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Abstract. In the past, the coastal leaky aquifer system, in-30 m if the head fluctuation is heavily damped. The water
cluding two aquifers and an aquitard between them, wadable is therefore considered to maintain constant.
commonly assumed to be homogeneous and of infinite extent Several previous researches indicated that the effect of the
in the horizontal direction. The leaky aquifer system may |eakage on the groundwater in coastal leaky aquifer systems
however be heterogeneous and of finite extent due to varias significant. Jiao and Tang (1999) developed an analytical
tions in depositional and post depositional processes. In thigolution for describing the head fluctuation in coastal con-
paper, the leaky aquifer system is divided into several hori-fined aquifers, where the aquitard infinitely extends from the
zontal regions for the heterogeneous aquitard and underlyingoastal line to the inland. They indicated that the leakage
aquifer. A one-dimensional analytical model is developeddiminishes the amplitude of the head fluctuation and the in-
for describing the head fluctuation in such a heterogeneougusion distance. Li and Jiao (2001) presented an analytical
leaky aquifer system. The hydraulic head of the upper un-solution for describing leaky aquifer systems with consider-
confined aquifer is assumed constant. Itis found that both théng the leakage and the effect of aquitard storage. They found
length and location of the discontinuous aquitards presente¢hat both the leakage and the effect of aquitard storage on the
in the coastal area have significant effects on the amplitudéead fluctuation in the lower aquifer are negligible when the
and phase shift of the head fluctuation in the lower aquifer.aquitard storage is small and the storage ratio of the aquitard
In addition, the influence of the formation heterogeneity onto the underlying aquifer is less than 0.5. Guo et al. (2010)
the spatial head distribution is also investigated. developed an analytical solution for describing the ground-
water head response to tidal fluctuation in a coastal aquifer
consisting of two zones with different hydraulic properties.
The solution was used to investigate the behaviors of am-
1 Introduction plitude and phase shift of the head fluctuation in the lower
aquifer. In addition, the solution was also used to estimate
The groundwater near the coast may fluctuate with periodithe aquifer parameters in a real coastal two-zone aquifer.
cal tides. Such a phenemenon is an interesting and practical The variations in depositional and post depositional pro-
issue for hydrogeologists. The coastal leaky aquifer is recesses over a very long period of time may result in hetero-
ferred to an aquifer system consisting of an upper unconfinegeneous hydraulic conductivity and nonuniform thickness of
aquifer bounded from below by one or more lower aquifersthe aquitard (Cherry et al., 2006) and thus produce various
(Chen and Jiao, 1999). Many researches revealed that th@mounts of leakage to the lower aquifer. The objective of
head fluctuation in the unconfined aquifer due to tides is sig-+this paper is to develop a mathematical model for describing
nificantly damped by its storage (e.g., Millham and Howes, the head fluctuation in the lower aquifer due to the tidal effect
1995; Chen and Jiao, 1999). White and Roberts (1994) inin a coastal leaky aquifer system. This system is divided into
dicated that the farthest distance that tidal propagation cageveral horizontal regions for the heterogeneous aquitard or
reach, defined as the intrusion distance, is usually not ovejower heterogeneous aquifer. The head of the upper uncon-
fined aquifer is assumed constant. The analytical solution of
the model is developed by the direct Fourier method. The ef-
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Fig. 1. Schematic diagram of a heterogeneous coastal leaky aquifer system.

the lower aquifer are investigated. The present solution is apwhere A andw are the amplitude and frequency of the tide,

plied to simulate the head distribution for the coastal aquiferrespectively. The remote boundary condition is

system in the Chek Lap Kok (CLK) airport, Hong Kong (Jiao

and Tang, 1999) and the results are compared with the ob-|jm Ohn(x, 1) =

served data taken at this airport. In addition, the influencet~>>  9x

of formation heterogeneity on the spatial head distribution inwhereny is the hydraulic head for the farthest lower aquifer

the lower aquifer is also examined. from the coastal line. The continuities of the head and flux
required at the interfaces, are respectively

