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Abstract. In this study, a new analytical solution for describ- negligible and the omission of the effects may lead to a sig-
ing the tide-induced groundwater fluctuations in oceanic is-nificant error in predicting water table elevation. Previous
lands with finite length and different slopes of the beachesstudies for water table fluctuations in costal aquifers consid-
is developed. Unlike previous solutions, the present solu-ered the case of vertical beach. For more realistic case of
tion is not only applicable for a semi-infinite coastal aquifer, beach slopes, Nielsen (1990) considered a movable shore-
but also for an oceanic island with finite length and differentline boundary condition and derived an analytical solution
sloping beaches. The solution can be used to investigate thior groundwater fluctuations in costal aquifers with a sloping
effect of higher-order components and beach slopes on thbeach. Li et al. (2000) further overcame the inconsistency
water table fluctuations. The results demonstrate the effecdf the boundary condition in Nielsen’s solution and utilized
of higher-order components increases with the shallow watethe same parameter in Nielsen (1990) to develop a solution
parameter or amplitude parameter and the water table levdbr the problem using a concept of moving boundary. Since
increases as beach slopes decrease. the slope of the beach was included in the perturbation pa-
rameter in both models, their models may be applicable to a
certain range of the beach slopes. Based on the reason men-
tioned above, Teo et al. (2003) used two perturbation param-
eters, shallow water parameter and amplitude parameter, to
erive a higher-order solution for the tide-induced water ta-
le fluctuations in coastal aquifers to a sloping beach. They
considered the costal aquifers to with infinite extension in

1 Introduction

Groundwater near the ocean usually fluctuates with the tidesdb
which will significantly affect the costal processes such as
saltwater intrusions, beach sediment transportations, chemi~" N . .
cal transformations, and biological activities. To understand orizontal d|_re<_:t|o_n5 however, for oceanic islands, thg hori-

and manage the behavior of coastal aquifers, it is require(fontal dqmam Is finite and_ the beach slopes may be different
to accurately predict the dynamic groundwater hydraulics.In both sides of the oceanic island.

Most studies for groundwater fluctuations in costal aquifers Considering the oceanic island in coastal area, Jiao et
are based on Boussinesq equation with Dupuit assumptiof!- (2001) investigated impact of land reclamation on ground-
(Freeze and Cherry, 1979). Dagan (1967) first solved thevater flow systems. They derived steady-state solutions to
non-linear governing equation and approximated the solushow how the groundwater level, groundwater divide and

tion by an expansion based on a shallow flow approximationSubmarine groundwater discharge would change with land
His solution is applicable when the oscillation of the ground- feclamation near coastal aquifer. Hu et al. (2008) extended
water motion is small compared with the mean water |eve|.the work in Jiao et al. (2001) to develop the transient solution

Parlange et al. (1984) extended the work of Dagan (1967j0r groundwater flow induced by land reclamation in oceanic

and used a perturbation technique to derive an approximaténd. Rotzoll et al. (2008) presented an analytical solution

solution of the non-linear equation. Their solution demon- derived from one-dimensional confined flow equation for hy-

strates that the nonlinear effects on tidal propagation are nodraulic head distribution in a finite-length and asynchronous
dual-tide aquifer. They analyzed the tidal responses in the
unconfined central Maui Aquifer and estimated the hydraulic

Correspondence td:.-D. Yeh parameters in the study area. Sun et al. (2008) considered an
BY (hdyeh@mail.nctu.edu.tw) island aquifer system comprising a confined aquifer and an
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Fig. 1. The profile of tidal water table fluctuations in an oceanic island with sloping beaches.

overlying semipermeable layer. They derived an analyticaland RHS of the island are, respectively, denote@aand

solution for groundwater head response in the island aquife,. The dimensionless amplitude parameterA/D repre-

system subject to dual-tide and compared the solution withsents the ratio of the maximum tidal amplitude[L], to the

the existing analytical solutions. average water table heighR[L], andw [T 1] is the tidal
Motivated by the literatures mentioned above, the objec-frequency. At the bottom of the island, the boundary condi-

tive of this study is to develop a model for describing the tide-tion is

induced groundwater fluctuations in unconfined aquifers,d¢

which, to the best of our knowledge, have never been pre-3, =0 atz=0 )

sented for the case of oceanic islands with dual-tide and difhe houndary at the water table can be represented as

ferent slopes of the beaches.

