
Geosci. Model Dev., 3, 487–499, 2010
www.geosci-model-dev.net/3/487/2010/
doi:10.5194/gmd-3-487-2010
© Author(s) 2010. CC Attribution 3.0 License.

Geoscientific
Model Development

On the attribution of contributions of atmospheric trace gases to
emissions in atmospheric model applications

V. Grewe1, E. Tsati1, and P. Hoor2

1Deutsches Zentrum für Luft- und Raumfahrt, Institut f̈ur Physik der Atmospḧare, Oberpfaffenhofen, Germany
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Abstract. We present an improved tagging method, which
describes the combined effect of emissions of various species
from individual emission categories, e.g. the impact of both,
nitrogen oxides and non-methane hydrocarbon emissions on
ozone. This method is applied to two simplified chemistry
schemes, which represent the main characteristics of atmos-
pheric ozone chemistry. Analytical solutions are presented
for this tagging approach. In the past, besides tagging ap-
proaches, sensitivity methods were used, which estimate the
contributions from individual sources based on differences in
two simulations, a base case and a simulation with a pertur-
bation in the respective emission category. We apply both
methods to our simplified chemical systems and demonstrate
that potentially large errors (factor of 2) occur with the sensi-
tivity method, which depend on the degree of linearity of the
chemical system. This error depends on two factors, the abi-
lity to linearise the chemical system around a base case, and
second the completeness of the contributions, which means
that all contributions should principally add up to 100%. For
some chemical regimes the first error can be minimised by
employing only small perturbations of the respective emis-
sion, e.g. 5%. The second factor depends on the chemical
regime and cannot be minimized by a specific experimental
set-up. It is inherent to the sensitivity method. Since a com-
plete tagging algorithm for global chemistry models is diffi-
cult to achieve, we present two error metrics, which can be
applied for sensitivity methods in order to estimate the po-
tential error of this approach for a specific application.
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1 Introduction

The attribution of climate change to changes in emission of
greenhouse gases and precursors has been an issue of seri-
ous concern over several decades. Recently, EU-projects like
QUANTIFY and ATTICA aimed at identifying the impact of
transport sectors on climate (Fuglestvedt et al., 2009; Hoor
et al., 2009; Lee et al., 2010). Wang et al.(2009) pointed out
that there is a difference in the nature of the two key topics
(1) attribution of climate change to sectoral emissions and (2)
evaluation of emission control scenarios, which also requires
different methodologies. The attribution of concentrations
to emissions is important to attribute climate change, which
depends on absolute contributions, to sectoral emissions. In
contrast, emission control scenarios for attaining air quality
or climate change goals require knowledge on the sensitivity
of atmospheric concentrations toemissions. It is important to
acknowledge that these two topics might differ greatly.

Figure1 sketches briefly the idea of either method. The
general settings are given in Fig.1a, which shows an arbi-
trary relation between emissions of NOx and the response
in ozone. Two simulations, a base case and a perturbation
simulation, where an emission category is changed by the
factor α, are indicated. The line through both simulation
points (green) is an approximation of the tangent (dashed
line). Basically (more details are given in Sect.3), the sen-
sitivity method uses the tangent approximation, whereas the
tagging method is based on the origin line to determine the
ratio between the change in ozone mass and the emission of
NOx.

Obviously, for species, which are controlled by linear pro-
cesses, like222Rn or SF6, both approaches will lead to iden-
tical results (Fig.1b). For non-linear systems both methods
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Fig. 1. Illustration of the sensitivity method (pair of simulation) to derive contributions from emission categories and intercomparison with
the tagging method. The ozone concentration in arbitrary units is shown as a function of the emission of NOx. Two simulations (base
case and a simulation in which the emissions ec is changed by a factor α) are indicated with stars. The derivative is added as a tangent
for the base case (dashed line). The line through the base case simulation and the origin (origin line) is dotted. The green line shows the
estimated derivative, based on the two simulations. a) General settings and calculation of the derivative. b) Assumption of linearity in ozone
chemistry for illusrtation purpose. An arbitrary NOx emission (horizontal red line) is considered. The vertical red and brown lines indicate
the ozone contributions caused by this NOx source (sensitivity method in red and tagging in brown) giving identical results. c) As b) but
for the assumption of a non-linear ozone chemistry, however in a situation, which is close to the linear case. The green and dotted lines are
used to calculate the contributions based on the sensitivity and tagging method, respectively. d) As c), but for a situation, which is far from
the linear regime. e) Calculation of the ozone contributions; Two emission categories are considered (NOx-1: light blue, NOx-2: red) and
the ozone contributions O3-1 and O3-2 indicated with vertical lines. f) Error analysis; The two errors εα (magenta) and εβ (orange), which
describe uncertainties associated with the determination of the tangent and the total estimate of all contributions (intersection of y-axis and
tangent) (see Sect. 6).

Fig. 1. Illustration of the sensitivity method (pair of simulations) to derive contributions from emission categories and intercomparison with
the tagging method. The ozone concentration in arbitrary units is shown as a function of the emission of NOx. Two simulations (base
case and a simulation in which the emissionsec is changed by a factorα) are indicated with stars. The derivative is added as a tangent
for the base case (dashed line). The line through the base case simulation and the origin (origin line) is dotted. The green line shows the
estimated derivative, based on the two simulations.(a) General settings and calculation of the derivative.(b) Assumption of linearity in
ozone chemistry for illustration purpose. An arbitrary NOx emission (horizontal red line) is considered. The vertical red and brown lines
indicate the ozone contributions caused by this NOx source (sensitivity method in red and tagging in brown) giving identical results.(c) As
(b) but for the assumption of a non-linear ozone chemistry, however in a situation, which is close to the linear case. The green and dotted
lines are used to calculate the contributions based on the sensitivity and tagging method, respectively.(d) As (c), but for a situation, which
is far from the linear regime.(e) Calculation of the ozone contributions; two emission categories are considered (NOx-1: light blue, NOx-2:
red) and the ozone contributions O3-1 and O3-2 indicated with vertical lines.(f) Error analysis; the two errorsεα (magenta) andεβ (orange),
which describe uncertainties associated with the determination of the tangent and the total estimate of all contributions (intersection of y-axis
and tangent) (see Sect.6). Note, the origin line for tagging represents the equality of all emitted NOx molecules to take part in a reaction,
which implies that a subset of NOx molecules, e.g. from the sources category “road traffic”, produces a sub-set of ozone molecules in a
linear relation-ship (= origin line) for a non-linear chemistry (blue line).

might deviate only little (Fig.1c), if the approximated tan-
gent and the origin line differ only slightly. However, as soon
as the system becomes non-linear, differences between the
approaches have the potential to increase largely (Fig.1d).