0 3

2 Methods hn(x,1) =hny1(x,1) at x =dy (4)

2.1 Conceptual model and

Figure 1 shows a coastal leaky aquifer system in which the,, 9n(x.1) _ .
. . . . n —In

aquitard and underlying aquifer are heterogeneous in the hor- ax

izontal direction. The system is divided 10 different hor-

izontal regions and the formation materials of the aquitard

and underlying aquifer in each region are homogeneous. Th%ased on the direct Fourier method, the solutions for de-

or|g|r: cln;the _I(E:])org_lntates in the d|redc?on fhloca_teq ?t :ne. scribing the head distributions in the regions demonstrated
coastal line. The distance measured from the origin to the in; Fig. 1 can be expressed as

terface between regions 1 and 2iis Similarly, the distance
measured from the origin to the interface between region%
n—1andn isdn_1. The mean sea level (MSL) is chosen as

reference datum. Consider that the unconfined aquifer may, ;.o Re means the real part of the complex expression and
store a large amount of water which can damp the tidal effect ;¢ equal tov—1. Substituting Eq. (6) into Eq. (1) and elim-
so that the water table fluctuation in the unconfined aquifer i 4ing the exponential terms can obtain ordinary differential
negligible in comparison with that in the lower one. There- equations in terms o¥n(x). Substituting Eq. () into Eq. (2)
fore, the water table is a}ssumed Fo'be the MSL. ... withn=1 and eliminating the exponential terms acquire the
_ The governing equation describing the head d'smbunonsooundary condition expressed &s(0) = 1. Similarly, the
in these regions Is expressed as equation limaXy/dx =0 can be obtained from Egs. (3)
X—>0
dhn 92hn and (6). The continuity requirements (i.&(,, = Xn+1 and
"ar T Tn —Lnhn (1) ThoXn/0x = Th+10Xns1/0x) atx = dy, can also be acquired

dx2
) _ from Egs. (4)—(6) in a similar manner. The general solutions
wheren is an integer from 1, 2, 3..N; hp, Ty andS, are the for Xn(x) can then be solved as

hydraulic head, transmissivity, and storativity for the lower

dhnt1(x,1)
+1 5

at x = dn. (5)
ax

2.2 Solution for heterogeneous aquifer systems

n(r, 1) = Re[A X Xn(x) x e ‘] (6)

aquifer inn-th region, respectively; anb is the leakage for  x,,(x) = c1,e** + c2ne % )
the aquitard im-th region. The tidal boundary is expressed

as with

h1(0, 1) = AcoSw t) (2) M =any/ 2(un—1) (8)
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where the parameter, = /wS,/2T, is a reciprocal of the and

decay length for tha-th lower aquifer andi, = L,/wSy is detDnn

the dimensionless leakage. The coefficients, and c¢2, c2n= ~4eiD

for n-th lower aquifer can then be determined by the bound-

ary conditionsX1(0) =1 andxﬂrpoax,\,/ax —0 as well as Wwhere det is an abbreviatiqn for determin_ant of the matrix;

the continuity requirementX = Xpyr1 and Th0Xp/0x = Dn and Dn+n can be obta}lned by replacmg. theth and

T 10 Xnp1/0x. (N +'n)-th columns of matrlp, respectively, with a column

matrix that the top element is one and the others are zero.
Define the variablex,, andby, representing the real and

imaginary parts of the result calculated from Eq. (7), respec-

(17)