_ ) ) and the flow at the water table is modeled by the following
2 Mathematical model and analytical solution equation (Batu, 1998)
i d 3p\? (32 d
2.1 Mathematical statement ne—¢ _K Ll n ¢ —K—¢ atz—h ©6)
ot ax 9z 0z

The configuration of tidal induced groundwater flow is ) ) ) )
shown in Fig. 1. Assuming the fluid is incompressible and Wherer. is the effective porosity and is the saturated hy-

inviscid, the potential head satisfies the Laplace’s equation draulic conductivity. Both parameters are assumed constants.
Gux + ¢ =0, 0<z <h(x,1) 1) 2.2 Perturbation approach

whereh(x,t) [L] is the total tidal induced water table height. The governing equation and boundary conditions are rewrit-
The tidal oscillations cause two moving boundary conditionsten in dimensionless forms using the following non-

at the coasts which can be expressed as dimensional variables
h(xo(t),t) = D(1+acoswt) on xo(t) = AcotBicoswr (2)
X z h ¢
X=2, Z==, H=—, &o=_1,
and L D D D
D A
h(L—x;(1),1) = D(1+acoswt) on x; (1) = AcotBrcoswr (3) e= A A= T andT = wt (7

for left-hand side (LHS) and right-hand side (RHS) of the
oceanic island, respectively. The length of the oceanic islan
is denoted as in Fig. 1.

The xo(r) andx; (¢) are the horizontal extent of the tidal
variation at the sloping beaches, the beach angles for LHSb,, = —&?Dyy (8)

hereL =,/ 2,%) is a decay length scale of water table fluc-

tuations and is defined as the shallow water parameter. The
governing Eqg. (1) becomes
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and the boundary conditions (Egs. 4-6) lead to

®dz;=0 atZz=0 9
®=H atZ=H (10)
and

26D =205+ 92— ®; at Z=H (11)

wheredy, &, and &7 represent the first derivatives df

with respect toX,Z and T, respectively. In additiond xx

and®,, represent the second derivativesd®fvith respect
to X andZ, respectively.
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The detail of derivation for Eq. (8) with boundary conditions
in Egs. (9) and (10) is listed in Appendix A and the results
up to second-order are

0(e%: 2Hor, = (HoHoxy)x, (19a)
Hy(0,Ty) = Hy(Xg,T1) =1+«acosly (19b)
O(eY): 2(Hir, +acotfisinTiHox,) = (HoH1)x,x, (20a)
H1(0,T1) = H1(Xg,T1) =0 (20b)
O(£?): 2(Hor, +acotfysinTyHix,) = (21a)

1 1
E(Hf)Xj_Xl + (HOHZ)XJ_X;L + §(H3HOX1X1)X1X1

The boundary conditions in Egs. (2) and (3), respectively,12(0, 1) = H2(X,T1) =0 (21b)

becomes

H(Xo(T), T)=14«acosl' on
Xo(T) = aecotBcosT (12)

and

H(O\*—X,(T), T)=1+acosl on

X, (T) =ascotBocosT (13)

By introducing the new variables (Li et al., 2000; Teo et al.,
2003)

X1=X—-Xo(T) and Ty =T (14)
Then

af  of  of 9X1 of __f
— == — cotpisinTy—— 15
OT ~ 9Ty oxa 0T —omy Teccoisinfips (19)
where f is a dependent variable such @sand H. Equa-
tions (12) and (13) can be, respectively, transformed to

H(X;(T1),T1) =14«acosly on X (T1)=0 (16)
and
H(Xg(T1),T1) =1+acosly on Xg(T1) (17)

