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Abstract. The paper extends the Representative Elemen-
tary Watershed (REW) theory for cold regions through ex-
plicit treatment of energy balance equations to include as-
sociated processes and process descriptions. A new defini-
tion of REW is presented which subdivides the REW into six
surface sub-regions and two subsurface sub-regions. Vegeta-
tion, snow, soil ice, and glacier ice are included in the system
so that such phenomena as evaporation/transpiration, melt-
ing, freezing, and thawing can be modeled in a physically
reasonable way. The sub-stream-network is separated from
other sub-regions so that the sub-REW-scale runoff routing
function can be modeled explicitly. The final system of 24
ordinary differential equations (ODEs) can meet the require-
ments of most hydrological modeling applications, and the
formulation procedure is re-arranged so that further inclusion
of sub-regions and substances could be done more easily.
The number of unknowns is more than the number of equa-
tions, which leads to the indeterminate system. Complemen-
tary equations are provided based on geometric relationships
and constitutive relationships that represent geomorphologi-
cal and hydrological characteristics of a watershed. Reggiani
et al. (1999, 2000, 2001) and Lee et al. (2005b) have pre-
viously proposed sets of closure relationships for unknown
mass and momentum exchange fluxes. Tian (2006) has ap-
plied Lee’s procedures and formulas and Monte Carlo sim-
ulation method, and has come up with a determinate system
based on the equations, though precluding energy balance
ones, proposed in this paper. The additional geometric and
constitutive relationships required to close the new set of bal-
ance equations will be pursued in a subsequent paper.

Correspondence to:F. Tian
(tianfq@tsinghua.edu.cn)

1 Overview

The current generation of physically-based hydrological
models, such as SHE (Abbott et al., 1986a, b), MIKE SHE
(Refsgaard and Storm, 1995), IDHM (Beven et al., 1987;
Calver and Wood, 1995), and GBHM (D. Yang et al., 2000,
2002a, b), is based on the point scale equations derived from
Newtonian mechanics, as first set out by Freeze and Harlan
(1969). These physically-based models have distinctive ad-
vantages over the so-called conceptual models that are based
only on the mass balance principle. The hydrological liter-
ature is replete with reviews and discussions of the advan-
tages and limitations of physically-based distributed models
(Beven, 1989, 1993, 1996, 2002; Grayson et al., 1992; Smith
et al., 1994; Woolhiser, 1996; Refsgaard et al., 1996; Singh
and Woolhiser, 2002). The most important limitation is per-
haps the mismatch between the scale at which the governing
equations are applicable and the scale at which models are
applied, and the associated difficulties due to the nonlinear-
ity of equations and the heterogeneity of landscape proper-
ties. There are two complementary approaches to resolve
the above problems. One is to devise new balance equa-
tions applicable directly at the spatial scale of a watershed,
the scale at which most hydrological forecasts and predic-
tions are required. The other is to devise effective param-
eters to account for the heterogeneity. The latter approach
can be coupled either with the current small-scale governing
equations or with the new equations developed at the scale
of watersheds, as mentioned above. A number of approaches
towards such parametrization have been proposed so far to
be coupled with mostly conceptual models (Viney and Siva-
palan, 2004; Robinson and Sivapalan, 1995; Duffy, 1996;
Ewen, 1997). No concerted effort has been made, however,
to develop the scale adaptable equations.

The Representative Elementary Watershed (REW) ap-
proach, originally outlined by Reggiani et al. (1998, 1999), is
an ambitious attempt to invoke mass, momentum, and energy
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620 F. Tian et al.: REW approach including energy related processes

Table 1. Sub-regions and materials of a REW after Reggiani et
al. (1998).

No. sub-region materials contained

1 saturated zone water, soil matrix

2 unsaturated zone water, gas, soil matrix

3 saturated overland flow zone water

4 concentrated overland flow zone water

5 main channel reach water

balances and entropy constraints directly at the watershed
scale (Beven, 2002). The REW approach treats a water-
shed as a continuous, open thermodynamic system with dis-
crete sub-watersheds called Representative Elementary Wa-
tersheds (REWs), where the REW is deemed as the smallest
elementary unit for hydrological modeling. The REW is fur-
ther divided into several functional sub-regions (in Reggiani
et al.’s formulation, there are five sub-regions, as discussed
below in Sect. 2). REWs and sub-regions are sub-continua of
the whole watershed hydrological system. The general con-
servation laws for mass, momentum, energy, and entropy are
then applied to the entire system and to its sub-continua. The
resulting ordinary differential equations (ODEs), after aver-
aging over characteristic time and sub-region volume, can
then be applied directly at the REW scale. Many researchers
have developed initial closure relationships required by the
REW approach and the resulting numerical models (Reg-
giani and Sivapalan, 2000; Reggiani et al., 2001; Reggiani
and Rientjes, 2005; Lee et al., 2005a, b, 2006; Zhang and
Savenije, 2005). The application of these closure schemes
to hypothetical, experimental, and natural watersheds shows
that the REW approach can indeed simulate and predict wa-
tershed hydrological response soundly and reasonably.

In spite of the rapid advances in theory and application,
the REW approach, however, cannot presently take full and
comprehensive account of evaporation/transpiration occur-
ring on various land surfaces, and hydrological processes re-
lated with cold regions such as melting, freezing, and thaw-
ing, because of the restrictive definition of REW structure.
In fact, the combined processes of evaporation and transpi-
ration, which constitute total evaporation or sometimes are
called evapotranspiration, are major components of the hy-
drological cycle (Ward and Robinson, 1990). It accounts
for the disposal of over 90 percent of precipitation in arid
regions, about 50–75 percent in humid regions and 60 per-
cent globally, and occurs on open water surfaces, bare soil
surfaces, vegetation surfaces, and leaf stomas. It is also the
dominant variable in the land surface energy balance equa-
tion. Evapotranspiration, therefore, must be an elementary
component of hydrological models which cannot be repre-
sented in a physically reasonable way in Reggiani’s origi-

nal formulation (Reggiani et al., 1999). As for melting from
snowpack and glaciers, it is often a crucial component of the
hydrological cycle, especially in cold regions which cover
nearly half of global land area (Z. Yang et al., 2000; Fass-
nacht, 2000) at least in some parts of the year. For example,
in the western United States, approximately 75 percent of
the total water budget comes from snowmelt (McManamon
et al., 1993; Williams and Tarboton, 1999), and the north-
western inland arid area of China relies heavily on melting
snow and glaciers for its annual water supply (Z. Yang et al.,
2000). Besides, due to the wide extent of frozen soil on the
land surface (Z. Yang et al., 2000; Fassnacht, 2000), the re-
lease and uptake of energy through phase transition in the
processes of freezing and thawing, and the resulting change
of soil hydraulic and thermal properties, soil freezing and
thawing have significant influences on local and global water
and energy cycle (Hu et al., 2006). These important pro-
cesses occurring in the immense cold regions which are in-
tensively coupled with energy supply and transfer processes,
however, cannot be modeled in Reggiani et al.’s (1998) orig-
inal formulation at all. In order to serve as an alternative
blueprint for hydrological modeling, therefore, the REW ap-
proach should be generalized to model these energy related
processes occurring on various land surfaces in a physically
reasonable way.

The purpose of this paper, then, is therefore to re-derive
the REW scale balance equations by following Reggiani et
al.’s (1998) procedure, but explicitly considering these en-
ergy related processes. We begin with a review of Reggiani
et al.’s (1998) REW definition and their REW scale balance
equations. We then present our new definition based on an
expanded application of the concept of the REW. After intro-
ducing the symbols and notations related to the introduced
variables, we use these to describe the geometric, kinetic, and
thermodynamic properties of hierarchical continua. We then
re-configure the general form of the balance equations for
mass, momentum, energy, and entropy at the REW scale by
applying the averaging method pioneered by Hassanizadeh
and Gray (1979a, b, 1980). To confine the problem to un-
derstandable and manageable levels, a series of simplifying
assumptions are then presented. Finally, a new set of ODEs
is proposed. In order to facilitate the adoption of the new
equations in hydrological modeling practice, the relevant ge-
ometric relationships need to be presented and improved.
Likewise, the constitutive relationships for the new exchange
terms for mass, momentum, and energy also need to be de-
vised, and revised. While acknowledging that these are es-
sential, their actual derivation will not be presented here; in-
stead, they will be presented in a subsequent paper.

Hydrol. Earth Syst. Sci., 10, 619–644, 2006 www.hydrol-earth-syst-sci.net/10/619/2006/



F. Tian et al.: REW approach including energy related processes 621

(a)

(b)

Fig. 1. (a)Catchment discretization into 3 REW units(b) Sub-regions making up the spatial domain of a REW (after Reggiani et al., 1998
and Lee et al., 2005b).

2 Review of the REW definition and REW scale balance
equations by Reggiani et al. (1998, 1999)

From a hydrological perspective, a watershed and its hier-
archical sub-watersheds present self-similar characteristics.
We consider a sub-watershed as a fundamental component
of hydrological modeling termed the Representative Elemen-
tary Watershed (REW). Reggiani et al. (1998) divide a wa-
tershed into REWs, and then further divide each REW into
five sub-regions (see Fig. 1): saturated zone (s-zone), unsat-
urated zone (u-zone), saturated overland flow zone (o-zone),
concentrated overland flow zone (c-zone), and main channel
reach (r-zone). Table 1 shows all the sub-regions in a REW
and their respective substances.

Based on the division of a catchment into elementary units
(REWs) and sub-regions (zones), Reggiani et al. (1998) de-
rived global balance laws for mass, momentum, energy, and
entropy at the spatial scale of REW, which can represent
various hydrological flow processes. However, being a first
attempt, various energy related processes cannot be repre-
sented although the energy balance equations are indeed in-
cluded in Reggiani et al.’s (1998) original formulation due to
the limitations of their REW definitions:

(1) Vegetation layer is excluded in the definition, and there-
fore, transpiration cannot be modeled physically. In
Reggiani et al.’s (1998) formulation, transpiration is
combined with evaporation and is deemed as a phase
transition from liquid to vapor which occurs within the
u-zone, i.e., the soil (Reggiani and Sivapalan, 2000;
Reggiani and Rientjes, 2005; Lee et al., 2005b, 2006),
which differs from the actual vaporization process oc-
curring across leaf stomas.

(2) Phases such as soil matrix, gas, and water are included
in the definition, but phases such as snow, soil ice, and
glacier ice are excluded. Hydrological phenomena such
as accumulation and depletion of snow pack and glacier,
and freezing and thawing of the soil ice are, therefore,
excluded from consideration.

(3) The fact that the land surface is divided into two dif-
ferent overland flow zones and the main channel reach
does help to represent various flow processes conve-
niently (Reggiani et al., 1998), but still cannot represent
evaporation/transpiration occurring from various kinds
of land cover such as water, vegetation, bare soil, snow,
and glacier.
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Table 2. Structure of redefined REW (sub-regions).

No. layer sub-region abbreviation

1 subsurface unsaturated zone u

2 subsurface saturated zone s

3 surface main channelreach zone r

4 surface sub stream network zone t

5 surface bared zone b

6 surface vegetation covered zone v

7 surface snow covered zone n

8 surface glacier covered zone g

Furthermore, Reggiani et al.’s definition of REW also ex-
hibits the following limitations:

(4) The way that the sub-REW-scale network of channels,
rills and gullies is included in the c-zone is somewhat
ambiguous. The sub-REW-scale network of channels,
rills, gullies, as well as lakes, reservoirs, etc., namely,
sub-stream-network, is water body, and its role in hy-
drological processes is distinct from that of the land
surface. The sub-stream-network can serve as not only
runoff generation areas but also as runoff routing path-
ways, and the latter function is by no means less impor-
tant than the former one, especially in a REW with large
area. We cannot represent the sub-REW-scale runoff
routing function physically if the sub-stream-network is
embedded in other sub-regions.

In summary, the REW approach in its present form cannot
take fully into account energy related processes. In its current
applications, therefore, energy balance equations are consid-
ered as identical equations and omitted due to the isother-
mal assumption (Reggiani et al., 1999), which especially pre-
cludes the application of the REW approach and associated
models (Reggiani and Rientjes, 2005; Lee et al., 2006) in
cold regions. Generalizing the REW theory to represent en-
ergy related processes, through an explicit inclusion of vege-
tation, snow, soil ice, and glacier into the REW definition, is
the subject matter of this paper.

3 Redefinition of Representative Elementary Water-
shed

Owing to the limitations of the original REW definition dis-
cussed above, a new definition is proposed focusing on the
re-configuration of REW’s surface layers. Available data for
modeling water movement beneath the land surface in detail
is scarce in most of the natural watersheds. The subsurface
layer, therefore, is separated from the surface layer and sim-
ply divided into a saturated zone and an unsaturated zone

with the water table as the interface, which is similar to Reg-
giani et al.’s work. For the surface layer, hillslopes and the
channel network can be deemed as two fundamental com-
ponents of a watershed. Therefore, the surface layer is di-
vided into two sections–hillslope and stream network, just as
Reggiani et al. had done. To account for the sub-REW-scale
runoff routing function explicitly, the sub-stream-network,
which is embedded into the c-zone in Reggiani et al.’s defini-
tion, coexists with the main channel reach in the stream net-
work section in our new definition, and lakes, reservoirs, rills,
and gullies are incorporated into the sub-stream-network in
order to maintain scale invariability in the REW structure.
Hillslopes, which are the primary regions for runoff genera-
tion as well as water dissipation, must be treated with by its
flow nature and evaporation/transpiration nature simultane-
ously. Therefore, the original hillslope division scheme con-
taining o-zone and c-zone, which is intended to account for
various flow processes, is inadequate for hydrological mod-
eling physically. In our new definition, the hillslope is di-
vided into various kinds of land covers which presently in-
clude bare soil zone, vegetated zone, snow covered zone, and
glacier covered zone.