The equations for solvingl, andc2, are expressed in
matrix form as

[cly ] m 1] tively, and thus one can havé,(x) = ax,, +ibx,. Substitut-
cly 0 ing Xn(x) =ax, +ibx, and e = coqwt) — i sin(wt) into
: Eq. (6) and taking the real part of Eg. (6) lead to the result in
ciN terms of cosine function as
Donxan x| 5 = . 9)
ce1 : hn(x,t) =A x cn X COS(w t — ¢pn) (18)
c2
: with
' 0
LCN o, Lo 2nx cn=\/ag +b (19)
with and
11 ax
| BC On =arccos<—”> (20)
D= E F , (10) Cn
G H |,\.on whereg, is the phase shift ang, is the amplitude coefficient.
I=[10--0 O]lxN’ (11) 2.3 Special cases
G= [0 0...0 1]1 . (12) Jiap gnd Tang (1999) presfentgd an analytical solutio_n for de-
X scribing the head fluctuation in a coastal leaky aquifer sys-
H= [0 0..-0 0]1 . (13) tem. Both the aqui'fer gnd aquitard in their system are hq—
X mogeneous and of infinite extent from the coastal line. Their
MMt _ghodh 0 0o solution (1999, Eq. 4) can be obtained from the present solu-
0 el _prae 0 tion for N = 1 and written, in our notation, as
0 o0
hi(x,t)=A xc1 X COS(w t — 1) (21)
B=| : : : : (14)
’ ’ ‘ ’ where
° 0
0 0 AnN-20N-2 _ pAN-10N-2 0 2 2 .5
o 0 € 0 eiN—ldN—l it c1= —exp{ \/"1 [(ul + 1) + ul] }x (22)
L J(N-1)xN
and and
Tyhgetrd —7'?»\24;*2* ,0 » 0 0 612
g ng —T3hze 0 0 ¢1 _ 1 X (23)
E=| : : : (15) \/af[(u§+l)o'5+u1]

0
0 0 Tn_2hn_pe™N-2dN-2 _ T\ 13y 1e*N-1dN-2
0 0 0 TN_tAN_ 1M1 Ty ePnoh-1

In addition, Guo et al. (2010) presented an analytical solution
to describe the head fluctuations in a coastal aquifer system
consisting of two zones which have different hydraulic prop-
erties in the horizontal direction. Wheh=2 andu1 =u> =

0, the present solution reduces to Guo et al.'s (2010) solution
(2010, Eg. 7a for the first aquifer and Eq. 7b for the second

aquifer) which is expressed, in our notation, as

(N-1)xN

where bothC andF are(N — 1) x N matrixes and identical to
matrixesB andE, respectively, except having a minus sign
before the exponent in the exponential terms.

Based on Cramer’s rule, the coefficienfs, andc2, can
be determined as

detDp
clp= Joib (16)  hy(x,t)=Ax c1xCOS(w  — 1) (24)

www.hydrol-earth-syst-sci.net/14/1819/2010/ Hydrol. Earth Syst. Sci., 14, 18282010



1822

ho(x,t) = A X co X COS(w t — ¢2)

where

c1=,/ax +bxl ,/ ~|—b

ax ax
¢1 = arccos| —* ), ¢» = arccos| =2
c1 c2

+v “+v, oq.+T,
axl=M,bxl=M,ax2— alla
X
op+T1p
bx, =
X

Ug= (a%le — a%Tzz) codai (x —2d1)]

<ga1(2d1—x) +ea1(2d1+x)>

Vg = COS(ayx)
[(alTl —azT2)?e® + (a1 Th +612T2)2€a1(4drx)]

W, = a%lee_alx [eZdlal (eZalx — 1) sin[a1 (2d1 —x)]
+ <e4d1a1 — ezalx) Sin(alx)] +2a1ThaxToSin(a1x)

(ea1(4d17x) +ea1x)

Vp = a2 T2~ X [(eZdlal — eZal(d1+x)> sinfay (2d1 — x)]

+< Achay ezalx) Sln(alx)]

04 =2a1T1(a1T1 — apT3) coddra +az (d1 — x)]
eMataa(di—x)

Tq = 2a1T1(a1T1 +axT2)coddiar +az (x —d1)]
e3thatag(di—x)

op =2a1T1 (—a1Th +a2T2)Sin[d1a1 +az (d1 — x)]
eMataa(di—x)

T, = 2a1T1 (a1 Th +azT2) sin[dyay +az (x —d1)]
e3thatag(di—x)

x = (a1T1 — a2T2)? + (a1 Ty + apT2)? @2
+2¢2%% cos(2dray) (a2~ a3TF)

Accordingly, the solutions derived by Jiao and Tang (1999)
and Guo et al. (2010) can be considered as our special cases
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Fig. 2. The curves of normalized amplitude of the head fluctuation
versus dimensionless inland distanceif@r="5, u» =0,a1 =ax =
1x102m~1, and various aquitard lengths.