= \* —aecotBrcosTt —aecotficosly

whereX; andXy denote the moving boundary on the LHS

and RHS of the island.
Assuming that the potential hede and water table level
H can be expanded in powersafrespectively, as

o0
(X, 2, T)=) &"®y(X,Z,T) (18a)
n=0
and
o
H(X,T)= Ze”Hn(X, T) (18b)
n=0

www.hydrol-earth-syst-sci.net/14/1341/2010/

2.2.1 Zero-order (0 (%)) approximation:

The perturbation expansion @fy in power ofa can be ex-
pressed as

o0
Ho=1+ ZO{" Ho, (22)

n=1
Equation (19a) and (b) can be expanded in different order of
« as:

0(%Y) : 2Hoir, = Howxyx, (23a)
Ho1(0,T1) = Ho1(X g, T1) = cosT1 (23b)
0(e%?) : 2Hozr, = Hoax, x, + (Ho1Howx,) x, (24a)
Ho2(0,T1) = Ho2(X g, T1) =0 (24b)

The derivation for the solutions of Eq. (23) is given in Ap-
pendix B and the result is

Hp1= e X1 co9T1—X1)

ta1 [exl COST1+ X1)— e X1cogTy — xl)]

tap [exl SIN(TL+ X1) — e~ X1sin(Ty — xl)] (25)
Similarly, the solution of Eq. (24) can be obtained as

1 .
Hyp=— Z (5116_2X1 +512€2X1+2813008 2X1+2814S8iN2X 1)
1 .
—5e¢ X2 [816C0SATy — X1) +415SIN ATy — X1)]

1 .
_EeZXl [618C0SAT1 + X1) +817SIN2AT1 + X1)]

+b1X1+bo+ Cleﬁxl coq271+ \/EXl)
+Czeﬁx1 sin(2T, + «/EX]_)
tezeVXicog 2T — v2X1)

—C4€7\[2Xl sin(2Ty — \/EX]_) (26)

Hydrol. Earth Syst. Sci., 14, 13512010
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Fig. 2. Distribution of water table levelH) versus time{/2¢) in an oceanic island & = 1 with beach slopeg = f» = 45°.

The coefficientsiy, az, 811, 812, 813, 814, b1, b2, c1, c2, €3 H12(0,T1) = H12(Xg,T1) =0
andcg4 in Egs. (22) and (26), defined in Table 1, are obtained ) ) o .
from the formula manipulation package of Mathematica 6 1€ solution for Eq. (28) igf1; = 0. SubstitutingHos in
(Wolfram Research, Inc., 2007). For the case that the costdFdS: (22) into (29), the solution of Eq. (29) is

aquifer has a half domain with— oo, a; andas approach to 1 )

zero. Equations (25) and (26) are identical to the solutions in/12= 7 COtf1 { [e_xl (821€08X1 — 8228INX1)

Teo et al. (2003) whe 1 is sufficiently small for zero-order

approximation ire for orderr! anda?, respectively.

(29b)

eX1 (5230081 + 524sinX1)] (1 X1+ do)

2.2.2 First-order (O (¢1)) approximation: x .
n [e 1(821C08(2T1 — X1) +8228iN(2T1 — X1))

For O(¢1), Hy can be expanded as

+eX1(823C08(2T1 + X1) + 824SiN (2T1 + X1))]

@7 2[eﬁxl ( flcos(ZTl + ﬁxl) + fzsin(ZTl n ﬁxl))

00
Hi= ZanHln
n=1

The equation and boundary conditions can be arranged as

teV2X <f3005<2T1—x/§X1> +f4sin(2T1—*/§X1))] }

O(e'al): 2H117, = Hiix,x, (28a)

H11(0,T1) = H11(Xg,T1) =0 (28b) (30)
12 . The coefficientS$21, 822, 823, 824, d1, d2, f1, f2, f3 and fa

O(ea®): 2H1or, +2c0tB1SinT1 Hoix, (292)  in Eq. 30), defined in Table 1, are obtained from the for-

= Hiox,x, + (HorH11) x, x4

Hydrol. Earth Syst. Sci., 14, 1341351, 2010
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Table 1. Definition of coefficients.