In total, we defined two sub-regions in the subsurface layer
and six sub-regions in the surface layer of a REW (see Ta-
ble 2 and Fig. 2). By choosing a proper spatial scale accord-
ing to data availability and simulation objective, a watershed
can be divided into discrete REWs with unique soil types and
hydrogeological conditions, vegetation categories, and snow
and glacier cover characteristics, in a similar way that the
SWAT model defines Hydrological Response Units (Arnold
et al., 1998; Srinivasan et al., 1998). On the spatial side,
the six surface sub-regions constitute a complete cover of the
land surface in the horizontal direction. In the vertical direc-
tion, we assume the four sub-regions of bare soil, vegetated,
snow covered, and glacier covered zones lie above the unsat-
urated zone. The other two surface sub-regions, i.e., the main
channel reach and sub-stream-network may lie above either
the saturated or unsaturated zone relative to their relationship
to the water table.

For consideration of soil freezing and thawing, the ice
phase is included in the subsurface sub-regions in addition
to soil matrix, liquid water, and gas. For consideration of
evaporation and transpiration, the vapor phase is included in
all the surface sub-regions. For subsurface sub-regions, the
unsaturated zone has also a vapor phase which coexists with
air in the soil pores. We define the mixture of water vapor and
air, therefore, as the gaseous phase for the unsaturated zone
(and snow covered zone, as detailed below). For details about
the materials associated with every sub-region, see Table3,
and for a summary of all the different materials involved in
the REW, see Table4.

We consider evaporation and transpiration to occur from
the surface sub-regions only. In spite of the gaseous phase in
the unsaturated zone, no evaporation is considered to occur
in the subsurface layer since the vaporization of water within
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Fig. 2. Sub-regions of the redefined REW.

the soil is small compared with evaporation/transpiration oc-
curring from various land surfaces (Jacobs et al., 1999).
Whereas the vapor phase is included in each surface sub-
region, it cannot be stored. The vapor phase disperses into
the atmosphere immediately after its formation due to the
phase transition from liquid water or ice. The snow covered
zone is an exception to this rule. It includes snow, liquid wa-
ter, and gas, and in this way it is similar to the porous media.
The snow covered zone can contain liquid water to a certain
degree as saturation content in the soil, and correspondingly
can contain a limited gaseous phase.

Surface runoff can be generated on each surface sub-
region when the intensity of rainfall exceeds the infiltration
capacity of the sub-region. In our new definition, infiltration
excess flow (Hortonian overland flow, also known as concen-
trated overland flow in Reggiani et al.’s formulation) is no
longer separated from saturation excess flow (saturated over-
land flow) because their underlying unified mechanism (Rui,
2004). In fact, different types of runoff generation can occur
only on the interface formed by media with different infil-
tration capacities, and the infiltration capacity of the upper
medium must be higher than that of the lower medium. On
such interfaces, runoff will be actually generated when the
intensity of water supply to the interface (which cannot ex-
ceed the infiltration capacity of the upper medium) exceeds
the infiltration capacity of the lower medium. Land surface,
for example, is one of such interfaces, of which the upper
medium is the atmosphere with infinite penetration capacity

Table 3. Materials contained in each sub-region.

No. sub-region materials abbreviation

1 u-zone soilmatrix m
2 u-zone liquid water l
3 u-zone gas a
4 u-zone ice i
5 s-zone soilmatrix m
6 s-zone liquid water l
7 s-zone ice i
8 r-zone liquid water l
9 r-zone vapor p
10 t-zone liquid water l
11 t-zone vapor p
12 b-zone soilmatrix m
13 b-zone liquid water l
14 b-zone vapor p
15 v-zone vegetation v
16 v-zone liquid water l
17 v-zone vapor p
18 n-zone snow n
19 n-zone liquid water l
20 n-zone gas a
21 g-zone ice i
22 g-zone liquid water l
23 g-zone vapor p
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Table 4. All materials involved in REW.

No. materials abbreviation

1 soilmatrix m
2 liquid water l
3 gas a
4 vapor p
5 ice i
6 snow n
7 vegetation v

for water, and the lower medium is the unsaturated soil when
infiltration excess flow occurs or the saturated soil when sat-
uration excess flow occurs. Therefore, runoff generation can
be modeled physically without the separation of infiltration
excess flow and saturation excess flow.

Similarly, subsurface flow can be generated when the soil
is heterogeneous in the unsaturated zone. For example, if
the unsaturated zone is composed of two soil layers and the
infiltration capacity of the top layer is greater than that of
the lower layer, subsurface flow can be generated on the in-
terface between the top and the lower layer. In Reggiani
et al.’s definition, and even in our new definition of REW,
such heterogeneity is excluded explicitly in order to avoid
over-complexity, and the subsurface flow and associated pre-
ferred flow (Lei et al., 1999) are embedded in the mass ex-
change terms between the unsaturated zone and the neigh-
boring REW or the external world, and taken into account by
the corresponding constitutive relationships, as demonstrated
by Lee et al. (2005b).

The water storage in the bare soil zone represents de-
pression storage; the water storage in the vegetated zone
represents canopy interception and also depression storage,
whereas water cannot be stored in the glacier covered zone.
In each case, the liquid water gathered from rainfall in the
surface sub-regions, or transferred from ice in the glacier
covered zone, or transferred from snow in the snow covered
zone, flows into the sub-stream-network, and then into the
main channel reach.

The six defined types of surface sub-regions can meet most
of the requirements for watershed scale hydrological model-
ing. There is no doubt, however, that some special surface
sub-regions will be needed in special situations. For exam-
ple, reservoir and urbanized zones may be needed in order
to incorporate human activities. Also, the composite zone of
two or more basic types of land cover defined above, such
as the composition of snow and vegetation, or the particu-
lar separation of different vegetation types may be needed
for detailed simulation. Following the procedure proposed
in later sections, fortunately, new sub-regions can easily be
added to the existing REW system without violating the gen-
eral form of the balance equations derived below, as demon-

strated in Appendix B. Certainly, new sub-regions will intro-
duce new exchange terms of mass, momentum, and energy.
These will require the specification of additional geometric
and constitutive relationships for the closure and determinacy
of the balance equations.

The sub-regions or zones are further described below.

Saturated zone (s-zone): Similar to Reggiani et al.’s
definition, the saturated zone is delimited by the water table
on the top and by a limit depth reaching into the groundwater
reservoir or by the presence of an impermeable stratum at
the bottom. Laterally the saturated and unsaturated zones
are delimited by the mantle surfaces from the neighboring
REWs or by the external watershed boundary.

The materials contained within the saturated zone are the
soil matrix, liquid water, and ice. The soil matrix and ice
form the skeleton for water movement and phase transition
between liquid water and ice may result from natural energy
processes.

Unsaturated zone (u-zone): The physical boundary of
the unsaturated zone is defined by Reggiani et al. (1998) in
detail. The materials contained within the unsaturated zone
are the soil matrix, liquid water, gas, and ice. Mass exchange
terms include infiltration from the land surface, recharge into
or capillary rise from the saturated zone, thawing or freezing,
and lateral inflow/outflow through the mantle surfaces.

The location and area/volume of u-zone/s-zone depend on
the water table fluctuation, geomorphology, and hydrogeo-
logical characteristics. We can estimate the dynamic spatial
extent (area/volume) of the unsaturated zone with the help of
digital elevation model (DEM) and Geographic Information
System (GIS) software, provided that the location of the
dynamic water table could be specified or estimated. Such
geometric relationships are pursued independently by both
Reggiani and Rientjes (2005), and Lee et al. (2005b) in dif-
ferent ways, and can also be adopted in our new definitions.

Main channel reach (r-zone): The main channel reach
receives water from the sub-stream-network and transfers it
towards the watershed outlet. It also exchanges water with
the saturated zone or unsaturated zone. Of all the surface
sub-regions, this is the only zone which can exchange water,
momentum with the neighboring REWs or the external
world. The water course of the main channel reach can be
determined either by field observation or by DEM analysis.
The materials contained within the main channel reach are
water and vapor.

Sub-stream-network zone (t-zone): The sub-stream-
network zone is the areal volume occupied by lakes,
reservoirs, and the sub-REW-scale network of channels,
rills, gullies, and ephemeral streams. It gathers water from
the hillslopes and transfers it into the main channel reach.
Its storage capacity and flow velocity are of importance for
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sub-REW-scale runoff routing. The substances contained
within sub-stream-network are water and vapor.

The location and area of lakes, reservoirs, or other large
water bodies can be determined by field or remote observa-
tion, and that of the sub-REW-scale network of channels etc.
can be determined by field observation or DEM analysis,
similar to the main channel reach.

Vegetated zone (v-zone): The vegetated zone is the
volume occupied by vegetation which intercepts precipita-
tion, extracts water from the unsaturated zone through the
roots, and evaporates it into the atmosphere in the form of
transpiration. The intercepted water will also be evaporated
into the atmosphere, eventually. The water storage in this
zone represents canopy interception storage and depression
storage. The horizontal projected area of this zone changes
with the calendar and the cultivation season which could
be measured by remote observation or modeled by various
crop models (Cong, 2003). The materials contained in the
vegetated zone are vegetation, water, and vapor.

Snow covered zone (n-zone): The snow covered zone
is the volume of snow pack which plays an important role
in hydrology and in the energy cycle in cold regions. The
location of the snow covered zone can easily be determined
by field or remote observation. Its area and depth are key
factors for hydrological modeling in cold regions. However,
they cannot easily be recognized and much literature can
be found about their measurement and modeling (Maurer
et al., 2003; Chen et al., 1996; Cao and Liu, 2005), which
is helpful towards the development of the corresponding
constitutive relationships. The materials contained in the
snow covered zone are snow, water, and gas.

Glacier covered zone (g-zone): The glacier covered
zone is the volume occupied by glacier ice whose location is
always fixed. The materials contained in this zone are ice,
liquid water, and vapor.

Bare soil zone (b-zone): The bare soil zone is the vol-
ume occupied neither by vegetation, nor by snow, nor by
glacier, nor by sub-stream-network, nor by main channel
reach. The water storage of this zone represents the depres-
sion storage. The horizontal projected area varies with the
area of other surface sub-regions. The substances contained
in this zone are bare soil, liquid water, and vapor.

4 Geometric, kinetic, and thermodynamic properties of
hierarchical continua

In the REW approach, the entire watershed system is consti-
tuted by a finite numberM of discrete REWs. Each REW is
then divided into two subsurface sub-regions and six surface
sub-regions. Several materials are included within each sub-

region. In terms of thermodynamics, the watershed system is
composed of three hierarchical subsystems.

(1) REW level: every discrete REW is treated as a sub-
system of the entire watershed system, which is called
REW level subsystem. There areM discrete REW level
subsystems in a watershed made up ofM REWs;

(2) Sub-region level: every sub-region in a REW is treated
as a subsystem of the REW level thermodynamic sys-
tem, which is called sub-region level subsystem. There
are eight sub-region level subsystems in one REW level
system;

(3) Phase level: every type of substance in a sub-region is
treated as a subsystem of a sub-region level thermody-
namic system, which is called phase-level subsystem.
The number of phase level subsystems included in a
sub-region level system can be seen in Table3, and there
are in all 23 phase level subsystems in one REW level
system.

We can thus regard the watershed, the REWs, the sub-
regions, and the phases as hierarchical continua from a con-
tinuous mechanics perspective. Before applying conserva-
tion laws for subsystems or the continua as defined above,
we will describe in turn the geometric, kinetic, and thermo-
dynamic properties at the REW level, sub-region level, and
phase level, following on from Reggiani et al. (1998), but
proposed here in a more systematic and consistent manner.

4.1 Geometric description of the REW level continuum

The number of discrete REWs in a watershed is denoted by
M. Thekth REW is marked byB (K) ,K ∈ {e |e=1..M },
whereB indicates the body of a continuum. The number of
REWs neighboringB (K) is denoted byNK . The space oc-
cupied by all the materials contained withinB (K) is denoted
by V (K) whereV (K) is a prismatic volume (for details the
reader should refer to Reggiani et al., 1998).

The surface of the prism is recorded asS (K) which in-
cludes the following components:

(1) Side surfaces: the side surface ofB (K) can be di-
vided into a series of segments, of which the seg-
ment formed by the interfaces betweenB (K) and
B (L) (L=1..NK) is denoted byS,L (K), the segment
formed by the interfaces betweenB (K) and the exter-
nal world is denoted byS,EXT (K).