Therefore, two aspects are important, the accuracy of the
determination of the tangent and the deviation of the tangent
from the origin line.

Generally, as pointed out byWang et al.(2009), it is im-
portant to differentiate between the two questions concern-
ing attribution and emission control scenarios and to con-
cede that the answers to these questions require two differ-
ent methodologies. The attribution of atmospheric concen-
trations to emissions (and sources in general) in a numerical
simulation framework can be obtained by a tagging metho-
dology, whereas developing effective emission control sce-
narios is also obtained by sensitivity methods.

A large number of methodologies for both approaches ex-
ist (see e.g.Wang et al., 2009). The tagging methodologies
are differently designed and implemented, but they have in
common that additional “tagged species” are included in the
models, to which specific emissions are assigned and which
undergo the same loss processes as the respective un-tagged
species. In addition, also products arising from the respective
compounds can be tagged so that the impact on the whole
chemical system can be determined. For example, tagging
nitrogen oxide emissions from road traffic implies that every
species, which contains an “N” atom is doubled in the che-
mical system, tagged with a “road traffic” (rt), and all chemi-
cal reactions doubled without changing the chemical system,
e.g.:

NO2+OH −→ HNO3 (R1)
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is doubled by

NOrt
2 +OH −→ HNOrt

3 +OH. (R2)

Note that on the left side of Reaction (R2) all untagged reac-
tants (educts) appear as products, which ensures that the tag-
ging diagnostic does not affect the chemistry. This method
ensures that a closed budget for all nitrogen emissions can be
achieved. In addition, the impact on ozone is included, by
calculating the ozone production by road traffic NOx via the
reactions

NO+HO2 −→ NO2+OH (R3)

NOrt
+HO2 −→ NOrt

2 +Ort
3 +HO2. (R4)

Since this approach increases the amount of species and
chemical reaction drastically, simplifications of the tagging
chemistry scheme are applied (e.g.Horowitz and Jacob,
1999; Zimmermann et al., 1999; Grewe, 2004), which map
the detailed chemistry scheme onto the main families, e.g.
NOy, and ozone and employ the chemical production and
loss terms from the detailed chemical system, which ensures
a closed budget and detailed analysis even in multi-decadal
climate-chemistry model simulations (Grewe, 2007, 2009).
Note, that kinetics of the reactions are not affected by these
methods, in contrast to isotope tagging methods (e.g.Gro-
mov et al., 2010), where the rate constants for the tagged
species may differ from the untagged respective species.
However, in both cases the tagging method is a diagnostic
and does not affect the simulated chemistry.

However, to our knowledge, none of the tagging schemes
take into account the competing effect of nitrogen oxides and
hydrocarbons/volatile organic compounds (VOCs) on ozone
production and hence ozone concentration. In this investi-
gation, we propose a tagging methodology, which includes
the non-linear impacts of emission categories (e.g. road traf-
fic, biomass burning, etc.). This means that each category
may include emissions of different species, like NOx and
VOCs. To illustrate this tagging methodology, we introduce
2 slightly different, but very simple artificial chemical sys-
tems, which, however, represent the main characteristics of
atmospheric ozone chemistry. They consist of two differ-
ent precursors X and Y, representing VOCs and NOy and
a species Z, which represents ozone.

These chemical systems can be solved analytically, and we
further analyse differences between methodologies, which
were used in the past to calculate contributions from emis-
sion categories, which are based either on sensitivity analysis
or tagging methodologies.

The chemical systems are introduced in the next section
(Sect.2). Section3 describes the two different approaches,
which were used in the past to attribute concentrations to
emission categories. In Sect.4 we present the analytical
steady state solutions for the chemical systems and the two
different attribution methodologies. The accurate contribu-
tions are given by the tagging method. The errors arising

from the sensitivity method are discussed in Sect.5. The im-
plications for global model studies and recommendations are
given in Sect.6.

2 Two simplified atmospheric chemical systems

In order to investigate the differences in the various methods,
which aim at quantifying contributions of emissions to con-
centrations of atmospheric constituents, we define two sim-
ple chemical reaction systems. The two reaction systems dif-
fer in the degree of linearity. The reactive components and
their reaction system are aiming at representing main char-
acteristics of tropospheric ozone chemistry. Both reaction
systems consist of 3 species, X, Y, and Z, and X, Y, andZ̃
and differ only in the formulation of one loss reaction for Z
andZ̃, respectively (see below). The three species can be re-
garded as HOx, NOx and ozone or more general VOC, NOy,
and ozone. The species X and Y are precursors of Z and
Z̃, respectively. They have emissionsEX and EY and an
atmospheric loss, which is independent from each other in
our idealised approach. Hence, this reflects losses by dry or
wet deposition, or a certain atmospheric lifetime. For sim-
plicity reasons we choose constant lifetimesτX andτY . An
overview on the used variables can be found in Table1.