3 Results and discussion
3.1 The effect of aquitard length

Consider the case that the leaky aquifer system with a homo-
geneous lower aquifer, overlain by a heterogeneous aquitard,
can be divided into two regions (i.e., regions 1 and 2). The
aquitard in region 1 has semi-permeable with leakage 5
and a finite lengtla; while the aquitard in region 2 is imper-
meable {2 = 0) and of infinite extent in the direction. The
purpose of this case is to investigate the effect of aquitard
length on the amplitude and phase shift of the head fluctua-
tion in the lower aquifer. Figure 2 shows the curves of nor-
malized amplitude of the head fluctuation versus dimension-
less inland distance fer, = ap = 1x 10-2m~1 and aquitard
length d; of 0, 30, 50, 300, 850m. The normalized am-
plitude is defined as the ratio of the amplitude of the head
fluctuation to that of the tide. The data represented by the
open circle is obtained by the present solution with no leak-
age (i.e.u1 =u2=0). The curves shown in Fig. 2 indicate
that a largerd; has a smaller normalized amplitude and a
shorter tidal intrusion distance. In addition, the present so-
lution approaches Jiao and Tang’s(1999) solutionfoe 5
anda; = 1x 10~2m~1 whend; goes large (say; = 850 m).
This is because the aquitard length is larger than the tidal
intrusion distance.

Figure 3 shows the curves of phase shift of the head fluctu-
ation versus dimensionless inland distancefoe 5, u> =0,
anda; =ap =1x 102m~* at d; =50, 150, 300, 850 m.
The phase shift increases with the inland distance for various

www.hydrol-earth-syst-sci.net/14/1819/2010/
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Fig. 3. The curves of phase shift of the head fluctuation versus ) . .
dimensionless inland distance fof =5, up =0, a3 =ap = 1 x Fig. 4. The curves of normalized amplitude of the head fluctuation

10-2m~1, and various aquitard lengths. versus glmelnsmnless_lnland distancedf@e=0,up» =5,a1 =ar> =
1x10~“m~-, and various values of;.

T

values ofdj, indicating that the response of groundwater in

the lower aquifer to the tide becomes slow over a large inland | e——=——= roteakage =0
distance. The phase shift for the case of no leakage repre T
sented by the open circle is significantly larger than that of oren | d.=100m
Jiao and Tang’s (1999) solution represented by the solid cir- H———x 4,0

®——e——= Jiao and Tang's solution (1999)

cle, indicating that the leakage can diminish the phase shift
of the head fluctuation in the lower aquifer. The slopes of
the curves withd; =50 m andd; = 150 m begin to close to

Phase shift

that of Jiao and Tang’s (1999) solution neas 35m and 5 _ -
x = 135m, respectively, which are in fact fairly close to the - -

end of the aquitard. On the other hand, these two curves ] i

match with the solid circle near the coastal line, reflecting

the fact that they are all influenced by the leakage. 0.25m —

3.2 Effect of aquitard location .

In contrast to the previous case, the aquitard in region 1 with 0 | . T T T
a lengthd; is now treated as impermeable, i— 0, while 0 T A 2 25

the aquitard in region 2 hag =5. The aquitard and lower ’

aquifer in region 2 are considered to be of infinite extent. TheFig_ 5. The curves of phase shift of the head fluctuation versus
purpose of this case is to study the effect of the valug @i gimensionless inland distance fof = 0, up =5, a; = ap = 1

the amplitude and phase shift of the head fluctuation in the;0-2m—1, and various values of;.

