sets of partial differential equa-
tions has the clear advantages of much less complexity and
less parametrization.

Although separate from the SGE methods, end-member
mixing analysis can be used in conjunction with the SGE
methods to acquire even more hydrologic information as
both require the same type of input data. Nevertheless, these
two approaches should not be used interchangeably as they
estimate different stream variables and are based on distinct
derivations and assumptions.
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Appendix A: Derivation of the inflowing groundwater
concentration (Cgain) from stream tracer tests

The derivation ofCgain, the tracer concentration of the in-
flowing groundwater, is different than that of the SGE equa-
tions. The derivation ofCgain is actually more similar to the
initial derivation from the conceptual model starting from
Eq. (40) in Sect.4.2. Figure11 represents this conceptual
model quite well. The exception to Fig.11 is that for the
derivation ofCgain we are not interested in end members
aboveQup. Consequently, the location ofQup becomes the
upper end member and the mass balance for totalQloss
becomes

Qloss=Qloss,up+Qloss,GW (A1)

and

QlossCloss=Qloss,upCup+Qloss,GWCgain, (A2)

whereQloss,up is the loss of water from the stream reach
specifically from the original upstream water,Qloss,GWis the
loss of water from the stream reach specifically from the in-
flowing groundwater, andCgain is the groundwater concen-
tration of the tracer (denotedCGW in Sect.4.2).

As we are only interested inCgain and not the gross
gains and losses for this derivation, we can collect the gross
groundwater terms together as net groundwater similarly to
Eq. (40). We get the following mass balance equations by
including Eq. (A2) with Eq. (1) and Eq. (A1) with Eq. (2):

QupCup+
(
Qgain,GW−Qloss,GW

)
Cgain

=QdownCdown+Qloss,upCup (A3)

and

Qgain,GW−Qloss,GW=Qdown−Qup+Qloss,up. (A4)

With these two equations alone, we cannot solve forCgain as
we still have too many unknown variables. A stream tracer
test with a conservative tracer (e.g., chloride salt) will pro-
vide us with the additional equation. As described in the
paragraph prior to Eq. (26), the required assumptions are
Qgain,GW> 0 and that quasi-steady-state conditions apply
before and after the tracer injection when the water samples
are taken. By measuring the tracer concentrations before and
after the tracer injection, we can form two distinct equations
from Eq. (A3):

QupCup,prior+
(
Qgain,GW−Qloss,GW

)
Cgain

=QdownCdown,prior+Qloss,upCup,prior, (A5)

QupCup,post+
(
Qgain,GW−Qloss,GW

)
Cgain

=QdownCdown,post+Qloss,upCup,post, (A6)

where the notation of the before and after tracer injection
concentrations is the same to that of Eq. (27). Combining
Eqs. (A4), (A5), and (A6) and solving forCgain, we get the
final result:

Cgain=
Cup,priorCdown,post−Cdown,priorCup,post

Cup,prior−Cup,post−Cdown,prior+Cdown,post
. (A7)

As mentioned earlier in this appendix section, Eq. (A7) does
not require a spatial distribution assumption to derive the
equation and consequently can be applied with any of the
SGE methods listed in this manuscript.

To solve forCgain, we took one stream reach with two dif-
ferent states in time. These two states of the same stream
reach allowed creating two equations from Eq. (A2), because
several concentration variables changed significantly due to
the tracer injection. Instead of taking the same stream reach
at different time states, we can also take two adjacent stream
reaches under the same time state to create two equations
from Eq. (A2) if we can assume that the two adjacent stream
reaches have the sameCgain. Each of the two adjacent stream
reaches would have an equation and the derivation would be
similar to that for Eq. (A7). Although this is possible concep-
tually and mathematically, in practice the result may prove
to be highly uncertain as the differences in the concentration
values in the adjacent reaches may be very similar. This is the
advantage of the tracer injection procedure described above.
The larger the difference between the background concentra-
tion of the tracer in the stream and the tracer concentration in
the stream due to the tracer injection will increase the accu-
racy of the estimate ofCgain.
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Appendix B: Additional methods associated with the
SGE methods

Although the following methods were not used directly in
this study, they can provide useful complementary informa-
tion for SGE studies.

There might be a need to estimate the groundwater con-
centration of other chemical solutes entering the stream in
addition to the conservative tracer used to estimate the SGE.
If other in-stream gains and losses in the new chemical so-
lute can be neglected (e.g., without biochemical transforma-
tions), the only additional information needed would be the
concentration of the new compound at the locations ofQup
andQdown. TheCgain of the new chemical solute can be es-
timated using the following rearrangement of Eq. (21):

Cgain,new=

(
Qdown
Qup

)( Qgain,SIM
Qup−Qdown

)
Cup,new−Cdown,new(

Qdown
Qup

)( Qgain,SIM
Qup−Qdown

)
−1

, (B1)

whereCgain,newis the concentration of the new solute enter-
ing the stream from the groundwater,Cup,newis the upstream
concentration of the new solute, andCdown,new is the down-
stream concentration of the new solute. Any of the three SGE
methods can be rearranged to calculateCgain,new and they
will all produce the same result.

Following on the same spatial flow distribution assump-
tion as the SIM method, an additional mass removal rate
can be integrated to potentially represent a relevant physi-
cal, chemical, or biological process (e.g., ammonia removal
by microorganisms). The assumptions are simultaneous and
uniform losses throughout the stream reach and stationary
in time. The derivation would require a mass removal term
per unit stream lengthnrem to be added to the right side of
Eq. (14):

ṁ(x)+Cgainqgaindx=

(
ṁ(x)+

∂ṁ(x)

∂x
dx

)
+C(x)qlossdx+nremdx. (B2)

The derivation would follow similarly to that of the SIM
method derivation, and the final result solving forQgain is
the following:

Qgain,SIM=
(
Qup−Qdown

) ln

[
Cdown−Cgain−

Nrem
Qgain,SIM

Cup−Cgain−
Nrem

Qgain,SIM

]
ln
[

Qdown
Qup

] , (B3)

whereNrem is the total mass removal (mass per time) within
the stream reach, andCup, Cdown, andCgain in this case would
be solute concentrations associated withNrem (i.e., ammo-
nia concentrations for ammonia mass removal). Solving for
Nrem, we get the following:

Nrem=
Qgain,SIM

1−Ddis

[
Ddis

(
Cup−Cgain

)
−Cdown+Cgain

]
(B4)

with

Ddis=e

Qgain,SIM
Qup−Qdown

ln
[

Qdown
Qup

]
. (B5)

Qgain,SIM would need to be estimated from Eq. (21) using
a conservative tracer.Cgain could again be estimated using
Eq. (B1) if we can safely assume that mass removal rates
do not change over time before and after the tracer injec-
tion of the new solute. The key assumption limitation in this
conceptual model is that over the short period of time of
the solute tracer application the removal rate is not depen-
dent on changes in concentration, which is certainly not true
for many processes over long periods of time and also may
not be true over short periods of time for certain processes.
Although other mass removal models may provide a more
realistic assumption in many cases (e.g., Michaelis–Menten
kinetics, first order removal, etc.),Cgain could not be esti-
mated from Eq. (B1) using other more complicated assump-
tions and furthermore would require more measurements
and/or parameter estimation techniques to include the addi-
tional necessary terms (Workshop, 1990). A thorough analy-
sis on the analytical derivations of solute dynamics in stream
ecosystems including first-order and nonlinear removal can
be found inWorkshop(1990).
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