1345

Coefficients

Illustration

ag

az

811
812
813
814
815
816
817
818
b1

1
€2
€3

c4

Ay

Ap

821
822
823
824
di
dz
f1
f2

f3
J4

_ CosXptexp—Xgr)
1= 2(coshX g +cosXr)

_ sinX g
42 = 2(coshX g +COSX )

2 2
(1-ap?+a3

a

a32_—|—a§

al— a% - a%

az

—2a(1—ay)

(1-ap?—aj

2ajaz

2 2

ap—az

ﬁ (Sllefsz +512€2XR +2813C0S2X g 4 2514SiN2X p — l)

1

il
Az

2(cosh2/2X g —cos2/2X g)
A2

2(cosh2/2X g —cos2/2X g)
% (816+6818) —c1

3(15+817) —c2

%(815+817)sin2ﬁXR

+3(516+618) (e 722Xk —cosha/2X g)

+sinhv/2X pcosv2X g _—(5156_2XR —31762XR)Sin2XR + (3166_2XR +51862XR)COSZXR:|
—coshV2X pSinv2X g | (5156 2XR +517e2XR)coS2X g + (S16¢ 25 R —818e2XR)sin2XR}

—%(816+818)sin2ﬁXR

+3(615-+817)(e"2V2Xr —cosha/2X )

+SiNhV2X g coSV2X g | (5156~ 2XF +817¢2XR) OS2 g + (8166~ 2XR —813e2XR)sin2XR:|
+coshvZX gSinV2X g | — (815e~2X R — §17¢2XR)SiN2X g + (S16¢—2XR +81862XR)COSZXR]

—1+aq+a>
l-ai+ar
aj+ap

—ai1+ap

XilR [521(1—€_XR COSXR) +5226_XR SinX g +3823(1— eXR COSXR) —d24 eXr sinXR}

—(621+623)

Az
2(cosh2/2X g—cos2/2X g)
A
2(cosh&f2XRicoszﬁXR)
—1621+629— f1
—5(822+3824) — f2

www.hydrol-earth-syst-sci.net/14/1341/2010/
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Table 1. Continued.

Coefficients Illustration

- % (8224 824)SINN/2X
—%(821+ 823)(6‘2*@“ —cosha/2X )

A3 +5iNhy/2X g COSV2X g | (822 2XR — §4¢2XR)SINX g — (8916~ 2XR + §93¢2XR)cOSX &
+coShV2X g SINV2X g | (8206 2XR +824¢2XR) COSX g + (8216 2XR — §23¢2XR)sinX g
%(521—{—523)3"’]2\/2)(]3

N — 1822+ 824) (e 2V2XK _cosha/2X g)

4 —SiNhy/2X g COSV2X g | (899e2XR + 59462XR)COSX g + (8916 2XR — §593¢2XR)sinX
+coShV2X g SINV2X g | (822 2XR — 842X R)SINX g — (8916~ 2XR + §93¢2XR)cOSX g
As
81 3(CoshX g—cosX g)
Ag

82 3(CoShX g—COS2X g)

83 —81

84 —82

As X g[cos2X p —coshZX g — (1—2a7 — 2ap)sin2X g + (1— 2a1 + 2a2)Ssinh2X g]

Ag XRg[cos2X g —coshZX g + (1—2a1 + 2ap)Sin2X g + (1 — 2a1 — 2ap)Sinh2X g]

k1 A7
2(Cog2v/2X g)—Ccosh2+v/2X g))(coshv/2X g+sinhv/2X g)2

Ag

k2 2(cog2+/2X g)—cosh2+/2X g))(coshy/2X g +sinhy/2X )2

k3 —kq

kg —ko

o1 1(2—4ay + 243 + 4ay — 4ayay —2a3)

$2 $1

3 %(—2a%+4a1a2+205)

P4 ¥3

—(XR(COSN(—2++/2) X g) +siNN(—2+v2) X g)) (91COL(—2+v/2) X g)

—3C09(—2++/2) X ) COSN2(2+v/2) X ) + p2Sin((—2+v2) X g)