The species Z is characterised by atmospheric chemical
production and loss, only. It is produced by a reaction with
X and Y:

X +Y −→ Z+X +Y , (R5)

and destroyed by reaction with either X and Y:

X +Z −→ X (R6)

Y +Z −→ Y . (R7)

The second reaction system is very similar and only the loss
Reaction (R7) is replaced:

X +Y −→ Z̃+X +Y (R8)

X + Z̃ −→ X (R9)

Y +Y + Z̃ −→ Y +Y . (R10)

The reaction rates of Reactions (R5)–(R10) are PXY , DX ,
DY1, andDY2. Hence these simplified atmospheric chemical
systems can be described by

Ẋ = EX −τ−1
X X (1)

Ẏ = EY −τ−1
Y Y (2)

Ż = PXYXY −DXXZ−DY1YZ (3)
˙̃
Z = PXYXY −DXXZ̃−DY2YY Z̃ (4)

Reaction (R5) resembles the ozone production by Reac-
tion (R3), since this reaction is the limiting step in the pro-
duction of ozone by photolysis of NO2 and subsequent reac-
tion of the gained atomic oxygen with molecular oxygen to
produce ozone. The loss reactions of Z andZ̃ are referring
to ozone loss reactions with OH and HO2, and NO, respec-
tively.
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Table 1. Overview on variables.

Symbol/Variable Description

X,Y ,Z,Z̃ Reactants of the chemical system; can be regarded as VOCs, NOy and O3
non-tilded first, more linear chemical system: no tilde
tilded variables second, non-linear chemical system: with tilde for all quantities which differ from the first system

In the following all tilded variables are omitted.

EX,EY total emission ofX andY

τX, τY Lifetime of X andY

EX,i ,EY,i Emission ofX andY of emission categoryi
Xi , Yi , Zi Tagged species with respect to emission categoryi

f Ozone as a function of total emissions
δαf Contribution of emission categoryi to the concentration off
δαZ Contribution of emission categoryi to the concentration ofZ
Xeq,Yeq,Zeq Equilibrium solutions
E Relative error in the calculation of the contribution of emission categoryi to the concentration ofZ

wrt. the tagging method
εα Error in the determination of the tangent (see Fig.1f)
εβ Error in the determination of completeness of the contribution calculations,

i.e. to which content all contributions add up to 100% ofZ

3 Methodologies

The main focus of our investigation is the calculation of con-
tributions from individual sources to the concentration of
a specific trace gas. One could generally ask whether there is
a solution to this problem at all, or whether there is a unique
answer to it. Since it is generally believed that, e.g., air traffic
emissions contribute to the atmospheric ozone burden with
a well defined ozone amount, this motivates a positive an-
swer to both questions. This reduces the question to how this
contribution can be quantified.

In the following, we will concentrate on two ways the con-
tribution has been quantified in the past. First, the tagging
method (Sect.3.2), which represents the true contributions,
since it is simply calculated by following the reaction path-
ways. Secondly, the sensitivity approach (Sect.3.3), with
which contributions are calculated by reducing the target
emission by a given fraction. We are discussing the method-
ologies in the framework of the simplified atmospheric che-
mical systems, described in Sect.2. An overview on the used
variables can be found in Table1.

3.1 Emission sectors

All emissions can be described by a number of sectors (here
=n, e.g. road traffic, biomass burning, etc.), which we denote
with i=1,...,n. Each sector has emissions of primary gases.
In our example we denote them withEX,i andEY,i , with

n∑
i=1

EX,i = EX and (5)

n∑
i=1

EY,i = EY . (6)

3.2 Contributions following reaction pathways
(tagging method)

In this section, we define contributions of individual sectors
to the concentration of individual species by analysing the
reaction pathways. Each species is decomposed inton sub-
species, which define the concentration, by which an individ-
ual sector contributes to the regarded species.

With respect to our chemical systems, we have then the
sub-species Xi , Yi , Zi , andZ̃i . Their concentrationsXi , Yi ,
Zi , andZ̃i are those parts of the concentrationsX, Y , Z, and
Z̃, which are attributed to sectori.

The sub-species are characterised by the following con-
straints: first the attribution is required to be complete

n∑
i=1

Xi = X (7)

n∑
i=1

Yi = Y (8)

n∑
i=1

Zi = Z (9)

n∑
i=1

Z̃i = Z̃ (10)

Second, the sub-species follow the same reaction pathways,
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which is, e.g., for Reactions (R5) and (R6):

Xi +Yj −→
1

2
Zi +

1

2
Zj +Xi +Yj (R11)

Xi +Zj −→ Xi −
1

2
Zi +

1

2
Zj (R12)

Yi +Zj −→ Yi −
1

2
Zi +

1

2
Zj (R13)

and forZ̃ accordingly. For the Z-production reaction (R11)
we consider a moleculeXi , i.e. a moleculeX, which has
been emitted by sourcei and a moleculeYj , i.e. a molecule
Y , which has been emitted by sourcej . The product is one
moleculeZ. Since both emission categoriesi andj are in-
volved equally important, the resulting species are1

2Zi and
1
2Zj . In the case that a moleculeXi reacts withYi , we ob-
tain a moleculeZi . For the Z-loss reactions (R12–R13) this
consideration is in analogy: When moleculesX andZ react,
whereX andZ are assigned to emission categoryi andj , i.e.
Xi andZj , then both categories are equally important for the
destruction of oneZ molecule and the change−1Z arises
from −

1
2Zi −

1
2Zj . Starting from one moleculeZj , this re-

sults in−
1
2Zi +

1
2Zj on the left side of Reaction (R12).

From this we can derive the differential equations for the
sub-species:

Ẋi = EX,i −τ−1
X Xi (11)

Ẏi = EY,i −τ−1
Y Yi (12)

Żi = PZ,i(Xi,Yi)−DZ,i(Xi,Yi,Zi) (13)
˙̃

Zi = PZ,i(Xi,Yi)−D̃Z,i(Xi,Yi,Z̃i) (14)

with PZ,i andDZ,i production and loss terms of Zi with

PZ,i(Xi,Yi)

= PXY

(
XiYi +

∑
j 6=i

1

2
XiYj +

∑
j 6=i

1

2
XjYi

)
(15)

= PXY

(
XiYi +

1

2
Xi(Y −Yi)+

1

2
(X−Xi)Yi

)
(16)

=
1

2
PXY (XiY +XYi) (17)

DZ,i(Xi,Yi,Zi)

