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DiscussionsConvective cells of internal gravity waves in the earth’s atmosphere
with finite temperature gradient
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Abstract. In this paper, we have investigated vortex struc-
tures (e.g. convective cells) of internal gravity waves (IGWs)
in the earth’s atmosphere with a finite vertical temperature
gradient. A closed system of nonlinear equations for these
waves and the condition for existence of solitary convective
cells are obtained. In the atmosphere layers where the tem-
perature decreases with height, the presence of IGW convec-
tive cells is shown. The typical parameters of such structures
in the earth’s atmosphere are discussed.

Keywords. Meteorology and atmospheric dynamics (Mid-
dle atmosphere dynamics)

1 Introduction

The study of the lithosphere and neutral atmo-
sphere/ionosphere coupling is the fundamental problem
of geophysics. According to modern concepts the mecha-
nism of lithosphere–ionosphere interaction is closely related
to the internal gravity waves (IGWs). In the atmosphere
of the earth, the internal gravity waves are generated by
various terrestrial processes. For example, thunderstorms,
volcanic eruptions, tsunami, typhoons, zonal winds, and
earthquakes can be a strong sources of such waves (see e.g.
Kazimirovsky et al., 2003; Occhipinti and Lognonńe, 2008;
Varney et al., 2009; Grimalsky et al., 2010; Rozhnoi et al.,
2012, for details). It was shown (see e.g.Hocking, 1996;
Fritts and Alexander, 2003; Liu and Gardner, 2004; Lu et al.,
2009) that, in an atmosphere in which the density decreases
with height, the internal gravity waves propagate to high
altitudes with increasing of their amplitude and, therefore,
can perturb the ionosphere. Satellite and ground-based

electromagnetic sounding of the neutral atmosphere and
lower ionosphere has shown a strong connection between
terrestrial catastrophes and perturbations of these layers.
Therefore, the problem of forecasting and monitoring of
terrestrial events by electromagnetic sensing is closely
linked with the problem of IGW propagation.

Generation of nonlinear structures may limit the growth
of IGW perturbations. The parametric generation of zonal
structures by small-scale weakly turbulence of IGW in the
atmosphere has been investigated previously byHorton et al.
(2008) andOnishchenko and Pokhotelov(2012). Generated
zonal wind is a self-regulating system of shear flows, sig-
nificantly weakening the transport processes in the vertical
direction. This mechanism provides an effective channel of
energy transfer from the small-scale turbulence region to the
region of IGW global convective motions and plays an im-
portant role in the regularization of atmospheric turbulence.
Such a process is the paradigm of the inverse cascade in tur-
bulent two-dimensional theory of anisotropic turbulence as a
result of the formation of a regular large-scale structure from
the small-scale chaos.

Nonlinear IGWs can also exist in the form of the vor-
tex structures (seeStenflo, 1987, 1990, 1991; Stenflo and
Shukla, 2009, for example). In these works, authors have
shown that horizontal velocity of vortices should be of the
order or greater than the speed of sound.

The finite vertical gradient of temperature determines dy-
namics of the vertical transport and convective stability of the
atmosphere. The stratified atmosphere is stable, if the square
of height-averaged Brunt–V̈ais̈alä frequencyωg, i.e.

ω2
g = g

(
γ − 1

γH
+

1

T

dT

dz

)
(1)
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Fig. 1. The normalized minimum speed of vortices(vmin/cS) as a
function of the dimensionless parameterH/LT .

is greater than zero. Here,g is the gravitational acceleration,
d/dz is the derivative in height,γ is the ratio of specific
heats,H is the local scale of height of the atmosphere andT

is an unperturbed temperature. Usually in the earth’s atmo-
sphereω2

g is positive. But, due to time dependence of tem-
perature gradient it may be negative in some layers. In the
regions where the temperature decreases with height and the
square of height-averaged Brunt–Väis̈alä frequency is nega-
tive, the powerful vertical convective transport occurs. The
conditionω2

g < 0 corresponds to the absolute instability of
IGWs; i.e. frequencies of waves are imaginary.