+94SiN((—2++/2) X g) COSH2(2+ v/2) X ) + COSH2+/2X ) (—91COL(2+/2) X )
A7 +92SiN((2++/2) X g)) 4 COSNAX ) (93¢0 (2+~/2) X g) + 04SIN((2+~/2) X g)

+¢3C0(2++/2) X g)SINN(4X ) + @4SiN((2+v/2) X g) SINh(4X g)

—1C0(2++/2) X g)SINN(2v/2X R) + @2SIN((2+ v/2) X g) SINN(2v/2X )

—3C0S(—2+v/2) X g)SINN2(2+V/2) X ) + ¢aSiN((—2+~/2) X g) Sin(2(2+ V/2) X )
—(Xg(cOSH(—24+/2) X g) +SiNN(—24v/2) X g)) (—p2C0S(—2+/2) X g)

+94C08(—24+/2) X g) cosh2(2+v/2) X g) + ¢1SiN((—2+v/2) X g)
+93sin((—2++/2) X g) cosH2(2+ v/2) X g) + coSH2v/2X g) (92CO(2++/2) X R)

Ag +1SIN((2+v/2) X g)) + COSHAX ) (—p4CO(2++/2) X g) + ¢3SIN((2+ V2 X R)
+¢4C08(2++/2) X g)SINN(4X ) + ¢3SiN((2+v/2) X g) SiNh(4X g)
+92C08((24 v/2) X g) SINN2V2X g) + @1 SIN((2+v/2) X ) siNh(2v/2X )
+94COS(—2+v/2) X R)SINN2(2+v/2) X ) + @3SIN((—2+ v/2) X g)SINN2(2+ v/2) X )

Hydrol. Earth Syst. Sci., 14, 1341351, 2010 www.hydrol-earth-syst-sci.net/14/1341/2010/
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Fig. 3. Comparison between tide-induced water table le¥£) in Teo et al. (2003) and the present solution for various leng}tof the
oceanic island(=0.3,0=0.2,81=62=45°) (@) T =n /4, (b) T =n/2.

search, Inc., 2007). Similarly, for the special case of semi-+(a1 —a2) X1[eX1cosT1+ X1) + e~ X1cogT1 — X1)]

half costal aquifer, Eq3Q) is identical to the solutions in Teo

et al. (2003) for first-order approximation érfor ordera?.
2.2.3 Second-order Q (¢2)) approximation:

At O(£2), Ho is expanded to

o0
Hy = Zan H>,
n=1

+(a1+a2)xl[exlsin(n+x1)+e—Xlsin(T1+x1)]} (33)

Hop = k1eV?X1c082T1 +v/2X1) + koe¥ X1 sin(2Ty +v/2X 1)
tkge VX100 21 — v/2X1) + gak~VZX1sin2T1 — V22X 1)
+<p1X;|_e_2X1 cog2T1—2X1)+ (p2X1€_2X1 sin(2Ty —2X1)

+<,03X1€2X1 coq2T1+2X1)+ (,04X1€2X1 sin(2T1+2X1)  (34)

Consequently, the equation and boundary conditions in

Eq. (21) is further adapted to

1
0(82(11) : 2H21T1 = H21X1X1 + _H01X1X1X1X1 (31a)

3

H»1(0,T1) = H21(Xg,T1) =0 (31b)

0(82()(2) : 2Hoor, +2c0t81SinT1 Hi1x, = Hoox, x4

1
+(Ho1Hz1) x1x, + 3 Hozxyxaxoxs + (HotHovxax,) xox (32a)

H>3(0,T1) = H22(Xg,T1) =0 (32b)

Table 1 also shows the coefficients g2, g3, g4, k1, k2, k3,

ka, @1, @2, ¢3 and g4 in Eqs. (33) and (34). The present
solutions second-order approximationeirfor ordera® and

o2 can be reduced to the solutions in Teo et al. (2003) with
the same order for a semi-half costal aquifer.