= DX

(
XiZi +

1

2
Xi(Z−Zi)+

1

2
(X−Xi)Zi

)
+DY1

(
YiZi +

1

2
Yi(Z−Zi)+

1

2
(Y −Yi)Zi

)
(18)

=
1

2
DX (XiZ+XZi)+

1

2
DY1 (YiZ+YZi) (19)

and

D̃Z,i(Xi,Yi,Z̃i)

=
1

2
DX

(
XiZ̃+XZ̃i

)
+DY2

(
1

3
Y 2Z̃i +

2

3
YiY Z̃

)
(20)

It can easily be shown that

n∑
i=1

PZ,i(Xi,Yi) = PXYXY (21)

n∑
i=1

DZ,i(Xi,Yi,Zi) = DXXZ+DY1YZ. (22)

n∑
i=1

D̃Z,i(Xi,Yi,Z̃i) = DXXZ̃+DY2YY Z̃. (23)

This tagging methodology has two major characteristics:
(1) it is invariant and (2) it is convergent. The first point
means that for any solutions of Eqs. (1)–(3) and (11)–(13)
the constraints (7)–(9) are fullfilled, if this holds for the initial
conditions. This can easily be shown with Eqs. (21) and (22).

The second point means that for any two solutions
(X1

i ,Y
1
i ,Z1

i ) and(X2
i ,Y

2
i ,Z2

i ) of (11)–(13) with two differ-
ent initial conditions, the difference in the solutions exponen-
tially converge to zero (see AppendixA).

Figure 1c, d sketches the principle idea behind the tag-
ging, namley that all emissions have the same ozone forma-
tion potential indicated by the origin line. Or in other words,
molecules, which potentially undergo a certain reaction have
all the same probability to undergo this reaction, independent
from the emission category. This implies that the break down
into categories follows a linear relationship (origin line) for
a non-linear chemistry (blue curve).

Note that for simplicity reasons the simple sketch holds
only for a well mixed zero-dimensional box model chemi-
stry. Emitted species experience very different chemical con-
ditions, which cannot be visualized in a simple sketch.

For applications in real chemistry schemes, the tagging
method is in principle not different from the described one.
To each species,n (number of regarded emission categories)
tagged species are associated. For each of this tagged
species, production and loss terms have to be deduced. This
decomposition of the production and loss terms into the con-
tributions from individual emission categories is essential to
the tagging methodology. This is a combinatorical problem,
which can be solved in analogy to the above mentioned cases
for 2 and 3-body reactions. A general approach is given in
AppendixB. However, since the tagging of a whole chemical
system is likely to be too computational demanding a map-
ping of the complex chemical system, including the produc-
tion and loss terms, onto a simpler family concept might be
helpful. Then only the families need to be tagged (Grewe,
2004).

3.3 Contributions by pairs of simulations
(sensitivity method)

Most studies, which concentrate on the impact of a cer-
tain emission on the composition, derive the contribution
of the emission category to the concentration of a species
(e.g. ozone) by comparing two simulations, one simulation
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with all emissions and one simulation with a perturbation of
the respective emission category (sensitivity method). An
overview is given in a sketch (Fig.1), which shows the ozone
response to a certain NOx emission. (Since there is basically
a monotonic relationship between the NOx emission and con-
centration, this can also be regarded as concentrations.) Two
simulation results are shown with stars, representing a base
case (blue) and a perturbation simulation (red).

Mathematically, this approach is based on a Taylor ap-
proximation of the regarded quantityf as a function of the
emissions around a base case, i.e. the case where all emis-
sions (e0) are employed:

f
(
e0+αec)

≈ f (e0)+αecf ′(e0) (24)

= f̃
(
e0+αec), (25)

whereec denotes a certain emission category andα ∈ [−1,1]

the strength of the perturbation. The caseα = −1 represents
the situation, where all emissions from the respective cate-
gory are excluded.f ′(e0) (black dashed line in Fig.1a), the
derivative, is the efficiency of the production of the regarded
species per emission. Considering the contribution of a spe-
cific emission to the concentration off with this approach
implies that all categories experience the same production
efficiency, since the derivativef ′ is evaluated ate0.

The contributionδf of a certain emission categoryec is
then

δf = f̃
(
e0+ec)

− f̃ (e0) (26)

= ecf ′(e0). (27)

The main focus is now to determine the derivativef ′. This
can be done by a pair of simulations, one with all emissions
and one with a perturbation of an emission category, with
1αf (green line in Fig.1a) the difference inf between both
simulations:

f ′(e0) ≈
f (e0)−f (e0+αec)

e0−(e0+αec)
(28)

=
(
f (e0)−f

(
e0+αec)) −1

αec (29)

= −
1αf

αec (30)

where1αf is the difference in two simulations. The smaller
α the less different is the chemical background in the two
simulations, but the more difficult it will be to obtain a sta-
tistical robust perturbation off . Within QUANTIFY a value
α=−0.05 has been selected (Hoor et al., 2009). Other mod-
elling studies used also other values, e.g. +30% (Isaksen,
2003), +5% (Grewe, 2004), −20% and−100% (Wu et al.,
2009; Fiore et al., 2009).

Furthermore, a smallα, which guarantees that the chemi-
cal background is comparable in the simulations, also guar-
antees that the estimated contributions from different sectoral
emissions are consistently calculated and thereby compara-
ble. In Sect.6 we will introduce an indicator, which tests

the consistency and comparability in the contribution calcu-
lations based on the sensitivity methods for global chemistry
models. We call this indicator: errorεα (see also Fig.1f).

We obtain for the estimated contributionδαf :

δαf = −
1αf

α
. (31)

Note that the calculation of the contribution is mathemati-
cally a scaling of the difference of two model simulations
in which an emission source is scaled by the value−α−1.
However, conceptually,α is only used to calculate most ac-
curately the derivative, which is then multiplied by the total
emission of the respective source (Eq.27).