(2) Top surface: the top surface ofB (K) formed by the
interface between the atmosphere and the land surface
coveringB (K) is an irregular curved surface which is
denoted byS,T (K). The projection ofS,T (K) onto the
horizontal plane is denoted by

∑
(K), and the contour

of S,T (K) is denoted byC (K).
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(3) Bottom surface: the bottom surface ofB (K), denoted
by S,B (K), is the impermeable strata or a hypothetical
plane at a given depth reaching into the groundwater
reservoir or the combination of the two.

4.2 Geometric description of the sub-region level contin-
uum

The sub-region level continua divided fromB (K) and
the phase level continua included in a sub-region are
denoted by Bj (K) and B

j
α (K), respectively, where

j∈ {e |e=u, s, r, t, b, v, n, g } , α∈ {ζ |ζ=m, l, a, p, i, n, v }

(see Table3). The volumes occupied byBj (K) , Bjα (K)
are denoted byV j (K) , V jα (K), respectively.Bs (K) (the
saturated zone) andBu (K) (the unsaturated zone) occupy a
3-D space, whileBr (K) (the main channel reach) is linear,
while the other zones are planar.
Bj (K) exchanges mass, momentum, and energy with en-

vironment through its interfaceSj (K), which can be divided
into the following components:

(1) Interface betweenBj (K) and the external world, which
is denoted bySjEXT (K).

(2) Interface betweenBj (K) and B (L) (L=1..NK),
which is denoted bySjL (K).

(3) Interface betweenBj (K) and the atmosphere on the
top, which is denoted bySjT (K) .

(4) Interface betweenBj (K) and the impermeable strata or
groundwater reservoir at the bottom, which is denoted
by SjB (K) .

(5) Interface betweenBj (K) and B i (K) (i 6= j), the
other sub-regions within the same REW, which is de-
noted bySji (K) , (i 6=j).

In our derivation, we usedS to denote the differen-
tial area vector of the surface. For the surfaces dis-
cussed above, the corresponding differential area vector sym-
bols, dSjEXT (K), dSjL (K), dSjT (K), dSjB (K), and
dSj i (K), are defined. These differential vectors point to the
side indicated by the second superscript from the side indi-
cated by the first superscript along the normal direction of
the differential area, and the following equations hold

Sji = Sij

dSji = −dSij

}
j 6= i . (1)

We also define the area vector for interfaceSjP using the
wildcardP as

SjP=

∫
SjP

dSjP , P=EXT,L, T , B, i, L=1..Nk, i 6=j . (2)

4.3 Definition of the time-averaged REW-scale quantities

To formulate the balance equations at the macro scale of both
time and space, the geometric, kinetic, and thermodynamic
quantities should be averaged, as Reggiani et al. (1998) orig-
inal defined. For consistency we rewrite these definitions be-
low.

In the following sections, the identifier of individual REW,
K, is omitted in the interest of brevity unless confusion arises
in which case it is included.

Definition 1: The fraction of time-averaged horizontal pro-
jected area ofBj in 6, j 6=r

ωj =
1

21t6

∫ t+1t

t−1t

6j (τ ) dτ , j 6= r , (3)

where 21t is the time interval,6 is the horizontal projected
area ofB (K),6j is the horizontal projected area ofBj .

Definition 2: The time-averaged thickness ofBj , j 6=r

yj =
1

21tωj6

∫ t+1t

t−1t

∫
V j
dV dτ, j 6= r (4)

Definition 3: The time-averaged volume fraction ofBjα rela-
tive toV j , j 6=r

εjα =
1

21tyjωj6

∫ t+1t

t−1t

∫
V j
γ
j
a dV dτ, j 6= r (5)

whereγ ja is the phase distribution function onα phase inj
sub-region, see Definition 10 below for detail.

Definition 4: The time-averaged density ofBjα , j 6= r

ρ
j
α =

1

21tεjαyjωj6

∫ t+1t

t−1t

∫
V j
ρjαγ

j
a dV dτ, j 6= r (6)

whereρjα is the density ofα phase at the differential volume
dV in V jα space.

Definition 5: The time-averaged physical quantityφ pos-
sessed byBjα relative to the mass ofBjα , j 6= r

ψ
j
α =

1

21tρjαε
j
αyjωj6

∫ t+1t

t−1t

∫
V j
ρjαψ

j
αγ

j
a dV dτ, j 6= r(7)

Definition 6: The time-averaged length of the main channel
reach relative to6

ξ r =
1

21t6

∫ t−1t

t+1t

lrdτ , (8)

where lr is the instantaneous length of the main channel
reach. It is constant in most cases, andξ r is, therefore, con-
stant too.

Definition 7: The time-averaged cross section area of the
main channel reach

mr =
1

21tξ r6

∫ t+1t

t−1t

∫
V r
dV dτ (9)
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Definition 8: The time-averaged density ofB
r

α

ρrα =
1

21tmrξ j6

∫ t+1t

t−1t

∫
V r
ρrαγ

r
a dV dτ , (10)

whereρrα is the density ofα phase at the differential volume
dV in V rα space.

Definition 9: The time-averaged physical quantityφ pos-
sessed byBjα relative to the mass ofBjα , j 6=r

ψ rα =
1

21tρrαm
rξ r6

∫ t+1t

t−1t

∫
V r
ρrαψ

r
aγ

r
a dV dτ . (11)

4.4 Geometric description of the phase level continuum

We introduce the definition of the phase distribution function
in order to define physical quantities for the phase level con-
tinuum conveniently.

Definition 10: The phase distribution function ofα phase
substance inj zone showing the distribution ofα phase in
spaceV j

γ jα (dV ) =

{
1, dV ∈ V

j
α

0, dV /∈ V
j
α

(12)

The physical quantities defined inV jα space can be alterna-
tively defined inV j space by means of phase distribution
function. This is also true for the physical quantity defined
over the interfaceS

j

α. Therefore, through the use of the
phase distribution function, we can omit the definitions of
V
j
α andS

j

α, and focus on the phase interfaces betweenB
j

α

andBjβ (β 6=α) within one sub-region, which is denoted by

S
j
αβ , β 6=α. Similarly, the symboldSjαβ is used for indicating

the differential area vector of interfaceSjαβ , β 6=α. It points
to β phase froma phase along the normal direction of the
differential area, and the following equations denote if:

S
j
αβ = S

j
βα dS

j
αβ = −dS

j
βα , β 6=α . (13)

We also define the area vector of interfaceSjαβ , β 6=α as

S
j
aβ =

∫
S
j
αβ

dS
j
aβ , β 6= α (14)

4.5 REW-scale mass exchange terms through interfaces

Mass exchange terms through interfaces are the most impor-
tant variables in a hydrological system. The definitions of
time-averaged values of various REW-scale mass exchange
terms relative to6, according to Reggiani et al. (1998), is
given here for later use.

Definition 11: The net flux ofα phase throughSjP

ejPα =
1

21t6

∫ t+1t

t−1t

∫
SjP

ρjα

(
wjP
α −vjα

)
· γ

j
a dAdτ , P

= EXT,L, T , B, i, L=1..NK , i 6=j , (15)

wherev
j
α is the velocity of the continuumBjα , w

jP
α is the

velocity of the interfaceSjPα .

Definition 12: The phase transition rate betweenα phase and
β phase

e
j
αβ =

1

21t6

∫ t+1t

t−1t

∫
S
j
αβ

ρjα

(
w
j
αβ − vjα

)
· γ

j
a dAdτ (16)

5 General form of the conservation laws and their aver-
aging

5.1 General form of the conservation laws

In the REW approach, the derivations of the balance equa-
tions are based on the global conservation laws written in
term of a generic thermodynamic propertyψ . The averaging
method developed by Hassanizadeh et al. (1979a, b, 1980,
1986a, b) and pioneered by Reggiani et al. (1998, 1999) is
then applied.

Suppose a control volumeV ∗ and its boundary surface is
A∗

=∂V ∗. At a specific time, the substances contained inV ∗

form a continuumB. For a conserved physical quantityψ ,
the Euler description of its global generic conservation law
is:

∂

∂t

∫
V ∗

ρψdV +

∫
A∗

ρψ (v − w) · dA

−

∫
A∗

i · dA −

∫
V ∗

(ρf +G) dV = 0 , (17)

whereρ is the mass density of the continuum,dV is the dif-
ferential volume,dA is the differential area of the interface,
dA is the differential area vector of the interface whose value
is dA, direction is the normal direction pointing outward,v is
the velocity of a continuum,w is the velocity of a continuum
interface,ψ is the specific physical quantityφ with mass,i is
the diffusion flux,f is the source or sink term per unit mass,
G is the source or sink term per unit volume. The quanti-
ties i, f andG have to be chosen depending on the type of
physical quantityφ that is considered (see Table5 for detail).

5.2 General form of the time averaged conservation laws
on the spatial scale of REW

Applying Eq. (17) to a phase level continuumBjα yields

∂

∂t

∫
V
j
α

ρjαψ
j
αdV

+

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

∫
SjP

ρjαψ
j
α

(
vjα − wjP

α

)
· γ

j
a dA

+

∑
β 6=α

∫
S
j
αβ

ρjαψ
j
α

(
vjα − w

j
αβ

)
· dA
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Table 5. Summary of the properties in the conservation equation
(after Reggiani et al., 1998).

Quantity ψ i f G

Mass 1 0 0 0

Linear Momentum v t g 0

Energy E+1
/

2v2 t ·v + q h+ g·v 0

Entropy η j b L

Note: Where,t is the microscopic stress tensor,g is the gravity
acceleration vector,E is the microscopic internal energy per unit
mass,q is the microscopic heat flux vector,h is the supply of in-
ternal energy from outside world,η is the microscopic entropy per
unit mass,j is the non-convective flux of entropy,b is the entropy
supply from the external world,L is the entropy production within
the continuum.

−

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

∫
SjP

i · γ
j
a dA −

∑
β 6=α

∫
S
j
αβ

i · dA

−

∫
V
j
α

(
ρjαf +G

)
dV = 0 (18)

All the variables are defined based on the differential volume
of the continuum or differential area of the interface. In other
words, they are all the microscopic quantities which exhibit
a mismatch with the macroscopic quantities required for wa-
tershed hydrological modeling. An averaging procedure in
both time and space is necessary for obtaining balance equa-
tions directly at the spatial scale of the REW. This procedure
has been pursued in detail in the Appendix A. In this section
only the final results are presented. All the equations take the
general form against a phase level continuum.

5.2.1 General form of mass conservation equation

d

dt

(
ρ
j
αε
j
αy

jωj
)

=

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

ejPα +

∑
β 6=α

e
j
αβ (19)

5.2.2 General form of momentum conservation equation

(
ρ
j
αε
j
αy

jωj
)
d

dt

(
v
j
α

)
= g

j
αρ

j
αε
j
αy

jωj +

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

T jP
α +

∑
β 6=α

T
j
αβ , (20)

where the term on the l.h.s. is the inertial term, the first term
on the r.h.s. is the weight of water. The remaining terms on
the r.h.s. represent the various forces acting on the various

interfaces,vjα is the velocity vector of theα phase averaged

over thej sub-region, andgjα is the averaged gravity vector.

5.2.3 General form of heat balance equation

In Appendix A we present the conservation equation for me-
chanical energy and internal energy which is similar with
Reggiani et al. (1998). We also derive the heat balance equa-
tion, with the additional terms due to velocity and internal
energy fluctuation being ignored. The following heat balance
equation is used in hydrological modeling:

(
εjαy

jωj cjα

) dθ jα
dt

= h
j
αρ

j
αε
j
αy

jωj

+

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

QjP
α +

∑
β 6=α

Q
j
αβ , (21)

where on the l.h.s. the term represents the derivation of heat
storage ofα phase inj zone due to the variation of the tem-
perature, on the r.h.s. the first term accounts for heat gener-
ation rate ofα phase inj zone, the second term represents
heat transfer rate fromj zone to its environment, and the
third term accounts for the heat transfer rate fromα phase to
the remaining phases withinj zone,cjα is the specific heat

capacity at a constant volume ofα phase,θ ja is the tempera-

ture ofα phase averaged overV jα , hja is heat generation rate
per unit mass inV jα ,QjP

α is the rate of heat transferred from
P zone toj zone, andQj

αβ is the rate of heat transferred from
β phase toα phase withinj zone.

5.2.4 General form of entropy balance equation

(
ρ
j
αε
j
αy

jωj
)
dη

j
α

dt
= b

j
αρ

j
αε
j
αy

jωj

+ L
j
αε
j
αy

jωj

+

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

F jPα +

∑
β 6=α

F
j
αβ , (22)

where on the l.h.s. the term accounts for the derivation of en-
tropy storage, on the r.h.s. the first term represents the supply
rate of entropy from the external world, the second term is the
internal entropy production rate within the subsystem, and
the remaining terms are the various exchange terms across
various interfaces.

6 Simplification of the equation sets

In previous sections, we have obtained the general form of
the time-averaged conservation equations for mass, momen-
tum, energy, and entropy against a phase-level continuum.
In this section, we make a series of assumptions to keep the
problem clearer and manageable, while meeting the require-
ments of hydrological modeling at the watershed scale. Then
the interfaces across which the physical quantities such as
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mass, momentum, energy, and entropy exchange are defined
according to the assumptions. Finally, the general form of
the averaged conservation laws is applied to each phase level
continuum and their final balance equations obtained.