3 Results and discussion

Figure 2 shows the distribution of water table levAl)(ver-
sus time {'/2r) for various order solutions at the horizon-
tal distanc&=1 andpg1 = B> = 45°. This figure can be used

The solutions of the boundary value problems shown aboveg investigate the effects of the higher-order components on

are

1r o
H21=§[g1e LCOS(T1+ X1) + goeX1sin(Ty + X1)
+g3e*X1cos(T1—X1)+g4efxlsin(T1—X1)]

1 .
+3 |—Xle—xl COS( Ty — X1) — X1 e~ X1sin(Ty — X1)

www.hydrol-earth-syst-sci.net/14/1341/2010/

the water table fluctuations in an oceanic island with slop-
ing beaches. In Fig. 2a, the solutions of water table level
for 0(a?), 0(ea?) and O (¢2¢?) are close when = 0.2 and
£=0.3. As demonstrated in Fig. 2b and c, the difference be-
tween zero-order and higher-order solutions increasesawith
or ¢ and significant differences are observed in Fig. 2d when
a=0.4 ands =0.5.

Hydrol. Earth Syst. Sci., 14, 13512010
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Fig. 4. Distribution of water table levelH) versus horizontal distanc&{ for various beach slopes £ 0.5, « = 0.35).

Comparisons between higher-order solution in Teo et Figure 5aillustrates the differences between second-order
al. (2003) and this study are drawn in Fig. 3a and b, re-o and first-orderx approximations for ordes? whena=0.2
spectively, forT = 7 /4 andr /2 with various lengths of the ande=0.3 ande=0.4 ands=0.5. As one can expect, the dif-
oceanic island. These figures indicate that the present sderence increases with ande. Figure 5b demonstrates that
lution is getting close to Teo et al.'s solution asncreases the differences between second-ordemd first-ordet for
for different times. Therefore, the present solution is appli- ordera? is smaller than that between and second-ozdard
cable for describing the water table level at short horizontalzero-ordek for ordera:? whenT is large for bottw=0.2 and
distance in a semi-infinite costal aquifer. £=0.3 andx=0.4 ands=0.5.

Since the beach slopes may have influence on the water
table level, the distributions of water table level versus hori- )
zontal distance are illustrated in Fig. 4 for different time with 4 ~Concluding remarks

various beach slopes. Graphically, the water table level in- = . . . . L
creases as the beach slope decreases. In other words tHglng the perturbation technique, an analytical solution is de-

beach slope essentially affects the water table level in oceani{gebp.e d for dgsqulblndg thgttr:ci.e-.ltndluce?hgrogndq%/fvatertﬂulctua—
islands. The solution for a semi-half costal aquifer in Teo et I0NS In oceanic 1siands with Tinite length and ditterent slopes

al. (2003) is a special case of the present solution when th fthe beaches. Two perturbation parameters, the shallow wa-
horizontal distance is not large er parametet and the amplitude parameterwere used in

the present model to derive higher-order solution.
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7 Appendix A
s I . Substituting Egs. (18a) and (b) into the governing Eq. (8),
| BT o boundary conditions in Egs. (9) and (10) leads to
e | o Dozz +edizz +e%Pozz + ...
=_82(¢)0X1X1 +8®1X1X1+82¢2X1X1+-") (Al)
| O(%a?)-0(e*a’); (0,€)=(0.2,03)
:E ***** O(s%a?)-0(g2a); (0, €)= (0.4,0.5) CDOZ +8¢1Z +82CD2Z +..=0 (AZ)
e and
7/\/// CI>0+€<D1+82CD2+...=H0+8H1+82H2+... (A3)
0 Equation (Al) can be rearranged in ordeeafs:
] 0(%: ®@oz7,=0 (Ada)
s \ \ \ T dgz=0atZ=0 (A4b)
0 0.2 0.4 086 08 1
(T do=HoatZ=H (Adc)
Fig. 5a. Differences between second-ordeand first-ordewx ap- 1y . _
proximations for ordee? when g, £)=(0.2, 0.3) andd;, £)=(0.4, 0@ED: ®1zz=0 (ASa)
0-5)- D17 = OatZz=0 (A5b)
1 b1=HiatZ=H (A5c)
006 —| O -0 a?); (o, €)= (0.2, 0.3) 2. _
O—60—0 0Ew)-0E0); (0, £) = (0.2, 0.3) 0@ ®ozz= <DOX1X1 (A6a)
4 ——-——- 0@ -0 a); (o, £) = (0.4, 0.5)
+ =+ —+ 0«0 w); (€)= (0.4, 0.5) dz=0atZz=0 (AGb)
0.04 —
br=HatZ=H (A6c)
T | Py Integrating Eqg. (Ada) with respect &0 twice obtains
> i
- * 3
oo i 1 ®g=Co(X1,T)+C5Z (A7)
where Cp and Cjj are constants of integration. Based on
Egs. (A4b) and (A4c), one has
$o=Hp (A8)
Similarly, we can obtain
002 \ \ \ T