In Fig. 1f two emission categories for NOx are considered
(NOx-1: light blue and NOx-2: red) and the results forδαO3
are indicated as vertical lines with the respective colour. Sim-
ply from the sketch it is already obvious that the sum of the
contributions (O3-1+O3-2) does not equal the actual ozone
contribution and an error (orange) remains, which is due to
the non linear response of O3 to NOx emissions. As a con-
sequence of this non-linearity, the tangent to the ozone curve
in e0 is affine linear, i.e. it has, in general, ay-intercept. This
y-intercept is the part of the ozone concentration, which can-
not be explained by the sensitivity method. Therefore this
method exhibits a principle error.

In global chemistry simulations this error applies only to
the ozone fraction, which is produced by tropospheric che-
mistry. In Sect.6 we demonstrate how to estimate this error,
which we callεβ in global chemistry simulations (see also
Fig. 1f).

To summarize, the sensitivity method is in principle in-
appropriate for source attribution, but well suited to address
impacts of e.g. future emission policies.

4 Steady-state solutions

In order to investigate the impact of a specific emission on the
concentration of a species, chemistry-climate or chemistry
transport models are run in a quasi-equilibrium state. Here,
we are considering the same approach and concentrate on the
steady-state solutions (Xeq, Y eq, Zeq, Z̃eq) of Eqs. (1) to (4)
and the respective solutionsXeq

i , Y
eq
i , Z

eq
i , Z̃

eq
i , for (11) to

(14), hence the left side equals zero:

Xeq
= EX τX (32)

Y eq
= EY τY (33)

Zeq
=

PXYXeqY eq

DXXeq+DY1Y
eq (34)

=
PXYEXτXEYτY

DXEXτX +DY1EYτY
(35)

Z̃eq
=

PXYXeqY eq

DXXeq+DY2Y
eqY eq (36)
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Table 2. Information on chosen reaction rates for the two chemical
reaction systems.

Reaction Rate Constant

[cm3 molec−1 s−1] [ppbv−1 s−1]

X + Y −→ Z 3.5× 10−14 =8.9× 10−4

X + Z −→ X 1.0× 10−14 =2.5× 10−4

Y + Z −→ Y 1.0× 10−14 =2.5× 10−4

X + Y −→ Z̃ 3.5× 10−14 =8.9× 10−4

X + Z̃ −→ X 1.0× 10−14 =2.5× 10−4

Y + Y + Z̃ −→ Y + Y 3.4× 10−27 ∗ =2.5× 10−2 ∗

∗ the units differ for this reaction, since it is a three-body reaction:
cm6 molec−2 s−1 and ppbv−2 s−1, respectively.
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Fig. 2. Equilibrium concentrations for species Z (top) andZ̃ (bot-
tom) [ppbv] as a function of the concentrations of X and Y.

We consider reaction rates for (R5)–(R7) (Table2). The
equilibrium concentrations (Zeq and Z̃eq) are shown in
Fig. 2. They show typical ozone characteristics: for a cer-
tain relation between the precursors X and Y, the equilib-
rium concentration of Z is maximum. The concentration in-
creases only slightly, when only one of either concentration
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Fig. 3. Equilibrium concentrations for Z (red line) andZ̃ (blue line)
[ppbv] as a function of the concentration of Y for a constant con-
centration of X = 20 ppbv (solid) and a constant ratio between the
concentration of species X and Y of 1:10.

X andY is further increased. This represents a X (VOC) and
Y (NOx) limited region (Seinfeld and Pandis, 2006). The
equilibrium concentrations of̃Z shows an additional feature:
for increasing concentrations of Y (NOx) the destruction of
Z̃ is increasing more strongly, leading to a decrease, which
can be observed for ozone in NOx rich environments (ozone
titration). Figure3 shows the concentration of Z (red line)
and Z̃ (blue line) as a function of the concentrationY for
two cases: a constantX concentration (X=20 ppbv, solid
lines) and constant ratio between theX andY concentration
(X=Y/10, dotted lines). Clearly, for a constant concentra-
tion of X, the concentration of Z steadily increases, however
with a very small rate for high Y concentrations (X lim-
ited region), whereas̃Z shows a decrease for Y concen-
tration larger than approximately 40 ppbv (titration effect).
Both chemical systems also show a very different behaviour,
when the ratio between the precursors X and Y is constant
(dotted line). In this case, the concentration of Z increases
linearly, whereas the concentration ofZ̃ shows a saturation
effect (X limited region). Since the equation forZ (3) de-
scribes a cone, a constant ratio refers to an edge of the cone.
And hence the systems have two different degrees of linear-
ity. Mathematically, this can be described by:

∇Zeq
(

Xeq

Y eq

)
= Zeq (37)

∇Z̃eq
(

Xeq

Y eq

)
= Z̃eq DXXeq

DXXeq+DY2Y
eqY eq < Z̃eq (38)

Therefore the second chemical system (Eq.38) does not
show any linearity in contrast to the first chemical system
(Eq. 37). The smallest deviations from linearity occur for
largeXeq and smallY eq.

Figure 4 describes for a constant background situation
(X=20 ppbv andZ=40 ppbv) the net Z and̃Z produc-
tion rates. In the first chemical system the net-production
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term increases linearly with increasing concentration of Y,
whereas the net production ofZ̃ decreases for large concen-
trations of Y leading to an effective depletion ofZ̃. The shape
of the net-production is similar to the ozone response to in-
creasing concentrations of NOx (Ehhalt and Rohrer, 1994).

To summarise, both atmospheric reaction systems repre-
sent the main characteristics of observed tropospheric ozone
chemistry. They cannot replace a detailed chemical calcula-
tion nor can they be used to interpret observational data. But
they are simple enough to be solved analytically and hence
can be used as test cases for diagnostic methods.