6.1 Assumptions for hydrological modeling in the REW
approach

Assumption 1: Evaporation occurs from the surface
sub-regions only.

Assumption 2: Vapor storage capacity and its velocity
can be ignored in all sub-continua.

Assumption 3: Ice is static and rigid.

Assumption 4: Soil matrix is static, rigid, and inertial.

Assumption 5: All substances within the same sub-
region possess the same temperature, and all surface
sub-regions besides snow covered and glacier covered
zones possess the same temperature, which is denoted
by2surf .

Assumption 6: Heat transfer occurs along the vertical
direction only.

In above assumptions, Assumption 2, Assumption 3, and
Assumption 4 are similar with the original ones (Reggiani
et al., 1999), while Reggiani et al.’s (1999) assumption of
an isothermal system is abandoned. This enables the equa-
tions developed here to simulate the energy related processes.
Owing to the above assumptions, we can omit the following
equations and mass exchange terms in the final results:

(1) Balance equations of mass, momentum, and energy for
gaseous substances, including gas and vapor;

(2) Balance equations of mass, momentum, and energy for
soil matrix;

(3) Balance equation of momentum for soil ice;

(4) Phase transition terms between gaseous phase and the
remaining phases within u-zone;

(5) Mass exchange terms between sub-regions are non-zero
for the water phase only.

To be added, the exception for the last rule is the mass ex-
change term,ejTg , betweenj sub-region and atmosphere.
However, the atmosphere is not a sub-region of the hydro-
logical system but represents its external environment.

Table 6. Summary of the interfaces for each sub-region.

No Sub-region Interfaces

1 s-zone SsB , SsEXT , SsL, Ssu, Ssr , Sst , Ss
li

2 u-zone Sus , SuEXT , SuL, Sub, Suv, Sug, Sun, Su
li

3 b-zone SbT , Sbr , Sbu, Sb
lp

4 v-zone SvT , Svr , Svu, Sv
lp

5 n-zone SnT , Snr , Snu, Sn
lp

6 g-zone SgT , Sgr , Sgu, S
g
lp

7 r-zone SrT , SrEXT , SrL, Srt , Srs , Sr
lp

8 t-zone StT , Stb, Stv, Stn, Stg, Str , Sts , St
lp

6.2 Interfaces in REW approach

Interfaces delimiting the watershed, REWs, sub-regions and
phases determine the exchange terms arising in the balance
equations. According to the above assumptions, interfaces
in the REW approach are summarized in Table6. For details
about the symbols the reader should refer to the previous sec-
tions, especially Sect. 4, or the Nomenclature.

6.3 Balance equations for saturated zone

Substitution of mass, momentum, and energy exchange
terms occurring within the saturated zone in Eq. (19),
Eq. (20), and Eq. (21) with the help of the above assump-
tions leads to various conservation equations as follows:

6.3.1 Balance equation of mass for water phase

d

dt

(
ρsl ε

s
l y
sωs

)
= esEXTl +

NK∑
L=1

esLl + esBl + esul + estl + esrl + esli (23)

where the l.h.s. term accounts for the rate of change of wa-
ter storage, the terms on the r.h.s. are various water exchange
rate terms with the external world of the watershed, neigh-
boring REWs, groundwater reservoir, u-zone, t-zone, r-zone,
and ice phase, respectively.

From a hydrological perspective, the first two terms on the
r.h.s of Eq. (23) represent the groundwater flow.esBl accounts
for the water exchange rate with deep groundwater, and it is
zero when the bottom is impermeable.esul represents water
recharge term from u-zone into s-zone when it is positive,
and capillary rise term from s-zone into u-zone when it is
negative.esli accounts for ice thawing term when it is posi-
tive, and water freezing term when it is negative.
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6.3.2 Balance equation of mass for ice

d

dt

(
ρsi ε

s
i y
sωs

)
= esil = −esli (24)

6.3.3 Balance equation of momentum for water

ρsl ε
s
l y
sωs

d

dt
vsl − gsl ρ

s
l ε
s
l y
sωs

=T sEXT
l +

NK∑
L=1

T sL
l +T sB

l +T su
l +T st

l +T sr
l +T s

lm+T s
li (25)

where the terms on the l.h.s. are the inertial term and weight
of water, respectively. The r.h.s. terms represent various
forces: the total pressure forces acting on the mantle seg-
ments in common with the external watershed boundary and
neighboring REWs, the forces exchanged with the ground-
water reservoir, the forces transmitted to u-zone across the
water table, to t-zone across the seepage face, to r-zone
across the seepage face, and the resultant forces exchanged
with the soil matrix and the ice on the water-soil matrix and
water-ice interfaces, respectively.

Owing to the Assumption 3 and Assumption 4, we can
combine ice and the soil matrix together for momentum ex-
change. Therefore, the momentum terms ofT s

lm andT s
li can

be united into one single termT s
l(m,i) which is denoted by

T s
lm unless otherwise confusion would arise.

ρsl ε
s
l y
sωs

d

dt
vsl − gsl ρ

s
l ε
s
l y
sωs

= T sEXT
l +

NK∑
L=1

T sL
l + T sB

l + T su
l + T st

l + T sr
l + T s

lm(26)

6.3.4 Balance equation of heat for water

εsl y
sωscsl

d

dt
θ sl − λl lile

s
il

= κsBl QsB
+ κsul Q

su
+ κstl Q

st
+ κsrl Q

sr , (27)

where on the l.h.s. the first term represents the rate of change
of heat storage due to variation of the temperature, and the
second term represents heat of freezing. The terms on the
r.h.s. are REW-scale heat exchange terms of water with the
groundwater reservoir, u-zone, t-zone, r-zone, respectively,
csl is the specific heat capacity of water in s-zone at a con-
stant volume,lil is the latent heat of freezing,λl is the ratio
of freezing heat absorbed by water,κsBl is the ratio of the heat
exchange term (across interface between s-zone and ground-
water reservoir) absorbed by water, andκsul , κ

st
l , κ

sr
l is the

ratio of corresponding heat exchange term similarly absorbed
by water.

6.3.5 Balance equation of heat for ice

εsi y
sωscsi

d

dt
θ si − λi lile

s
il

= κsBi QsB
+ κsui Q

su
+ κsti Q

st
+ κsri Q

sr , (28)

where, similar to Eq. (27), λi is the ratio of freezing heat
absorbed by ice,κsBi is the ratio of heat exchange term
(across interface between s-zone and groundwater reservoir)
absorbed by ice, andκsui , κ

st
i , κ

sr
i is the ratio of correspond-

ing heat exchange term absorbed by ice.

6.3.6 Balance equation of heat for soil matrix

εsmy
sωscsm

d

dt
θ sm − λmlile

s
il

= κsBm QsB
+ κsum Q

su
+ κstmQ

st
+ κsrmQ

sr , (29)

whereλm is the ratio of freezing heat absorbed by the soil
matrix, the meaning of other symbols is similar to those of
Eq. (27) and Eq. (28).

The sum of the fraction of heat exchange terms absorbed
by water, ice, and the soil matrix should be one, i.e.

κsBl + κsBi + κsBm = 1

κsul + κsui + κsum = 1

κstl + κsti + κstm = 1

κsrl + κsri + κsrm = 1

λl + λi + λm = 1 (30)

The specific heat capacity is an extensive quantity, so the fol-
lowing equation holds

εsl c
s
l + εsi c

s
i + εsmc

s
m = cs (31)

According to Assumption 5,

θ sl = θ si = θ sm = θ s . (32)

Adding Eqs. (27), (28), (29) together, and applying Eqs. (30),
(31), and (32), yields the balance equation of heat for the
entire s-zone:

ysωscs
d

dt
θ sl − lile

s
il = QsB

+Qsu
+Qst

+Qsr , (33)

where on the l.h.s. the first term represents the rate of change
of heat storage due to variation of the temperature, and the
second term represents the rate of freezing heat. The terms
on the r.h.s. are REW-scale heat exchange terms of water
with the groundwater reservoir, u-zone, t-zone, and r-zone,
respectively,cs is the specific heat capacity of s-zone at a
constant volume,lil is the latent heat of freezing.
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6.4 Balance equations for unsaturated zone

6.4.1 Balance equation of mass for water phase

d

dt

(
ρul ε

u
l y
uωu

)
=euEXTl +

NK∑
L=1

euLl +eusl +eubl +euvl +eunl +e
ug
l +euli , (34)

where the l.h.s. term represents the rate of change of water
storage, the terms on the r.h.s. are various water exchange
terms with the external world, neighboring REWs, s-zone,
b-zone, v-zone, n-zone, g-zone, and ice phase, respectively.

From a hydrological perspective, the first two terms on the
r.h.s of Eq. (34) can be considered as subsurface and pre-
ferred flows,eusl equals−esul according to the jump condi-
tion (Reggiani et al., 1998, 1999),eubl represents infiltration
from b-zone during a storm period when positive, and cap-
illary rise during an inter-storm period when negative which
is then evaporated into the atmosphere from b-zone. Simi-
larly, euvl represents infiltration from v-zone during the storm
period when positive, and uptake by plant roots during the
inter-storm period when negative which is then transpired by
vegetation,eunl andeugl represent infiltration from snow and
glacier covered zones, respectively.

6.4.2 Balance equation of mass for ice

d

dt

(
ρui ε

u
i y
uωu

)
= euil = −euli (35)

6.4.3 Balance equation of momentum for water

ρul ε
u
l y
uωu

d

dt
vul − gul ρ

u
l ε
u
l y
uωu = T uEXT

l +

NK∑
L=1

T uL
l

+T us
l +T ub

l +T uv
l +T un

l +T
ug
l +T u

lm+T u
lg+T u

li , (36)

where the terms on the l.h.s. are the inertial term and weight
of water, respectively. The r.h.s. terms represent various
forces: the total pressure forces acting on the mantle seg-
ments in common with the external watershed boundary and
with the neighboring REWs, the forces transmitted to the s-
zone across the water table, to b-zone, to v-zone, to n-zone,
and to g-zone, and finally, the resultant forces exchanged
with the soil matrix, gas, and the ice on the water-soil ma-
trix, water-gas, and water-ice interfaces, respectively.

Similarly, the momentum terms ofT u
lm and T u

li can be
united into one single termT u

l(m,i) which is denoted byT u
lm

unless otherwise confusion arises.

ρul ε
u
l y
uωu

d

dt
vul − gul ρ

u
l ε
u
l y
uωu = T uEXT

l +

NK∑
L=1

T uL
l

+ T us
l + T ub

l + T uv
l + T un

l + T
ug
l + T u

lm + T u
lg (37)

Similar to s-zone, we can write down the balance equa-
tions of heat for water, soil matrix, ice, and gas respectively
and then add them together. In the interest of brevity, only
the final results for u-zone are given.

6.4.4 Balance equation of heat for unsaturated zone

yuωucu
d

dt
θu− lile

u
il = Qus

+Qub
+Quv

+Qun
+Qug , (38)

where on the l.h.s. the first term represents the rate of change
of heat storage due to variation of the temperature, the second
term accounts for the rate of freezing heat. The terms on
the r.h.s. are REW-scale heat exchange terms with s-zone,
b-zone, v-zone, n-zone, and g-zone, respectively.

6.5 Balance equations for bare soil zone

The bare soil zone includes the soil matrix, liquid water, and
vapor. Owing to Assumption 2, vapor disperses immediately
after evaporation.

6.5.1 Balance equation of mass for water phase

d

dt

(
ρbl y

bωb
)

= ebTl + ebul + ebtl + eblg , (39)

where the l.h.s. term represents the rate of change of depres-
sion storage, the terms on the r.h.s. account for the intensity
of rainfall, water exchange rate with u-zone, with t-zone, and
with the vapor phase (i.e. evaporation).

From a hydrological perspective, the exchange term,ebtl ,
between b-zone and t-zone, on the r.h.s. of Eq. (39) repre-
sents the runoff generated from b-zone. It is the residue after
reduction of the rainfall reaching b-zone by infiltration, de-
pression, and evaporation.

6.5.2 Balance equation of heat for bare soil zone

ybωbcb
d

dt
θ surf − llge

b
lg − Rnω

b
= QbT

+Qbu (40)

where the terms on the l.h.s. are the rate of change of heat
storage due to variation of temperature, the rate of latent
heat transfer of vaporization, and net radiant intensity, re-
spectively. The terms on the r.h.s. represent heat exchange
rate with the atmosphere due to turbulence and with u-zone,
llg is the latent heat of vaporization, andRn is the net radian
intensity.

6.6 Balance equations for vegetated zone

6.6.1 Balance equation of mass for water phase

d

dt

(
ρvl ε

v
l y
vωv

)
= evTl + evul + evtl + evlg , (41)

where the l.h.s. term accounts for the rate of change of water
storage (i.e. canopy interception and depression storage), the
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terms on the r.h.s. represent the intensity of rainfall, water
exchange rate with u-zone, with t-zone, and with the vapor
phase (i.e. transpiration).