lower aquifer. Figures 4 and 5 demonstrate the curves of nor-

malized amplitude and phase shift, respectively, of the head

fluctuation in the lower aquifer versus dimensionless inlandshow that those dashed lines approach the line with légge
distance fory =a> =1x 102m~1 andd; =0, 50, 100, or  indicating that the effects of the aquitard on the amplitude
350m. Both figures show that the curve wifh=350m and phase shift decrease with increasiag Once thed; is
matches with the curve of no leakage, indicating that thelarger than the tidal intrusion distance, the effects of the leak-
aquitard resided far away from the costal line does not affectage on both amplitude and phase shift become negligible.
the amplitude and phase shift. In addition, the figures also
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Inland distance x (m) Fig. 7. The spatial head distributions for the homogeneous aquifer

and heterogeneous trending aquifewats 27 andwt = 0.57.
Fig. 6. The spatial head distributions in the lower aquifer with het-
erogeneous trending aquitards for scenarios 1 and 2 and with ho-
mogeneous aquitards but having different conductivity values forAccordingly, the aquitard heterogeneity has significant effect
scenarios 3 and 4 at high-tide periegt & 2r). on the hydraulic head distribution.

Alluvial fans formed at the base of mountains usually

have coarser sediment at the upstream part of the fan and
3.3 Effect of heterogeneity in aquitard or aquifer finer sediment at the downstream part. The formation of

the coastal leaky aquifer in the alluvial fan may exhibit the
Consider the case that a leaky aquifer system has a heterogghenomenon of trending heterogeneity (Freeze and Cherry,
neous aquitard. The aquitard is divided into three regions and 979).  The lower aquifer is divided into three regions
the hydraulic conductivity of the aquitard in each region is for simulating trending heterogeneity (i.43 = 10 n#/day,
homogeneous. The lower aquifer is considered to be homoz, — 50 n¢/day andrz = 100 nf/day). The leakages in these
geneous in order to investigate the effect of aquitard heterothree regions are chosen the same for assessing the effect of
geneity on the aquifer head fluctuation. Figure 6 shows theaquifer heterogeneity. Figure 7 shows the spatial head dis-
spatial head distribution of the lower aquifer with=a2= " tributions atwr = 27 andwr = 0.5 for the homogeneous
a3=5x10"3m~* for the aquitard having four different sce- aquifer and heterogeneous trending aquifer. Following pa-
narios at the hlgh-tlde period (Iet)l‘ = 27T) The aquitard is rameter values are used in the ana|ys&§:= Up = u3z =
heterogeneous in the first two scenarios and homogenous bgt §, — §, = §3 =104, d; = 100m, d» = 200m andw =
with different values of hydraulic conductivity in the other 21 /0.5 day'l_ The hydraulic conductivities are considered
two scenarios. The normalized hydraulic head is defined ags 77 = 7, = 75 = 50 nf/day for the homogeneous aquifer
the ratio of the hydraulic head of the lower aquifer to the am-and 73 = 10 mé/day, T> = 50 n?/day and73 = 100 n¥/day
plitude of the tide. For scenario 1, the leakages in regions 1+or the trending aquifer. The figure indicates that the trend-
3 are chosen a1 =10, u =5 andug =1, respectively.  ing aquifer has a smaller tidal intrusion distance than the ho-
In contrast, the leakages in these three regions are selecteflogeneous one. This is because the region 1 has a smaller
asu1 =1, up =5 andug = 10 for scenario 2. In addition, hydraulic conductivity. In addition, the slopes of the normal-
the leakages are chosenuas=u, =uz =1 for scenario 3  jzed head distribution are markedly different neat 100 m
andui = uz = uz =10 for scenario 4. The head distribution and 200 m because the hydraulic conductivities in these re-
curve of scenario 1 is below that of scenario 3 and close tqyions are different. Obviously, the aquifer heterogeneity also
that of scenario 4, indicating that a large leakage occurrinthas an impact on the hydraulic head distribution.
near the coastal line (region 1) significantly diminishes the
hydraulic head. On the other hand, the curve of scenario 2ir8.4 Comparison of present solution with observed data
region 1 is below that of scenario 3 even when the leakage in
region 1 of scenario 2 is the same as that of scenario 3. Thi§igure 8 shows a geological cross section of the leaky aquifer
is because large leakages occurring in regions 2 and 3 wilsystem in the CLK airport, Hong Kong (Jiao and Tang,
influence the hydraulic head distributions in regions 1 and 2.1999). The lower aquifer is homogeneous and lies on the
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Fig. 8. A geological cross section in the CLK Airport, Hong Kong
(modified from Jiao and Tang, 1999).