Nonlinear IGWs in the atmosphere with a finite tempera-
ture gradient were investigated previously byJovanovíc et al.
(2001, 2002). Authors have shown that many different types
of vortex structures can exist in the atmosphere layers where
the condition(d2ρ0/dz

2)1/2 � dρ0/dz is satisfied. Here,ρ0
is the unperturbed density.

In this paper we present a new theoretical study of the
nonlinear vortex structures (i.e. convective cells) of IGWs in
the earth’s atmosphere layers where density and temperature
vary in height according to the exponential law. The verti-
cal temperature gradient is taken into account, and the vortex
structures have been studied not only in the stably stratified
atmosphere, but also in the case of unstable stratified atmo-
sphere. The paper is structured as follows. In Sect. 2 we de-
rive the close system of the nonlinear equations for IGWs.
Section 3 is devoted to the stationary vortex solutions and
criteria for existence of such structures. Our discussion and
conclusions are found in Sect. 4.

2 The reduced equations for the finite amplitude IGWs

In the current study we neglect the influence of dissipative
processes, e.g. viscosity, thermal conductivity, heat flow from
outside, friction, etc. We begin with the hydrodynamic equa-
tions in the local Cartesian coordinate system(x,y,z), where
the axisz coincides with the vertical. To investigate the non-

linear dynamics of low-frequency IGWs, we use conserva-
tion equation of momentum

ρ
du

dt
+ ∇p− ρg = 0 (2)

and equation for transport of potential temperature,

dθ

dt
= 0. (3)

Hereθ = p1/γ /ρ is the potential temperature;ρ andp are
the density and pressure, respectively;d/dt = ∂/∂t + u · ∇

is the Euler (convective) time derivative;u is the velocity
of matter;g = −gẑ is the gravity acceleration and̂z is the
unit vector of the local Cartesian coordinate system(x,y,z)
which is directed along the vertical. To describe the two-
dimensional motion in the gravitational waves, assume that
u = (u,0,w), whereu= −∂ψ/∂z andw = ∂ψ/∂x. Here,
ψ (t,x,z) is the stream function.

Assuming a weak perturbation, the densityρ and pres-
sure p can be written as follows:ρ = ρ0 (z)+ ρ̃ (t,x,z),
p = p0 (z)+ p̃ (t,x,z), whereρ0 andp0 are the unperturbed
density and pressure, with̃ρ andp̃ the corresponding distur-
bances,|ρ̃| � ρ0 and|p̃| � p0. As a result, from Eqs. (2) and
(3) one obtains a system of two nonlinearly coupled equa-
tions:

∂

∂t

(
∇

2ψ +
dln(ρ0)

dz

dψ

dz

)
+ J

(
ψ,∇2ψ

)
= −

∂χ

∂x
+

1

ρ2
0

J (ρ̃, p̃) (4)

and

∂χ

∂t
−ω2

g

∂ψ

∂x
+ {ψ,ρ̃} = 0. (5)

Here J (a,b)= (∂a/∂x)∂b/∂z− (∂a/∂z)∂b/∂x is the Ja-
cobian,∇2

= ∂2/∂x2
+ ∂2/∂z2, andχ = gρ̃/ρ0 is the nor-

malized density perturbation. In an unperturbed atmo-
sphere the pressure decreases exponentially with height;
i.e. p0 (z− z0)= p0 (z0)exp [−(z− z0)/H ], where H =

c2
S/γg is the scale height, andcS = (γp0/ρ0)

1/2 is the
speed of sound. Next, let us define the unperturbed
temperature as a function of height asT (z− z0)=

T (z0)exp [−(z− z0)/LT ], whereLT is the characteristic
scale of the vertical temperature gradient. Note that, in the
layers of the atmosphere where the temperature decreases
with height,LT > 0; in an inversion layer,LT < 0. Accord-
ing to the ideal gas law, i.e.p/ρT = constant, we obtain the
expression for the unperturbed density,

ρ0 (z− z0)= ρ0 (z0)exp
[
−(z− z0)/Lρ

]
,

and the relation between the characteristic scale of the verti-
cal density gradient(Lρ), the scale height(H) and the char-
acteristic scale of the vertical temperature gradient(LT ):

1/Lρ = 1/H − 1/LT .
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Fig. 2. The normalized horizontal speed of vortex(v/cS) as a function of the dimensionless parameterH/L andH/LT . The vortex speeds
have been plotted by assuming the applicable parameters for the stable and unstable stratified atmospheres (see the left and right panels,
respectively).