6.6.2 Balance equation of heat for vegetated zone

yvωvcv
d

dt
θ surf − llge

v
lg − Rnω

v
= QvT

+Qvu , (42)

where the terms on the l.h.s. are the rate of change of heat
storage due to temperature variation, the rate of latent heat
transfer of vaporization, and net radian intensity, respec-
tively. The terms on the r.h.s. represent heat exchange with
the atmosphere due to turbulence and with u-zone,llg is the
latent heat of vaporization, andRn is the intensity of radia-
tion.

6.7 Balance equations for snow covered zone

6.7.1 Balance equation of mass for water phase

d

dt

(
ρnl ε

n
l y
nωn

)
= enTl + enul + entl + enlg + enln , (43)

where the l.h.s. term accounts for the rate of change of water
storage, the terms on the r.h.s. represent the intensity of rain-
fall, water exchange rate with u-zone, with t-zone, with the
vapor phase (i.e. evaporation), and with the snow phase (i.e.
melting).

From a hydrological perspective, the exchange term,entl ,
between n-zone and t-zone, on the r.h.s. of Eq. (43) rep-
resents the runoff generated from n-zone. It is usually the
residue after reduction of the snowmelt water by infiltration
and evaporation.

6.7.2 Balance equation of mass for snow phase

d

dt

(
ρnnε

n
ny
nωn

)
= enTn + enng + ennl , (44)

where the l.h.s. term is the rate of change of snow storage,
the terms on the r.h.s. represent the intensity of snowfall,
snow exchange rate with the vapor phase (i.e. sublimation)
and with the water phase (i.e. melting).

6.7.3 Balance equation of heat for snow covered zone

ynωncn
d

dt
θn−llge

n
lg−lnge

n
ng−lnle

n
nl−Rnω

n
=QnT

+Qnu , (45)

where the terms on the l.h.s. are the rate of change of heat
storage due to temperature variation, the rate of latent heat
transfer of vaporization, the rate of latent heat transfer of
sublimation, the rate of heat transfer of melting, and net ra-
diant intensity, respectively. The terms on the r.h.s. represent
heat exchange rate with the atmosphere due to turbulence and
with u-zone,llg is the latent heat of vaporization,lng is the
latent heat of sublimation,lnl is the latent heat of melting,
andRn is the intensity of radiation.

6.8 Balance equations for glacier covered zone

6.8.1 Balance equation of mass for water phase

e
gT
l + e

gu
l + e

gt
l + e

g
lg + e

g
li = 0 (46)

where the terms on the l.h.s. account for the intensity of rain-
fall, water exchange rate with u-zone, with t-zone, with the
vapor phase (i.e. evaporation), and with the ice phase (i.e.
melting or freezing). Here we omit the water storage capac-
ity of g-zone.

From a hydrological perspective, the exchange term,e
gt
l ,

between g-zone and t-zone, on the r.h.s. of Eq. (46) repre-
sents the runoff generated from g-zone. It is the residue after
reduction of the melting water by infiltration and evapora-
tion.

6.8.2 Balance equation of mass for ice phase

d

dt

(
ρ
g
i y

gωg
)

= e
g
ig + e

g
il , (47)

where the terms on the r.h.s. represent the rates of sublima-
tion and freezing, respectively.

6.8.3 Balance equation of heat for glacier covered zone

ygωgcg
d

dt
θg−llge

g
lg−lige

g
ig−lile

g
il−Rnω

g
=QgT

+Qgu , (48)

where the terms on the l.h.s. are the rate of change of heat
storage due to variation of temperature, the rate of latent heat
transfer of vaporization, the rate of latent heat transfer of sub-
limation, the rate of latent heat transfer of melting, and net ra-
dian intensity, respectively. The terms on the r.h.s. represent
heat exchange rate with the atmosphere due to turbulence and
with u-zone,llg is the latent heat of vaporization,lig is the la-
tent heat of sublimation,lil is the latent heat of melting, and
Rn is the net intensity of radiation.

6.9 Balance equations for main channel reach

6.9.1 Balance equation of mass for water phase

d

dt

(
ρrlm

rξ r
)

= erTl + erEXTl +

NK∑
L=1

erLl + ertl + ersl + erlg(49)

where the l.h.s. term represents the rate of change of water
storage, the terms on the r.h.s. are the intensity of rainfall,
various water exchange rate terms with the external world,
with neighboring REWs, with t-zone, with s-zone, and with
the vapor phase (i.e. evaporation), respectively.

6.9.2 Balance equation of momentum for water phase

(
ρrl m

rξ r
) d
dt

vrl − grl ρ
r
l m

rξ r
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= T rEXT
l +

NK∑
L=1

T rL
l + T rT

l + T rt
l + T rs

l , (50)

where the terms on the l.h.s. are the inertial term and weight
of water, respectively. The r.h.s. terms represents various
forces: the total pressure forces acting on the channel cross
sections in common with the external watershed boundary
and with the neighboring REWs, the forces transmitted to
the atmosphere, to t-zone, and to s-zone, respectively.

6.9.3 Balance equation of heat for main channel reach

ρrl m
rξ r

d

dt
θ r − llge

r
lg − Rnω

r
= QrT

+Qrs (51)

where the terms on the l.h.s. are the rate of change of heat
storage due to variation of temperature, the rate of latent
heat transfer of vaporization, and net radian intensity, respec-
tively. The terms on the r.h.s. represent heat exchange rate
with the atmosphere due to turbulence and with s-zone,llg
is the latent heat of vaporization, andRn is the intensity of
radiation.

6.10 Balance equations for sub stream network

6.10.1 Balance equation of mass for water phase

d

dt

(
ρtl y

tωt
)

= etTl +etbl +etvl +etnl +e
tg
l +etsl +etrl +etlg , (52)

where the l.h.s. term represents the rate of change of water
storage, the terms on the r.h.s. are the intensity of rainfall,
various water exchange rate terms with b-zone, with v-zone,
with n-zone, with g-zone, with s-zone, with r-zone, and with
the vapor phase (i.e. evaporation), respectively.

6.10.2 Balance equation of momentum for water phase

(
ρtl y

tωt
) d
dt

vtl − gtlρ
t
l y
tωt

= T tT
l + T tb

l + T tv
l + T tn

l + T
tg
l + T ts

l + T tr
l , (53)

where the terms on the l.h.s. are the inertial term and weight
of water, respectively. The r.h.s. terms represent various
forces: the forces transmitted to the atmosphere, to b-zone,
to v-zone, to n-zone, to g-zone, to s-zone, and to r-zone, re-
spectively.

6.10.3 Balance equation of heat for sub stream network

ytωtct
d

dt
θ r − llge

t
lg − Rnω

t
= QtT

+Qts , (54)

where the terms on the l.h.s. are the rate of change of heat
storage due to variation of temperature, the rate of latent
heat transfer of vaporization, and net radian intensity, respec-
tively. The terms on the r.h.s. represent heat exchange rate

with the atmosphere due to turbulence and with s-zone,llg
is the latent heat of vaporization, andRn is the intensity of
radiation.

7 Conclusions

The REW theory is a novel watershed hydrological model-
ing approach whose equations are applicable directly to the
spatial scale of REW. The pioneering work by Reggiani et
al. (1998, 1999) provides the unifying framework for the
REW approach and the definition of REW is fundamental
to it. As an initial attempt, Reggiani et al.’s definition pre-
cludes hydrological processes driven by or intimately related
to energy processes, such as evaporation/transpiration, melt-
ing, freezing, and thawing, from being modeled in a phys-
ically reasonable way. After a revision of Reggiani et al.’s
definition of REW, this paper derives the fundamental equa-
tions all over again, by paying particular attention to energy
related processes, in order to extend the applicability of the
REW approach.

In our new definition, a REW is separated into six sur-
face sub-regions and two subsurface sub-regions. Vegetation,
snow, soil ice, and glacier ice are added to the existing sys-
tem including water, gas, and soil matrix. As a result, energy
related processes, i.e. evaporation/transpiration occurring
from various kinds of land cover and hydrological phenom-
ena specially related with the cold region such as accumu-
lation and depletion of snow pack and glacier, and freezing
and thawing of the soil ice, can be modeled in a physically
reasonable way. The sub-stream-network is separated from
other sub-regions so that the sub-REW-scale runoff routing
function can be represented explicitly.

The scale adaptable equations which can be applied in the
watershed hydrological modeling are then formulated in a
more systematic and consistent way. We first derive the gen-
eral form of time-averaged conservation laws of mass, mo-
mentum, energy, and entropy at the spatial scale of REW,
which is independent of any zone and any phase. After a
series of assumptions aimed at watershed hydrological mod-
eling, the interfaces, which determine the exchange terms
arising in the balance equations, are simplified. The general
form of conservation laws is then applied to derive the bal-
ance equations for each phase in each zone. There are in total
24 balance equations, eight of which are heat balance equa-
tions including various energy processes such as heat transfer
and phase transition. For a watershed withM discrete REWs,
we get finally a system ofM×24 coupled equations.

Our definition and formulation procedure can be more eas-
ily applied when it is desired to include new zones and phases
into the approach. This is demonstrated in Appendix B by in-
troducing the reservoir zone in order to represent the effect
of hydraulic projects on hydrological processes.
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Furthermore, after introducing new assumptions or reducing
existing ones, we can derive the final balance equations for
other purposes by means of the general form of conservation
laws. For example, we can couple the sediment movement
into the current equations by ignoring the rigid assumption
of soil, which is left for future research.

The subsurface heterogeneity we use is preliminary, as
represented by the separation of the saturated zone and the
unsaturated zone, while the layered heterogeneity along soil
profile vertically is excluded. However, the additional equa-
tions could easily be coupled if we further divide the satu-
rated zone and the unsaturated zone into several strata, which
can be done in a way similar to the introduction of the reser-
voir zone demonstrated in Appendix B. Certainly, this will
require more endeavor on additional geometric and constitu-
tional relationships for the closure problem.

Saturation excess flow is no longer separated from infil-
tration excess flow in the new definition. The saturated and
the unsaturated portion of the land surface which depends
on the relationship between the water table and surface to-
pography, however, can be calculated through topographic
analysis such as demonstrated by Lee et al. (2005b) with the
help of topographic wetness index of TOPMODEL (Beven
and Kirkby, 1979).

The system of equations has a redundant number of vari-
ables for which constitutive relationships are necessary. Cur-
rently, Reggiani and Rientjes (2005) have proposed a set of
closure relationships based on the exploitation of the second
law, and Lee et al. (2005a, b) proposed their closure rela-
tionships based on various upscaling methods. Tian (2006)
has applied Lee’s procedures and formulas and Monte Carlo
simulation method, and has come up with a determinate sys-
tem based on the equations proposed in this paper, although
these still exclude the energy balance equations. The closure
relationships required by the energy related processes can be
pursued by such well developed procedures and will be pre-
sented in a subsequent paper.

Appendix A

Time averaged general form of conservation laws
for mass, momentum, energy and entropy

In Sect. 5.2, we obtained the general form of conservation
laws, i.e. Eq. (18), based on microscopic quantities. Af-
ter averaging Eq. (18) in time by integrating each term sep-
arately over the interval(t−1t, t+1t) and dividing by 21t
we get

temporal derivation ofφ︷ ︸︸ ︷
1

21t

∫ t+1t

t−1t

(
∂

∂t

∫
V
j
α

ρjαψ
j
αdV

)
dτ

+

spatial derivation ofφ︷ ︸︸ ︷
L=1..NK ,i 6=j∑

P=EXT,L,T ,B,i

1

21t

∫ t+1t

t−1t

∫
SjP

ρjαψ
j
α

(
vjα − wjP

α

)
· γ

j
a dAdτ+

∑
β 6=α

1

21t

∫ t+1t

t−1t

∫
S
j
αβ

ρjαψ
j
α

(
vjα−w

j
αβ

)
· dAdτ

−

influx︷ ︸︸ ︷
L=1..NK ,i 6=j∑

P=EXT,L,T ,B,i

1

21t

∫ t+1t

t−1t

∫
Sjp

i · γ
j
a dAdτ −

∑
β 6=α

1

21t

∫ t+1t

t−1t

∫
S
j
αβ

i · dAdτ

−

source or sink term︷ ︸︸ ︷
1

21t

∫ t+1t

t−1t

∫
V
j
α

(
ρjαf +G

)
dV dτ = 0 (A1)

In the following, after presenting the definition of fluctua-
tions and associated lemmas, we derive the time averaged
form of each term in the Eq. (A1) in turn.

(1) Definition and lemmas about fluctuations of physical
quantity φ

From the microscopic point of view, the kinetic quantities
of all phases within each sub-region fluctuate around the av-

erage value which behaves similarly with turbulent flow. It
is impossible and unnecessary to obtain their instantaneous
value on the microscopic scale. The temporal and spatial av-
eraging quantities are more important for watershed hydro-
logical modeling. For this purpose, the actual movement is
decomposed into two components, one is the time averaged
quantity, and the other is the fluctuating quantity or residual.
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This can be expressed in an equation as follows:

ψjα = ψ
j
α + ψ̃

j
α , (A2)

whereψjα is the instantaneous value of the physical quantity

φ, ψ̃jα is the fluctuating value or residual, andψjα is the time-
averaged value, which is defined in Eq. (7) and Eq. (11).

About the fluctuation of physical quantityφ, we give the
following lemmas for later use .