Hydraulic head (m)

-0.05 -
bedrock composed of granite as the impermeable boundary
The upper aquifer filled with gravel and sand is an uncon- |
fined aquifer. The aquitard in between mainly consists of
clay. The vertical dashed line shown in the figure divides this
aquifer system into two regions with different thicknesses.
The thickness of the aquitard in region 1 is about a half of o
that in region 2; therefore, the leakage in region 1 is about | . o 15 M M %
two times that in region 2. Time (hour)

Jiao and Tang (1999) applied their solution to simulate ) ) _ _

the head fluctuation for the aquifer system in the CLK air- Fig. 9. Predicted hydraulic heads by the present solution and Jiao

port. The observed well was located at 271 m distance frorﬁ”md Tang’s (1999) solution and the observed data measured at the

the coastal line. The lower aquifer is considered to be ho—CLK airport, Hong Kong.

mogeneous withi; = 7.65x 103m~1. The thickness of

the aquitard is assumed constant in the horizontal directiony, | tion can reduce to Guo et al’s (2010) solutionVit= 2
. _ 3 . .
and the leakage is chosens=9.38x107°. The ampli-  an4,, — 4, = 0. With considering the change in aquitard

tude and frequelncy of the tide are chosemas0.8m and  yhickness, the present solution has a good agreement with

o= 2z/0.5day™, respectively. _ the observed data from the aquifer system in the CLK Air-
Flgurg 9 shows th_e observed data taken from the aq”'febort, Hong Kong (Jiao and Tang, 1999). Based on the present

system in the CLK airport, Hong Kong and the present so-gq|ytion, the effects of formation heterogeneity as well as the

lution con13put_eld with the param?tat;;: 300m,a1=a2="|gngth and location of the aquitard on the head fluctuation in
7-653X 107°m™, 0 =2r/0.5day ", A=08m,u1 =9.38X  the|ower aquifer can be concluded as follows:
10~° andu» = 0.5u1. This figure shows that the present so-

lution is identical to Jiao and Tang’s (1999) solution and has 1. The aquitard with a large leakage and/or long length
a good agreement with the observed data. Such a result can near the coastal line will diminish the amplitude of the
be attributed to the fact that both leakages in regions 1 and  head fluctuation in the lower aquifer.

2 are very small and the length of the thin aquitard exceeds

the tidal intrusion distance (i.e., 150 m), which is estimated 2- 1"€ phase shift of the head fluctuation in the lower
based on Eq. (18). aquifer increases slowly with the inland distance for the

case of large leakage and dramatically for the case of no
leakage.

-0.15

4 Concluding remarks . . . _
g 3. Allower aquifer with trending heterogeneity in a coastal

Based on the direct Fourier method, a one-dimensional an- €@Ky aquifer system usually has a small tidal intrusion
alytical model is developed for describing the head fluctua-  distance and low head distribution.

tion due to the tidal effect in a coastal leaky aquifer SyStem'ACknOWIedgementSThiS study was supported by “Aim for the

The aquitard and undertying aquifer can be considered to berop University Plan” of the National Chiao Tung University and

hgterogeneous and divided into S_everal reg_lo_ns and each r"R/Iinistry of Education, Taiwan and the Taiwan National Science

gion has a homogenous hydraulic conductivity. The watercouncil under the contract numbers NSC 98-3114-E-007-015,
table of the upper unconfined aquifer is assumed constanysc 99-NU-E-009-001, and NSC 99-2221-E-009-062-MY3. The

while the hydraulic head of the lower aquifer is subject to authors would like to thank the associate editor and two anonymous
the effect of tidal fluctuation. The solution developed by reviewers for their valuable and constructive comments.

Jiao and Tang (1999) can be considered as a special case of

the present solution wheN = 1 or the length of the first Edited by: J. Carrera

aquifer is larger than the tidal intrusion distance. The present
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