For the tagged species steady-state solutions can easily be
derived:

X
eq
i = EX,i τX (39)

Y
eq
i = EY,i τY (40)

Z
eq
i =

ai

c
−

bi

c
Zeq with (41)

ai = PXY τX τY
(
EX,iEY +EXEY,i

)
(42)

= PXY
(
X

eq
i Y eq

+XeqY
eq
i

)
(43)

bi = DXEX,i τX +DY1EY,i τY (44)

= DXX
eq
i +DY1Yeq

i (45)

c = DXEX τX +DY1EY τY (46)

= DXXeq
+DY1Y

eq (47)

Z̃
eq
i =

ai

c̃
−

b̃i

c̃
Z̃eq with (48)

b̃i = DXX
eq
i +

4

3
DY2Yeq

i Y eq (49)

c̃ = DXXeq
+

2

3
DY2Y

eqY eq (50)

Steady-state solutions forδαi X, δαi Y , δαi Z (Eqs.32–34) can
easily be derived by inserting the solutions forXeq andY eq

for the 2 regarded emission scenarios in Eq. (31):

δαi X = EX,i τX = X
eq
i (51)

δαi Y = EY,i τY = Y
eq
i (52)

δαi Z =
ai

c+αbi

+
αPXY τXτYEX,iEY,i

c+αbi

(53)

−
biPXY τXτYEXEY

c(c+αb)
(54)

=
ai +αdi

c+αbi

−
bi

c+αbi

Zeq, with (55)

di = PXY τXτYEX,iEY,i and (56)

δαi Z̃ =
ai +αdi

c̃+ h̃
−

b̃i − g̃i

c̃+ h̃+α(b̃i − g̃i)
Z̃eq, with (57)

g̃i =
2

3
DY2Y

eq
i Y eq

−αDY2Y
eq
i Y

eq
i (58)

h̃ =
1

3
DY2Y

eqY eq. (59)
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Therefore the results from both methods (Sects.3.2
and3.3) agree for the species X and Y, whereas they normally
differ for species Z and̃Z. However, the solutions converge
for smallα:

δαi Z
α→0
−→ Z

eq
i , (60)

whereas they do not converge in general for the second che-
mical system:

δαi Z̃
α→0
−→

ai

c̃+ h̃
−

b̃i −
2
3DY2Y

eq
i Y eq

c̃+ h̃
Z̃eq (61)

6= Z̃
eq
i . (62)

This also implies that

n∑
i=1

X
eq
i =

n∑
i=1

δαi X = Xeq (63)

n∑
i=1

Y
eq
i =

n∑
i=1

δαi Y = Y eq (64)

n∑
i=1

Z
eq
i = Zeq,but (65)

n∑
i=1

δαi Z 6= Zeq in general, and (66)

n∑
i=1

δαi Z̃ 6= Z̃eq in general. (67)

The last two equations clearly show that the method of de-
termining contributions of emissions to trace gases by pairs
of simulations is not able to consistently decompose a con-
centration into contributions from individual sources, even
for the simpler chemistry considered here.
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Fig. 5. Probability density function for the errors of the contribu-
tion calculation based in the sensitivity method: errorE (red) and
Ẽ (blue) [%], i.e. for the first and second chemical system. A range
of values forX, Y , Xi , Yi , andα is taken into account with a Monte-
Carlo Simulation. See text for details.

5 Error analysis

In the previous sections, we have revealed that the methodo-
logy of calculating the contributions from individual sources
to concentration changes by pairs of simulations leads to
a potentially large error. In this section we actually calculate
this error for the two chemical systems, which we presented
in Sect.2. Figure5 shows the probability density function
(PDF) for the relative errorsE (red) andẼ (blue), i.e.

E =
δαi Z−Zi

Zi

·100% (68)

Ẽ =
δαi Z̃− Z̃i

Z̃i

·100%. (69)

The PDF is derived with a Monte Carlo simulation covering
the parameter ranges between 10 and 200 ppbv forX andY ,
fractions for Xi and Yi between 5% and 95% and values of
α ranging between−100 and 100%. Clearly, the error for
the first chemical system is close to zero for most cases (note
the logarithmic scale) and less than a factor of two for all
except a very few cases. In contrast, the second chemical
system, which is characterised by a stronger non-linearity,
reveals a much broader PDF, i.e. there is a large probability
for large errors, e.g. the probability that the error|Ẽ| is larger
than 50% is 35.6% for the second chemical system compared
to 0.4% for the first system.

The errors are dependent on the choice ofα, as discussed
in Sect.4 and Eq. (60) and converge to zero for decreasing
α, at least for the first chemical system. This convergence is
shown in Fig.6a, where the error probability decreases al-
most to zero for values of|α| decreasing from 100 to 5%.
Generally the relative error is larger for negative perturba-
tions, i.e. negativeα, than for positive perturbations.
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Fig. 6. Probability density function for the error [%] for specific
values ofα for the first chemical system (top) and the second che-
mical system (bottom).

In contrast, only a small reduction of the errors can be
found for the second chemical system (Fig.6b). However,
this result largely depends on two conditions: first, the de-
gree of non-linearity of the chemical system and second on
the degree of the deviation of expression (38) from equality.
For small concentrations of X and Y both chemical systems
show a quite linear behaviour (Fig.3). If additionally the
concentrationY is much smaller than the concentration of X
then both conditions have a much smaller impact (Fig.7) and
the errorsE andẼ show a more similar behaviour.

Although the shapes of the functionsZ andZ̃ are compa-
rable for small concentrations of X and Y and the probability
of a small error is large, the mean value of the errors (not
shown) and the standard deviation (Fig.8) are large for the
second chemical system (bottom). The mean value of the er-
ror represents a bias, which might be corrected. However, if
the standard deviation is large then the method of calculating
the contributions from emission categories to the concentra-
tion of Z largely depends on the fractionXi andYi as well as
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the choice ofα. The gradient ofZ is estimated by a differ-
ence method, which depends onα (see discussion Sect.3.3),
but also on (Xi , Yi), which is used to calculate the perturba-
tion. Therefore, although the two systems show similarities
in certain regions, which leads to an agreement in the most
probable error (Fig.7), the total error characteristic is very
different. It turns out that both, the mean error (not shown)
and the standard deviation (Fig.8) are minimal in regions
where both concentrationsX andY are comparable, and no
large curvature occurs.