Lemma 1 The time averaged value of the product of two
instantaneous values can be calculated by the formula

f1f2 = f1f2 + f̃1f̃2 (A3)

Lemma 2 The fluctuation value of the product of two in-
stantaneous values can be calculated by the formula

f̃1f2 = f1f̃2 + f̃1f2 +
˜̃
f1f̃2 (A4)

(2) Temporal derivation term of the physical quantity φ

The first term on the l.h.s. of Eq. (A1) is the temporal
derivative of the physical quantityφ. Since the order of
time integration and time differentiation may be changed
(Whitaker, 1981), the term can be formulated as follows,
which is similar with Reggiani et al. :

1

21t

∫ t+1t

t−1t

(
∂

∂t

∫
V
j
α

ρjαψ
j
αdV

)
dτ

=
∂

∂t

(
ψ
j
αρ

j
αε
j
αy

jωj6

)
(A5)

(3) Spatial derivation term of the physical quantity φ

The second and third terms on the l.h.s. of Eq. (A1) are
the spatial derivative terms of physical quantityφ, i.e. ex-
change rate of the physical quantityφ through the interface
S
jP
α (P=EXT,L, T , B, i, L=1..NK , i 6=j) andSjαβ (β 6=α),

respectively. According to Eq. (A2), Eq. (A3), and the defini-
tions of REW-scale mass exchange terms through interfaces
(see Eq. (15) and Eq. (16)), the exchange rate ofφ through
S
jP
α (the second term on the l.h.s. of Eq.A1) can be formu-

lated as follows:

1

21t

∫ t+1t

t−1t

∫
SjP

ρjαψ
j
α

(
vjα − wjP

α

)
· γ

j
a dAdτ

= −ψ
j
αe
jP
α 6 +

1

21t

∫ t+1t

t−1t∫
SjP

ρjαψ̃
j
α

(
vjα − wjP

α

)
· γ

j
a dAdτ (A6)

Similarly, the third term on the l.h.s. of Eq. (A1) can be for-
mulated as:

1

21t

∫ t+1t

t−1t

∫
S
j
αβ

ρjαψ
j
α

(
vjα − w

j
αβ

)
· γ

j
a dAdτ

= −ψ
j
αe
j
αβ6 +

1

21t

∫ t+1t

t−1t∫
S
j
αβ

ρjαψ̃
j
α

(
vjα − w

j
αβ

)
· γ

j
a dAdτ (A7)

(4) Convective and non-convective terms of the physical
quantity φ

Similar with Reggiani et al. (1998), we introduce the con-
vective and non-convective terms in Eq. (A1). Substitution
Eq. (A5), Eq. (A6), Eq. (A7), and Definition 13–18 intro-
duced by Reggiani et al. (1998) into Eq. (A1) yields:

temporal derivation term︷ ︸︸ ︷
∂

∂t

(
ψ
j
αρ

j
αε
j
αy

jωj
)

−

source or sink term︷ ︸︸ ︷(
f
j
α ρ

j
αε
j
αy

jωj +G
j
αε
j
αy

jωj
)

−

convective term︷ ︸︸ ︷(
L=1..NK ,i 6=j∑

P=EXT,L,T ,B,i

ψ
j
αe
jP
α +

∑
β 6=α

ψ
j
αe
j
αβ

)
−

non-convective term︷ ︸︸ ︷(
L=1..NK ,i 6=j∑

P=EXT,L,T ,B,i

I jPα +

∑
β 6=α

I
j
αβ

)
= 0 (A8)

Definition 13:The non-convective term of physical quantity
φ through interfaceSjPα

I jPα =
1

21t6

∫ t+1t

t−1t

∫
SjP

[
i−ρjαψ̃

j
α

(
vjα−wjP

α

)]
· γ

j
a dAdτ

P = EXT,L, T , B, i, L = 1..NK , i 6= j (A9)

Definition 14:The non-convective term of physical quantity

φ through interfaceSjα,β

I
j
αβ=

1

21t6

∫ t+1t

t−1t

∫
S
j
αβ

[
i−ρjαψ̃

j
α

(
vjα−w

j
αβ

)]
·dAdτ,

β 6=a (A10)
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Definition 15:The time-averaged generation rate ofα phase
in Bj (K) per unit mass as:

f
j
α=

1

21tρjαε
j
αyjωj

∑ ∫ t+1t

t−1t

∫
V j
ρjαf

j
α γ

j
a dV dτ, j 6=r(A11)

Definition 16:The time-averaged generation rate ofα phase
in Br(K) per unit mass as:

f rα =
1

21tρrαm
rξ r

∑ ∫ t+1t

t−1t

∫
V r
ρrαf

r
a γ

r
a dV dτ (A12)

Definition 17:The time-averaged generation rate ofα phase
in Bj (K) per unit volume as:

G
j
α =

1

21tεjαyjωj
∑ ∫ t+1t

t−1t

∫
V j
Gjαγ

j
a dV dτ, j 6= r (A13)

Definition 18:The time-averaged generation rate ofα phase
in Br(K) per unit volume as:

Grα =
1

21tmrξ r
∑ ∫ t+1t

t−1t

∫
V r
Graγ

r
a dV dτ (A14)

(5) General form of time averaged conservation equations

General form of mass conservation equation
The general form of mass conservation equation forα

phase withinj sub-region can be derived according to Ta-
ble5 such thatψ=1, i=0, f=0 andG=0 from Eq. (A8).

∂

∂t

(
ρ
j
αε
j
αy

jωj
)

=

l=1..Nk,i 6=j∑
p=ext,l,T ,B,i

ejpα +

∑
β 6=α

e
j
αβ (A15)

General form of momentum conservation equation
According to the chain rule, Eq. (A8) can be rewritten as

ψ
j
α

∂

∂t

(
ρ
j
αε
j
αy

jωj
)

+

(
ρ
j
αε
j
αy

jωj
)
∂

∂t

(
ψ
j
α

)
= f

j
α ρ

j
αε
j
αy

jωj +G
j
αε
j
αy

jωj +

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

ψ
j
αe
jP
α +

∑
β 6=α

ψ
j
αe
j
αβ +

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

I jPα +

∑
β 6=α

I
j
αβ (A16)

Multiplication of the mass conservation Eq. (A15) by theψ
j

α

and subsequent subtraction from Eq. (A16) gives the general
form of time averaged conservation equations of momentum,
energy, and entropy as follows:

(
ρ
j
αε
j
αy

jωj
)
∂

∂t

(
ψ
j
α

)
= f

j
α ρ

j
αε
j
αy

jωj +G
j
αε
j
αy

jωj +

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

I jPα +

∑
β 6=α

I
j
αβ (A17)

Therefore, the general form of momentum conservation
equation forα phase withinj sub-region can be derived ac-
cording to Table5 such thatψ=v, i=t , f=g andG=0 from

Eq. (A32) (for clarity, non-convective momentum is denoted
by the symbolT ):

(
ρ
j
αε
j
αy

jωj
)
d

dt

(
v
j
α

)
= g

j
αρ

j
αε
j
αy

jωj +

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

T jP
α +

∑
β 6=α

T
j
αβ (A18)

where:

T
jP
α =

1
21t6

∫ t+1t
t−1t

∫
SjP

[
t−ρ

j
α ṽ
j
α

(
v
j
α−w

jP
α

)]
·γ
j
a dAdτ ,

P = EXT,L, T , B, i, L = 1..Nk, i 6=j
(A19)

T
j
αβ=

1

21t6

∫ t+1t

t−1t

∫
S
j
αβ

[
t−ρjα ṽ

j
α

(
vjα − w

j
αβ

)]
·dAdτ (A20)

General form of energy conservation equation
The general form of energy conservation equation forα

phase withinj sub-region can be derived according to Ta-
ble 5 such thatψ=E+1

/
2v2, i=t ·v+q, f=h+g·v and

G=0 from Eq. (A8):(
ρ
j
αε
j
αy

jωj
)
∂

∂t

(
E+1

/
2vjα2

)
=

(
h
j
α+g

j
α · v

j
α

)
ρ
j
αε
j
αy

jωj

+

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

I jPα +

∑
β 6=α

I
j
αβ (A21)

where
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Multiplication of the mass conservation Eq. (69) by the ψ
j

α and subsequent subtraction from Eq. (70)

gives the general form of time averaged conservation equations of momentum, energy, and entropy

as follows:855

(
ρj

αεj
αyjωj

) ∂

∂t

(
ψj

α

)
= f j

αρj
αεj

αyjωj + Gj
αεj

αyjωj +
L=1...NK ,i 6=j∑

P=EXT,L,T,B,i

IjP
α +

∑

β 6=α

Ij
αβ (71)

Therefore, the general form of momentum conservation equation for α phase within j sub-region

can be derived according to Table 5 such that ψ=v, i=t, f=g and G=0 from Eq. (86) (for clarity,

non-convective momentum is denoted by the symbol T ):

(
ρj

αεj
αyjωj

) d

dt

(
vj

α

)
= gj

αρj
αεj

αyjωj +
L=1...NK ,i 6=j∑

P=EXT,L,T,B,i

T jP
α +

∑

β 6=α

T j
αβ (72)860

where:

T jP
α = 1

2∆tΣ

∫ t+∆t

t−∆t

∫
SjP

[
t− ρj

αṽj
α

(
vj

α −wjP
α

)] · γj
adAdτ,

P = EXT, L, T,B, i, L = 1...Nk, i 6= j

(73)

T j
αβ =

1
2∆tΣ

∫ t+∆t

t−∆t

∫

Sj
αβ

[
t− ρj

αṽj
α

(
vj

α −wj
αβ

)]
· dAdτ (74)

General form of energy conservation equation

The general form of energy conservation equation for α phase within j sub-region can be derived865

according to Table 5 such that ψ=E+1/2v2, i=t·v+q, f=h+g·v and G=0 from Eq. (62):

(
ρj

αεj
αyjωj

) ∂

∂t

(
E+1/2vj

α
2
)

=
(
hj

α+gj
α · vj

α

)
ρj

αεj
αyjωj +

L=1...NK ,i 6=j∑

P=EXT,L,T,B,i

IjP
α +

∑

β 6=α

Ij
αβ (75)

where

The l.h.s. term in Eq. (75) can be formulated according to Lemmas 1 as:870
(
ρj

αεj
αyjωj

) ∂

∂t

(
E + 1/2vj2

α

)

=
(
ρj

αεj
αyjωj

) ∂

∂t


E +

︷ ︸︸ ︷
1
2

(
ṽj

α

)2

+
1
2

(
vj

α

)2


 (76)

28

The l.h.s. term in Eq. (A21) can be formulated according to
Lemmas 1 as:(
ρ
j
αε
j
αy

jωj
)
∂

∂t

(
E + 1/2vj

2

α

)

=

(
ρ
j
αε
j
αy

jωj
)
∂

∂t

E +

︷ ︸︸ ︷
1

2

(
ṽ
j
α

)2

+
1

2

(
v
j
α

)2

 (A22)

In the interest of brevity, we introduce the following defini-
tion.

Definition 19: The time averaged value of the generalized
internal energy ofBjα is defined as:

Ê
j
α = E

j
α + ṽ

j
α

2
/

2 (A23)

Definition 20: The fluctuation value of the generalized inter-
nal energy ofBjα is defined as:

In the interest of brevity, we introduce the following definition.

Definition 19: The time averaged value of the generalized internal energy of Bj
α is defined as:

Êj
α = Ej

α + ṽj
α

2
/

2 (77)875

Definition 20: The fluctuation value of the generalized internal energy of Bj
α is defined as:

= Ej
α − Êj

α = Ẽj
α − ṽj

α

2
/

2 (78)

Definition 21: The time averaged value of the generalized external energy of Bj
α:

ĥj
α = hj

α + g̃j
α · ṽj

α (79)

Therefore, the l.h.s. term in Eq. (75) can be rewritten according to Eq. (76) and Eq. (77) as880
(
ρj

αεj
αyjωj

) ∂

∂t

(
E + 1/2vj

α
2
)

=
(
ρj

αεj
αyjωj

) ∂

∂t

(
Ê +

1
2

(
vj

α

)2
)

. (80)

The first term on the r.h.s. of Eq. (75) can be formulated according to Lemma 1 and Eq. (79) as:
(
hj

α + gj
α · vj

α

)
ρj

αεj
αyjωj

=
(

ĥj
α + gj

α · vj
α

)
ρj

αεj
αyjωj (81)

After introducing of Definition 22, the non-convective term across the interface SjP can be formu-885

lated according to Lemma 2, Eq. (78), Eq. (56), and Eq. (73) as:

IjP
α = T jP

α · vj
α + QjP

α (82)

Definition 22: The generalized energy exchange term across the interface SjP :

QjP
α =

1
2∆tΣ

∫ t+∆t

t−∆t

∫

SjP


q + t · ṽj

α − ρj
α


 +

1
2
ṽj

α

2




(
vj

α −wjP
α

)

 · γj

adAdτ . (83)890

Similarly, by introducing Definition 23, the non-convective term across the interface Sj
aβ can be

rewritten as

Ij
αβ = T j

αβ · vj
α + Qj

αβ (84)

DDefinition 22: The generalized energy exchange term across the interface Sj
aβ :

Qj
αβ =

1
2∆tΣ

∫ t+∆t

t−∆t

∫

Sj
αβ


q + t · ṽj

α − ρj
α


 +

1
2
ṽj

α

2




(
vj

α −wj
αβ

)

 · dAdτ (85)895

29

= Ejα − Ê
j
α = Ẽ

j
α − ṽ

j
α

2
/

2 (A24)

Definition 21: The time averaged value of the generalized
external energy ofBjα :

ĥ
j
α = h

j
α + g̃

j
α · ṽ

j
α (A25)

Therefore, the l.h.s. term in Eq. (A21) can be rewritten ac-
cording to Eq. (A22) and Eq. (A23) as(
ρ
j
αε
j
αy

jωj
)
∂

∂t

(
E + 1

/
2vjα2

)
=

(
ρ
j
αε
j
αy

jωj
)
∂

∂t

(
Ê +

1

2

(
v
j
α

)2
)
. (A26)

The first term on the r.h.s. of Eq. (A21) can be formulated
according to Lemma 1 and Eq. (A25) as:

(
h
j
α + g

j
α · v

j
α

)
ρ
j
αε
j
αy

jωj

=

(
ĥ
j
α + g

j
α · v

j
α

)
ρ
j
αε
j
αy

jωj (A27)

After introducing of Definition 22, the non-convective term
across the interfaceSjP can be formulated according to
Lemma 2, Eq. (A24), Eq. (A2), and Eq. (A19) as:

I jPα = T jP
α · v

j
α +QjP

α (A28)

Definition 22: The generalized energy exchange term
across the interfaceSjP :

QjP
α =

1

21t6

∫ t+1t

t−1t

∫
SjP

q + t · ṽ
j
α − ρjα



In the interest of brevity, we introduce the following definition.