0 02 0.4 06 08 1 d1=H1 (A9)
(T/2)n

From Eg. (A6a), one can get
Fig. 5b. Difference between second-ordeffirst-orders and zero-

ordere for ordera? when ¢, £)=(0.2, 0.3) andd,, £)=(0.4, 0.5). 2

VA
<I>2=C2(X1,T1)+C§‘Z—7<I>ox1xl (A10)
rSubstituting (A6b) into (A10) leads t¢5 =0 and using

The difference between the zero-order and higher-orde .
(A6¢) results in

solution increases witl or « and a significant difference
is observed when both and« are large. It is found that 2

the beach slopes significantly influence the tide-induced waff2 = C2(X1. T1) — —-Pox;x, (A11)
ter table and the water table level increases as beach slopes

decreases. The present solution is more general than that §d therefore

Teo et al. (2003) and is capable of describing the case of a H?2 72

infinite coastal aquifer when the horizontal distance is small.®2= Hz2+ —-Pox,x; — — Poxyx; (A12)
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Based on Eqg. (15} can be expressed as Equation (B2) can be therefore expressed as
Ho1=e¢ X1coqT1 — X1)

&7 = dp + Py, ecotfysinTy (A13)
+aq [eXl cogT1+X1)— e X1 coq 7Ty — Xl)]

Therefore, Eg. (11) can be expressed as
tap [eXlsin(T1+X1) — e X1sin(Ty — Xl)] (B5)

. 1 1
2(®7, + Py, e COSINT) = B5, + 505 — S 07 (Al4) _ _ o _
€ € Expanding the triangular functions in Eq. (B5) and sorting

Substituting® in Egs. (18a), (A8), (A9) and (A12) into out in terms of sine and cosine functions, the relationships of
(A14) result in the following equation the coefficients; anda, can be obtained from the boundary

condition of Eq. 23b) at X1 = Xy as
2a1c08X gSinhX g + 2apsinX gcoshX g =

2[Hor, + & (Hir, +acotBisinTi Hox, ) 1— exp(—X g)COS( X&) (B6)
— —XRr R

+ P (H2T1 —i—OlCOtﬂlSinTlH]_Xl) + ]

—2a1SinX g coshX g + 2a2cosX g sinhX g
= Hy, +2 Hox, Hux, + 2| Hiy, +2Hox, (Hax,

1 = —exXp(—Xg)SiN(Xg) (B7)
412 2
+ HoHoleoxlxl)]JF--']Jfg_z(E Hoy, x, Ho +) Furthermore, from Eqgs. (B6) and (B7), the coefficients
171, 3 andi, can be solved as
— HoH H1H HoH
+£2 [a oHox x, +¢ ( 1Hox,x, + Ho 1x1x1) ) COSX ¢ + EXH—X g) )
1:
+e* (H2Hox, x, + H1H1x,x, + HoH2x, x, 2[coshX g +cosX g]
1 and
+2H5H0X1H0X1X1X1 + éHo:J’HOXleXle) + ] (Al15) sinx
R
= B9
a2 2[coshX g +CcosX g] (B9)

To obtain Eq. (A15) from Eq. (A14), one also needs to know
&3, and®4,. Then Eq. (A15) can be expressed in terms of Based on Eq. (B5), the solution &fp; can therefore be ex-
different order of as shown in Egs. (19) to (21). pressed in Eq.25).
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