6 Implications and recommendations for attribution
studies

Our analysis is based on (a) simplified chemical systems and
(b) a zero dimensional box model. Here, we give some indi-
cations how our results can be used for global chemistry sim-
ulations. The contributions from a source to, e.g., the ozone
concentration by pairs of simulations (see Sect.3) have un-
certainties, which we address here. For simplicity reasons,
we concentrate on ozone. In general, this can be applied to
any species. And further, we take as examples the studies by
Hoor et al.(2009) andGrewe(2004).

In Sect.3.3, we discussed two types of errors (which we
denoteεα andεβ ) in the determination of the attribution of
species to emission categories (=δαi ) with the methodology
employing pairs of simulations. First the accuracy of the
determination of the contributionδαi depends onα, via the
estimation of the gradient of the respective species (here Z).
Note, that we found a convergence of the attribution metho-
dology by pairs of simulations to the real solution defined by
the tagging methodology for the first and more linear chemi-
cal system. We now focus on global chemistry simulations.
Obviously, the smallerα the more accurate is the calcula-
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Fig. 8. Standard deviation of the errorE (top) andẼ (bottom) [%].
Overlaid are the contour lines of the values ofZ andZ̃, respectively.

tion of the gradient of ozone. On the other hand the statis-
tical significance of the results decreases greatly ifα is too
small. And hence the best choice ofα is a tradeoff between
accuracy in the determination of the gradient and detection
of a significant result. In practice, a good indicator whether
α has been chosen appropriately is to test, if the sum of indi-
vidual contributionsδαi (i=1,...,k) equals the contribution of
the sum of the emissions (eK=e1+...+ek) from categories 1
to k (=δαK ), which is a necessary, but not sufficient condition.
An error estimateεα can be given by:

εα =

k∑
i=1

δαi Z−δαKZ

δαKZ
. (70)
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This type of error was investigated inHoor et al.(2009)
by the intercomparison of the results from their experiments
“ROAD”, “SHIP”, and “AIR” with results of their experi-
ment “ALL”. Based on their Table 5, we calculate global er-
rors εα for two atmospheric regions: the lower atmosphere
(1000–800 hPa) and the upper troposphere (300–200 hPa)
of 0% and 0.6%, respectively. Therefore, their choice of
α = 5% was well chosen to derive a good estimate of the
gradient of ozone by pairs of simulations.

In Fig.1f this error indicates whether the estimated deriva-
tive (green line) is equal for all calculated cases, which im-
plies that the change in the background ozone chemistry be-
tween the base case and the perturbation simulation is irrele-
vant.

The second errorεβ is based on the completeness of the
decomposition of the species Z into the contributions by the
individual categories, i.e. a measure on how large the expres-
sions (66) and (67) deviate from equality:

εβ =
δαNZ−

(
Z−Zstrat

)(
Z−Zstrat

) , (71)

whereδαNZ is, similar toδαKZ, the contribution of all emis-
sions to the concentration of Z derived with the method of
“pairs of simulations” for all (= N ) emissions andZstrat is
the contribution of other sources than those considered. For
ozone this is the contribution from the stratosphere, which is
not included in the simplified chemical systems. However,
this has to be included when discussing the consequences for
global tropospheric chemistry simulations. In Fig.1f the er-
ror εβ is indicated by the orange vertical line. The errorεβ

is independent from the contribution of stratospheric ozone.
The errorεβ is associated with the contribution calculation of
the part of the ozone concentration, which is produced by tro-
pospheric chemistry, i.e. by emissions of NOx, etc. This tro-
pospheric ozone is equal toZ−Zstrat. In general, it does not
equal the sum of all contributions for the individual sources,
because the tangent has a significant y-intercept (Fig.1f). In
the case ofεα equals 0, the errorεβ describes the theoreti-
cal error of the sensitivity method based on the exact tangent
(dashed line). The errorεβ is independent from the errorεα,
which represents the fraction of the ozone concentration be-
tween the two y-intercepts of the tangent (black line) and the
estimated tangent (green line).

Grewe(2004) investigated this error (Eq. 6 and following
text in that paper) and found maximum errors in the tropo-
sphere of 40% and−5% in the tropopause region. That im-
plies a rescaling of the results derived forδαi by 1

1−εβ
to obtain

a complete decomposition of the species Z into their contri-
butions. Or in other words the methodology to calculate the
contributions with pairs of simulations underestimates the
contributions of tropospheric emissions on ozone in the or-
der of 5 to 25%, assuming that the respective meanεβ is in
the order of 5 to 20%.

It has to be clearly mentioned that the errorsεα and εβ

are only estimates based on global averages. Both locally
and temporally (e.g. for different seasons) this can vary:Wu
et al. (2009) investigated the impact of 20% versus 100%
local emission reductions for various source and receptor
regions and found no differences in summer but large de-
crepancies in other seasons and also large differences for
different source regions. Additionally, individual contribu-
tions can have larger errors, which may compensate when
adding. Although the errors may vary with time and loca-
tion, the method underestimates the contributions, as long
as the atmospheric chemistry acts like the second chemi-
cal system, i.e. Fig.2 (bottom). This can be deduced from
Eq. (38), where the left side represents the contribution from
all sources and the right side the actual concentration.

To summarize, it has to be noted that the sensitivity
method is in principle inappropriate for source attribution,
but well suited to address impacts of e.g. future emission
policies. Therefore, we recommend to use a tagging metho-
dology for deriving contributions from emissions to species.
However, a full implementation of a tagging method as in-
troduced in this paper was, to our knowledge, not imple-
mented in any global chemistry model. Further, a full tag-
ging method is to computational demanding, since it ampli-
fies the whole chemistry scheme, if not mapped onto a more
simplified system. Altough we showed the clear disadvan-
tages of the methodology of using pairs of simulations for
the calculation of contributions of emissions to the concen-
tration of a species, the arguments above justify its further
use. However, we recommend to calculate the errorsεα and
εβ and to take a correction of the results by the factor1

1−εβ

into account.
Note again that the investigation of future policy impact is

totally unaffected by this consideration (see Sect. 1).