Definition 19: The time averaged value of the generalized internal energy of Bj
α is defined as:

Êj
α = Ej

α + ṽj
α

2
/

2 (77)875

Definition 20: The fluctuation value of the generalized internal energy of Bj
α is defined as:

= Ej
α − Êj

α = Ẽj
α − ṽj

α

2
/

2 (78)

Definition 21: The time averaged value of the generalized external energy of Bj
α:

ĥj
α = hj

α + g̃j
α · ṽj

α (79)

Therefore, the l.h.s. term in Eq. (75) can be rewritten according to Eq. (76) and Eq. (77) as880
(
ρj

αεj
αyjωj

) ∂

∂t

(
E + 1/2vj

α
2
)

=
(
ρj

αεj
αyjωj

) ∂

∂t

(
Ê +

1
2

(
vj

α
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)
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The first term on the r.h.s. of Eq. (75) can be formulated according to Lemma 1 and Eq. (79) as:
(
hj

α + gj
α · vj

α

)
ρj

αεj
αyjωj

=
(

ĥj
α + gj

α · vj
α

)
ρj

αεj
αyjωj (81)

After introducing of Definition 22, the non-convective term across the interface SjP can be formu-885

lated according to Lemma 2, Eq. (78), Eq. (56), and Eq. (73) as:

IjP
α = T jP

α · vj
α + QjP

α (82)

Definition 22: The generalized energy exchange term across the interface SjP :

QjP
α =

1
2∆tΣ

∫ t+∆t

t−∆t

∫

SjP


q + t · ṽj

α − ρj
α


 +

1
2
ṽj

α

2




(
vj

α −wjP
α

)

 · γj

adAdτ . (83)890

Similarly, by introducing Definition 23, the non-convective term across the interface Sj
aβ can be

rewritten as

Ij
αβ = T j

αβ · vj
α + Qj

αβ (84)

DDefinition 22: The generalized energy exchange term across the interface Sj
aβ :

Qj
αβ =

1
2∆tΣ

∫ t+∆t

t−∆t

∫

Sj
αβ


q + t · ṽj

α − ρj
α


 +

1
2
ṽj

α

2




(
vj

α −wj
αβ

)

 · dAdτ (85)895

29

+
1

2
ṽ
j
α

2
(vjα − wjP

α

) · γ
j
a dAdτ . (A29)

Similarly, by introducing Definition 23, the non-convective
term across the interfaceSjaβ can be rewritten as

I
j
αβ = T

j
αβ · v

j
α +Q

j
αβ (A30)

Definition 23: The generalized energy exchange term
across the interfaceSjaβ :

Q
j
αβ =

1

21t6

∫ t+1t

t−1t

∫
S
j
αβ

q + t · ṽ
j
α − ρjα



In the interest of brevity, we introduce the following definition.

Definition 19: The time averaged value of the generalized internal energy of Bj
α is defined as:

Êj
α = Ej

α + ṽj
α

2
/

2 (77)875

Definition 20: The fluctuation value of the generalized internal energy of Bj
α is defined as:

= Ej
α − Êj

α = Ẽj
α − ṽj

α

2
/

2 (78)

Definition 21: The time averaged value of the generalized external energy of Bj
α:

ĥj
α = hj

α + g̃j
α · ṽj

α (79)

Therefore, the l.h.s. term in Eq. (75) can be rewritten according to Eq. (76) and Eq. (77) as880
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The first term on the r.h.s. of Eq. (75) can be formulated according to Lemma 1 and Eq. (79) as:
(
hj

α + gj
α · vj
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)
ρj

αεj
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=
(

ĥj
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)
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αεj
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After introducing of Definition 22, the non-convective term across the interface SjP can be formu-885

lated according to Lemma 2, Eq. (78), Eq. (56), and Eq. (73) as:

IjP
α = T jP

α · vj
α + QjP

α (82)

Definition 22: The generalized energy exchange term across the interface SjP :

QjP
α =

1
2∆tΣ

∫ t+∆t
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∫

SjP


q + t · ṽj

α − ρj
α


 +

1
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ṽj
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(
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α −wjP
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)

 · γj

adAdτ . (83)890

Similarly, by introducing Definition 23, the non-convective term across the interface Sj
aβ can be

rewritten as

Ij
αβ = T j

αβ · vj
α + Qj

αβ (84)

DDefinition 22: The generalized energy exchange term across the interface Sj
aβ :

Qj
αβ =

1
2∆tΣ

∫ t+∆t

t−∆t

∫

Sj
αβ


q + t · ṽj

α − ρj
α


 +

1
2
ṽj

α

2




(
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α −wj
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)

 · dAdτ (85)895
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+
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2
ṽ
j
α

2
(vjα − w

j
αβ

) · dAdτ (A31)
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Substitution of Eq. (A26), Eq. (A27), Eq. (A28), and
Eq. (A30) into Eq. (A21) yields the general form of averaged
energy conservation equation.(
ρ
j
αε
j
αy

jωj
)
d

dt

(
Ê
j
α + v

j
α

2
/

2

)
=

(
ĥ
j
α+g

j
α·v

j
α

)
ρ
j
αε
j
αy

jωj+

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

(
T jP
α ·v

j
α+Q

jP
α

)
+

∑
β 6=α

(
T
j
αβ ·v

j
α +Q

j
αβ

)
. (A32)

After dot product of the velocity vectorvjα with the momen-
tum balance Eq. (A18) we will get the mechanical energy
conservation equation, similar with Reggiani et al. (1998):(
ρ
j
αε
j
αy

jωj
)
d

dt

(
v
j
α

2
/

2

)
= g

j
α · v

j
αρ

j
αε
j
αy

jωj +

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

(
T jP
α · v

j
α

)
+

∑
β 6=α

(
T
j
αβ · v

j
α

)
. (A33)

And the internal energy conservation equation is obtained
from Eq. (A32), after subtraction of the mechanical energy
conservation Eq. (A33):

(
ρ
j
αε
j
αy

jωj
)
dÊ

j
α

dt
= ĥ

j
αρ

j
αε
j
αy

jωj

+

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

QjP
α

+

∑
β 6=α

Q
j
αβ . (A34)

Furthermore, after ignoring any additional item caused by the
fluctuation of velocity and internal energy in Eq. (A34), the
balance equation of heat is derived:

(
εjαy

jωjcjα

) dθ jα
dt

= h
j
αρ

j
αε
j
αy

jωj

+

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

Q̂
jP
α

+

∑
β 6=α

Q̂
j
αβ , (A35)

wherecjα represents the specific heat capacity ofα phase at

constant volume averaged overj zone,θ ja represents the tem-

perature ofα phase averaged overj zone,Q̂jP
α represents

the heat transferred fromα phase inP zone to that inj zone,

Q̂
j
αβ represents the heat transferred fromβ phase toα phase

in j zone, and

Q̂
jP
α =

1

21t6

∫ t+1t

t−1t

∫
SjP

q · γ
j
a dAdτ (A36)

Q̂
j
αβ =

1

21t6

∫ t+1t

t−1t

∫
S
j
αβ

q · dAdτ (A37)

For convenience,̂QjP
α andQ̂j

αβ are still denoted byQjP
α and

Q
j
αβ unless otherwise confusion arises. The final result of

heat balance equation is as following:(
εjαy

jωj cjα

) dθ jα
dt

= h
j
αρ

j
αε
j
αy

jωj

+

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

QjP
α

+

∑
β 6=α

Q
j
αβ (A38)

General form of entropy conservation equation
The general form of the entropy conservation equation for

α phase withinj sub-region can be derived according to Ta-
ble 5 such thatψ=η, i=j , f=b andG=L from Eq. (A17)
(for clarity, non-convective entropy is denoted by the symbol
F ):(
ρ
j
αε
j
αy

jωj
)
dη

j
α

dt
= b

j
αρ

j
αε
j
αy

jωj

+L
j
αε
j
αy

jωj +

L=1..NK ,i 6=j∑
P=EXT,L,T ,B,i

F jPα

+

∑
β 6=α

F
j
αβ (A39)

where:

F jPα =
1

21t6

∫ t+1t

t−1t

∫
SjP

[
j−ρjα η̃

j
α

(
vjα−wjP

α

)]
·γ
j
a dAdτ

P = EXT,L, T , B, i, L = 1..NK , i 6= j (A40)

F
j
αβ=

1

21t6

∫ t+1t

t−1t

∫
S
j
αβ

[
j−ρjα η̃

j
α

(
vjα−w

j
αβ

)]
·dAdτ ,

β 6=α (A41)

Appendix B

The revised and supplementary balance equations af-
ter introducing the reservoir zone into the existing REW
system

In this paper, a REW with six surface sub-regions and
two subsurface sub-regions is defined and the corresponding
time-averaged balance equations are derived. Such definition
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Table B1. The additional interfaces after introducing the reservoir zone.

No Sub-region Additional interfaces

1 s-zone Sso

2 u-zone Suo

3 r-zone Sro = Sro u + Sro d

4 t-zone Sto

5 o-zone SoT , Sos , Sou, Sor , Sot , So
lp

will meet the requirements of most watershed hydrological
modeling. However, it is necessary to add new sub-regions
into the existing REW system in some special situations. For
example, the additional reservoir zone is needed in order to
incorporate the regulation function of hydraulic projects. The
newly defined compositive zone of two or more basic types
of land cover such as snow and vegetation, or different veg-
etation zones could be needed for detailed simulation. Also,
for consideration of subsurface heterogeneity, one could di-
vide the unsaturated zone or saturated zone into several lay-
ers and hence introduce more zones. In this Appendix, we
will take the reservoir for example to demonstrate how to de-
rive the revised and supplementary balance equations owing
to the introduction of new zones into the existing REW sys-
tem.

(1) Introducing the reservoir zone into the REW defini-
tion
For incorporating the effect of hydraulic projects on hydro-
logical processes, the reservoir zone, shortly named as o-
zone, is separated from the sub-stream-network zone in the
REW definition presented in Sect.3. The surface layer of
REW is, then, composed of seven sub-regions. On the spa-
tial side, the seven sub-regions constitute a complete cover
of the land surface in the horizontal direction. In the verti-
cal direction, it can be considered that o-zone lies above the
saturated zone.

The reservoir zone receives water from upstream main
channel reach and t-zone, and releases water into the down-
stream main channel reach which is regulated according to
the different purposes such as flood prevention, water sup-
ply, power generation, and so on. It also exchanges water
with s-zone vertically and supplies water for u-zone laterally
in the subsurface layer. Similar with t-zone, the substances
contained within o-zone are water and vapor.

(2) The additional interfaces after introducing the reser-
voir zone
Following the assumptions introduced in Sect. 6.1 and the
function of o-zone discussed above, the existing interfaces
summarized in Table 6 should be supplemented by the newly
introduced interfaces delimiting o-zone from s-zone, u-zone,
t-zone, and r-zone, which are denoted in turn bySso, Suo,
Sto, andSro. Moreover, the interface between o-zone and

r-zone,Sro, can be further divided into two sections, i.e. up-
stream section and downstream section, which are denoted
bySro−u andSro−d , respectively. These additional interfaces
are summarized in Table B1.
(3) The revised and newly introduced balance equations
The general form of the conservation laws developed in
Sect. 5 holds true in spite of the introduction of the reservoir
zone. However, the pragmatic form of balance equations for
the existing sub-regions listed in Sect. 6.3–6.10 should be re-
vised, and the new balance equations of mass, momentum,
and heat should be introduced following the procedure pro-
posed in Sect. 6. The existing equations should be revised by
adding the additional exchange terms of mass, momentum,
and heat according to the additional interfaces summarized
in Table B1. The final results are referred in Table B2.

The newly introduced equations for o-zone are listed be-
low.

Balance equation of mass for water phase:

d

dt

(
ρol y

oωo
)

= eoTl +eosl +eoul +e
or−u

l +e
or−d

l +eotl +eolg(A42)

where the l.h.s. term represents the rate of change of water
storage, the terms on the r.h.s. are the intensity of rainfall,
various water exchange rate terms with s-zone, with u-zone,
with upstream main channel reach, with downstream main
channel reach, with t-zone, and with the vapor phase (i.e.
evaporation), respectively.

Balance equation of momentum for water phase:

ρol y
oωo

d

dt
vol −gol ρ

o
l y
oωo

=T oT
l +T os

l +T ou
l +T

or−u

l +T
or−d

l +T ot
l (A43)

where the terms on the l.h.s. are the inertial term and weight
of water, respectively. The r.h.s. terms represent various
forces: the forces transmitted to the atmosphere, to s-zone,
to u-zone, to upstream main channel, to downstream main
channel, and to t-zone, respectively.

Balance equation of heat for reservoir zone:

yoωoco
d

dt
θo − llge

o
lg − Rnω

o
= QtT

+Qos (A44)

where the terms on the l.h.s. are the rate of change of heat
storage due to variation of temperature, the rate of latent
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Table B2. The revised equations after introducing the reservoir zone.

No Sub-region Physical Revised equation Original
quantity equation

1
s-zone

mass d
dt

(
ρs
l
εs
l
ysωs

)
=esEXT

l
+

NK∑
L=1

esL
l

+esB
l

+esu
l

+est
l

+esr
l

+eso
l

+es
li

Eq. (23)

2 momentum ρs
l
εs
l
ysωs d

dt
vs
l
−gs

l
ρs
l
εs
l
ysωs=TsEXT

l
+

NK∑
L=1

TsL
l

+TsB
l

+Tsu
l

+Tst
l

+Tsr
l

+Tso
l

+Ts
lm

+Ts
li

Eq. (25)

3 heat ysωscs d
dt
θ s
l
−lile

s
il
=QsB+Qsu+Qst+Qsr+Qso Eq. (33)

4
u-zone

mass d
dt

(
ρu
l
εu
l
yuωu

)
=euEXT

l
+

NK∑
L=1

euL
l

+euo
l

+eus
l

+eub
l

+euv
l

+eun
l

+e
ug
l

+eu
li

Eq. (34)

5 momentum ρu
l
εu
l
yuωu d

dt
vu
l
−gu

l
ρu
l
εu
l
yuωu=TuEXT

l
+

NK∑
L=1

TuL
l

+Tuo
l

+Tus
l

+Tub
l

+Tuv
l

+Tun
l

+Tug
l

+Tu
lm

+Tu
lg

+Tu
li

Eq. (36)

6
r-zone

Mass d
dt

(
ρr
l
mrξ r

)
=erT

l
+erEXT

l
+

NK∑
L=1

erL
l

+ert
l

+ers
l

+ero u
l

+ero d
l

+er
lg

Eq. (49)

7 momentum
(
ρr
l
mrξ r

)
d
dt

vr
l
−gr

l
ρr
l
mrξ r=TrEXT

l
+

NK∑
L=1

TrL
l

+TrT
l

+Trt
l

+Trs
l

+Tro u
l

+Tro d
l

Eq. (50)

4
t-zone

Mass d
dt

(
ρt
l
ytωt

)
=etT

l
+etb

l
+etv

l
+etn

l
+e

tg
l

+ets
l

+etr
l

+eto
l

+et
lg

Eq. (52)

5 momentum
(
ρt
l
ytωt

)
d
dt

vt
l
−gt

l
ρt
l
ytωt=TtT

l
+Ttb

l
+Ttv

l
+Ttn

l
+Ttg

l
+Tts

l
+Ttr

l
+Tto

l
Eq. (53)

Note: the balance equations of heat for u-zone, r-zone, and t-zone keep the original form due to the Assumption 6.

heat transfer of vaporization, and net radian intensity, respec-
tively. The terms on the r.h.s. represent heat exchange rate
with the atmosphere due to turbulence and with s-zone,llg

is the latent heat of vaporization, andRn is the intensity of
radiation.

Nomenclature

Latin symbols
b the entropy supply from the external world
B the body of a continuum
B (K) theK th REW
Bj (K) the body of j sub-region continuum divided fromB (K), j ∈

{e |e = u, s, r, t, b, v, n, g }

B
j
α (K) the body of α phase in j sub-region divided fromB (K), j ∈

{e |e=u, s, r, t, b, v, n, g }, α ∈ {ζ |ζ = m, l, a, p, i, n, v }

cj the specific heat capacity ofj zone at a constant volume
[
L2T −22−1

]
c
j
α the specific heat capacity ofα phase inj zone at a constant volume

[
L2T −22−1

]
C (K) the contour ofS,T (K)
dSjEXT (K) the differential area vector forSjEXT (K)

[
L2
]

dSjL (K) the differential area vector forSjL (K)
[
L2
]

dSjT (K) the differential area vector forSjT (K)
[
L2
]

dSjB (K) the differential area vector forSjB (K)
[
L2
]

dSj i (K) the differential area vector forSj i (K)
[
L2
]

dS
j
αβ (K) the differential area vector forSjαβ (K)

[
L2
]

e
jP
α the net flux ofα phase throughSjP ML−2T −1

e
j
αβ the phase transition rate betweenα phase andβ phase ML−2T −1

E the microscopic internal energy per unit mass
[
L2T −2

]
Ê
j
α the time-averaged value of the generalized internal energy ofB

j
α

[
MT −2

]

In the interest of brevity, we introduce the following definition.

Definition 19: The time averaged value of the generalized internal energy of Bj
α is defined as:

Êj
α = Ej

α + ṽj
α

2
/

2 (77)875

Definition 20: The fluctuation value of the generalized internal energy of Bj
α is defined as:

= Ej
α − Êj

α = Ẽj
α − ṽj

α

2
/

2 (78)

Definition 21: The time averaged value of the generalized external energy of Bj
α:

ĥj
α = hj

α + g̃j
α · ṽj

α (79)

Therefore, the l.h.s. term in Eq. (75) can be rewritten according to Eq. (76) and Eq. (77) as880
(
ρj

αεj
αyjωj

) ∂

∂t

(
E + 1/2vj

α
2
)

=
(
ρj

αεj
αyjωj

) ∂

∂t

(
Ê +

1
2

(
vj

α

)2
)

. (80)

The first term on the r.h.s. of Eq. (75) can be formulated according to Lemma 1 and Eq. (79) as:
(
hj

α + gj
α · vj

α

)
ρj

αεj
αyjωj

=
(

ĥj
α + gj

α · vj
α

)
ρj

αεj
αyjωj (81)

After introducing of Definition 22, the non-convective term across the interface SjP can be formu-885

lated according to Lemma 2, Eq. (78), Eq. (56), and Eq. (73) as:

IjP
α = T jP

α · vj
α + QjP

α (82)

Definition 22: The generalized energy exchange term across the interface SjP :

QjP
α =

1
2∆tΣ

∫ t+∆t

t−∆t

∫

SjP


q + t · ṽj

α − ρj
α


 +

1
2
ṽj

α

2




(
vj

α −wjP
α

)

 · γj

adAdτ . (83)890

Similarly, by introducing Definition 23, the non-convective term across the interface Sj
aβ can be

rewritten as

Ij
αβ = T j

αβ · vj
α + Qj

αβ (84)

DDefinition 22: The generalized energy exchange term across the interface Sj
aβ :

Qj
αβ =

1
2∆tΣ

∫ t+∆t

t−∆t

∫

Sj
αβ


q + t · ṽj

α − ρj
α


 +

1
2
ṽj

α

2




(
vj

α −wj
αβ

)

 · dAdτ (85)895

29

the fluctuation value of the generalized internal energy ofB
j
α

[
MT −2

]
f the source or sink term per unit mass
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f
j
α the time-averaged generation rate ofα phase inj zone per unit mass

g the gravity accelerator vector
[
LT −2

]
G the source or sink term per unit volume

G
j
α the time-averaged generation rate ofα phase inj zone per unit volume

h the supply of internal energy from outside world
[
MT −3

]
ĥ
j
α the time-averaged value of the generalized external energy ofB

j
α

[
MT −3

]
i the diffusion flux
I
jP
α the non-convective term of physical quantityφ through the interfaceSjPα
I
j
αβ the non-convective term of physical quantityφ through the interfaceSjαβ

j the non-convective flux of entropy
K indicate theK th REW
L the entropy production within the continuum
lr the instantaneous length of the main channel reach [L]
mr the time-averaged cross section area of the main channel reach

[
L2
]

M the number of discrete REWs in a watershed
NK the number of REWs neighboringB (K)
q the microscopic heat flux vector

[
MT −3

]
Q
jP
α the generalized energy exchange term across the interfaceSjP

[
MT −3

]
Q
j
αβ the generalized energy exchange term across the interfaceS

j
αβ

[
MT −3

]
Q̂
jP
α the heat transferred fromα phase inP zone to that inj zone

[
MT −3

]
Q̂
j
αβ the heat transferred fromβ phase toα phase inj zone

[
MT −3

]
Rn the intensity of radiation

[
MT −3

]
S (K) the surface ofB (K)

[
L2
]

S,EXT (K) the segment formed by the interfaces betweenB (K) and the external
world

[
L2
]

S,L (K) the segment formed by the interfaces betweenB (K) andB (L)
[
L2
]

S,T (K) the top surface formed by the land surface coveringB (K)
[
L2
]

S,B (K) the bottom surface ofB (K), can be either the impermeable strata or a hy-
pothetical plane at a given depth reaching into the groundwater reservoir,
or a combination of the two

[
L2
]

SjEXT (K) the interface betweenBj (K) and the external world
[
L2
]

SjL (K) the interface betweenBj (K) andB (L) (L = 1..NK)
[
L2
]

SjT (K) the interface betweenBj (K) and the atmosphere
[
L2
]

SjB (K) the interface betweenBj (K) and the impermeable strata or the ground-
water reservoir

[
L2
]

Sji (K) the interface betweenBj (K) and other sub-regions within the same REW,
B i (K) (i 6= j)

[
L2
]

S
j
αβ (K) the phase interface betweenBjα (K) andBjβ (K)

[
L2
]

SjP (K) the area vector of interfaceSjP (K)
[
L2
]

t the microscopic stress tensor
[
ML−1T −2

]
T
jP
α the non-convective momentum through the interfaceS

jP
α

[
MLT −2

]
v velocity of the a continuum

[
LT −1

]
V (K) the space occupied by all the substances contained inB (K)

[
L3
]

V j (K) the volume occupied byBj (K)
[
L3
]

V
j
α (K) the volume occupied byBjα (K)

[
L3
]

w velocity of a continuum interface
[
LT −1

]
yj the time-averaged thickness ofBj [L]
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Greek symbols
1t time interval for equation averaging [T ]
ε
j
α the time-averaged volume ofBjα relative toV j

εul water content of the unsaturated zone
εsl water content of the saturated zone
φ physical quantity

γ
j
α the phase distribution function onα phase inj zone
η the microscopic entropy per unit mass
κ
jP
α the fraction of heat exchange termQjP absorbed byα phase
λα the fraction of fusion heat absorbed byα phase
θ surf the averaged temperature of the surface sub-regions [2]
θ
j
α the temperature ofα phase inj zone [2]

ρ
j
α the time-averaged density ofBjα

[
ML−3

]
ρ
j
α the density ofα phase at the differential volumedV in V jα space

[
ML−3

]
6 (K) the horizontal projected area ofB (K)

[
L2
]

6j (K) the horizontal projected area ofBj (K)
[
L2
]

ωj the time-averaged horizontal projected area ofBj
[
L2
]

ξ r the time-averaged length of the main channel reach relative to6
[
L−1

]
ψ
j
α the instantaneous value of physical quantityφ possessed byBjα relative to

the mass ofBjα

ψ
j
α the time-averaged physical quantityφ possessed byBjα relative to the

mass ofBjα

ψ̃
j
α the fluctuant value of physical quantityφ possessed byBjα relative to the

mass ofBjα
Subscripts and superscripts
B superscript indicating the impermeable strata or groundwater reservoir
EXT superscript indicating the external world
i, j superscripts indicating sub-region, can be u (unsaturated zone),

s(saturated zone), r (main channel reach), t (sub-stream-network), b (bare
soil zone), v (vegetated zone), n (snow covered zone), g (glacier covered
zone), o (reservoir zone)

L superscript indicating the neighboring REW,L=1..NK
P superscript indicating the wildcard indicatingEXT,L, T , B, i, L=1..NK
T superscript indicating the atmosphere
α, β subscripts indicating the phase, can be m (soil matrix), l (liquid water), a

(gaseous phase), p (vapor), i (ice), n (snow), and v (vegetation)

Note:M is the dimension of mass,L is the dimension of length,T is the dimension of time, and2
is the dimension of temperature.
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