7 Conclusions

Two methodologies have been compared, which calculate
the contribution of an emission category, e.g. road traffic,
industry, biomass burning, etc. on the atmospheric concen-
tration of gases, which depend on the concentration of the
emitted species via chemical reactions. The first method is
an accounting system, following the relevant reaction path-
ways, called tagging method. The second is the calculation
of the contributions via two simulations, where one includes
a change ofα in the regarded emission category. Concep-
tually, the contribution is calculated by multiplying the total
emission of the respective category with the sensitivity of the
system, which is the derivative with respect to the emissions.
To calculate the derivative most accuratley a small value of
α is recommendable.

Both methods were previously used in global modelling
studies, though the tagging method was only applied in
a more simplified manner, e.g. not considering the combined
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effect of different emitted species of one category on the re-
garded species, e.g. the combined effect of road traffic NOx
and non-methane hydrocarbon emissions on ozone.

Note, that the sensitivity method, based on its concept, is
inappropriate for source attribution, but well suited to address
impacts of e.g. future emission policies. However, since nei-
ther a full tagging of the modelled chemistry schemes, nor
a tagging system with interrelationships between NOx and
VOC emissions has been implemented in models, we see the
need for a further use of the sensitivity method, though inap-
proriate for source attribution. In order to assess some princi-
ple short-comings, we have introduced two error calculations
(see below), which we recommend.

Two very simplified chemical schemes, which represent
the main characteristics of atmospheric ozone chemistry,
e.g. NOx-limited and VOC limited regions, ozone titration
effects, were developed to test the methodologies. They are
based on 3 species, two emitted pre-cursors and one chem-
ically controlled species, which can be regarded as NOx,
VOCs and ozone.

Since the two chemical schemes are simple enough, we
were able to provide analytical solutions for the steady-state
concentrations and the contributions based on either method.
And hence the calculated contributions via the method based
on pairs of simulations can be tested against the exact contri-
butions calculated via the tagging methodology.

These theoretical examples show large errors in the calcu-
lated contributions for the method, which is based on pairs of
simulations, which can easily be a factor of 2. The error is re-
duced in many cases when the emission change (α) is small,
e.g. 5%. However, a strict convergence is only found for the
first chemical system, which is characterised by a more linear
system, compared to the second chemical system.

For global scale chemical simulations, these results are
likely to be valid for specific local conditions, e.g. in the
boundary layer of urban areas. However, on the global or
hemispheric scale a more linear behaviour of the chemistry
is often found, e.g. for air traffic emissions (Grewe et al.,
1999) or lightning emissions (Wild, 2007).

We have provided two error characteristics, which can be
calculated quite easily in global simulations and which pro-
vide an estimate on how accurate the calculation of the at-
tribution of ozone contributions to individual emission cate-
gories are. The first errorεα gives an indication whether the
valueα has been chosen appropriately, which implies that the
contribution from different emissions categories can be inter-
compared, though the absolute value might have a bias. The
second errorεβ describes this bias. Earlier studies showed
that values between−40% to 5% are likely.

Appendix A

Convergence of the tagging method

For two given solutions(X1
i ,Y

1
i ,Z1

i ) and (X2
i ,Y

2
i ,Z2

i ) of
(11)–(13) with two different initial conditions the solutions
exponentially converge to zero: We consider the difference
1X = X1

i − X2
i , which fullfills the following differential

equation:

d

dt
1X =

(
EX,i −τ−1

X X1
i

)
−

(
EX,i −τ−1

X X2
i

)
(A1)

= −τ−1
X 1X, (A2)

and hence converges to zero for any initial difference1X.
(Similar with the differenceY 2

i − Y 1
i ). Therefore we can

write X2
i =X1

i +εX andY 2
i =Y 1

i +εY with εX,εY converging
to zero. The difference1Z=Z2

i −Z1
i fullfills the equation

d

dt
1Z = −PXY (εXY +εYX)

−(DXεX +DYεY)Z

−(DXX+DYY )1Z (A3)

= Q−(DXX+DYY )1Z, (A4)

whereQ converges to zero and therefore also1Z.

Appendix B

General tagging formula

In atmospheric chemical reaction systems, most reactions are
three body reactions at most. Here we consider more gener-
ally an arbitrary reaction withm species andn emission cat-
egories. (Note that we have used (m=) 2 and (m=) 3 body
reactions in our analysis.) We denote the species Xk and the
tagged species Xkj for k∈{1,...,n}=N andj ∈ {1,...,m}=M

and hence the reactions

X1
+X2

+ ...+Xm
−→ Products (R14)

X1
j1

+X2
j2

+ ...+Xm
jm

−→ Prod.j1 + ...+Prod.jm , (R15)

with j1,...,jm∈M. Note that in our chemical reaction sys-
tems (Sect.2) X, Y, Z would equal X1, X2, X3 in this nota-
tion; and the tagged species Xj , Yj , and Zj equal X1

j , X2
j ,

X3
j .

Both the loss of a species Xk
j and the Productsj have con-

tributions from all involved tagged species. Sincem species
are involved each contributes with the fraction1

m
. The reac-

tion rate of Reaction (R14) is the rate coefficient times the
product

∏
Xk, which equals

m∏
k=1

n∑
j=1

Xk
j =

n∑
j=1

Qj , (B1)

whereQj is the contribution from emission categoryj to this
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reaction. To obtain the reaction rate for either a loss ofXk
j

or the Productsj this product has to be resorted as indicated,
which gives

Qj =

m−1∑
s=0

m−s

m

∑
G∈Gn

s

∑
g∈G

∑
L∈Lm

s

∏
l∈L

Xl
g

∏
k∈M\L

Xk
j , (B2)

Gn
s = {G= {g1,...,gs}|g1 ≤ ... ≤ gs ∈ N\{j}} and (B3)

Lm
s = {L= {l1,...,ls}|l1 < ...< ls ∈ M}. (B4)

The indexs indicates how many elements in the product
X1

j1
X2

j2
...Xm

jm
are not from categoryj or in other words

s=|{ji |i∈M,ji 6=j}|. And hencem−s species in the product
are from categoryj , which givesm−s times the individual
contribution 1/m, which is the factor in (B2).
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