Next, by using the substitution ψ = ψ̂ (t,x,z)

exp
[
(z− z0)/2Lρ

]
, andχ = χ̂ (t,x,z) exp

[
(z− z0)/2Lρ

]
,

Eqs. (4) and (5) can be represented in the form

∂

∂t

(
∇

2ψ̂ −
ψ̂

4L2
ρ

)
+ J

(
ψ̂,∇2ψ̂

)
= −

∂χ̂

∂x
, (6)

and

∂χ̂

∂t
−ω2

g

∂ψ̂

∂x
+ J

(
ψ̂, ρ̂

)
= 0. (7)

This closed system of Eqs. (6) and (7) can be used for
numerical simulations of the nonlinear dynamics of IGWs
in the earth’s atmosphere with a finite vertical temperature
gradient. In the limit of an isothermal atmosphere, i.e. if
LT �H , the system of Eqs. (6) and (7) coincides with
the system of equations studied previously byHorton et al.
(2008); Onishchenko and Pokhotelov(2012); Kaladze and
Tsamalashvili(1997). From Eqs. (4) and (5) follows the law
of conservation of wave energy∂E/∂t = 0, where

E =
1

2

∫
ρ0

[
(∇ψ)2 +

ψ2

4L2
ρ

+
χ2

ω2
g

]
dxdz. (8)

Equation (8) shows that, in the case of an unstable stratified
atmosphere, the energy can be negative.

3 Convective cells

To find a stationary vortex solution in a coordinate system
that is moving with the velocityv along the x-axis, let us
introduce the new variableη = x−vt . Under this coordinate
transformation the system of the two Eqs. (6) and (7) can be
reduced to a single equation:

J1

(
∇

2ψ̂ −3ψ̂,ψ̂ − vz
)

= 0, (9)

whereJ1 (a,b)= (∂a/∂η)∂b/∂z− (∂a/∂z)∂b/∂η and

3=
1

4L2
ρ

−
ω2
g

v2
. (10)

A similar equation has been studied analytically and nu-
merically; see e.g.Onishchenko et al.(2008) and references
therein. It has been shown that the solution of Eq. (9) can be
found in the form of dipole vortices. In the outer region of
the vortex condition,

∇
2ψ̂ −3ψ̂ = 0 (11)

is satisfied. Solitary vortices in the atmosphere with a finite
vertical temperature gradient exist if3> 0. From Eq. (10)
one can obtain the relation that connects the characteristic
scale of the vortex (convective cell)L=3−1/2 with the typ-
ical atmospheric parameters scalesLT ,H and the horizontal
velocity of the vortexv:

H

L
=

1

2

[(
1−

H

LT

)2

−
4c2
S

γ v2

(
γ − 1

γ
−
H

LT

)]1/2

. (12)

The right term of Eq. (12) should be real. Therefore, in the
atmosphere layer with decreasing temperature, the vortex ve-
locity should be limited from below. From here we obtain the
minimum possible value of the vortex velocity:

v2
min

c2
S

=
4

γ

(
γ − 1

γ
−
H

LT

)(
1−

H

LT

)−2

. (13)

Figure 1 and the left panel of Fig. 2 show dependence of the
vortex parametersvmin andv in a stable stratified atmosphere
with the effective valueγ = 1.4 andH/LT < 0.28. In un-
stable stratified atmosphere layers whenH/LT > 0.28, there
is no limit on horizontal velocity of vortices and the depen-
dence of normalized vortex velocity on parametersH/LT
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andH/L shown in the right panel of Fig. 2. One can see
from these figures that the vortex structures with spatial
scalesL of the order ofH can exist in the atmosphere with
H/LT > 0.28. The right panel of Fig. 2 shows that spatial
scale of the vortex structures can be smaller thanH . With
the growth of the vortex scale, the vortex speed is growing.

4 Conclusions

In this paper we studied the vortex structure of IGWs in the
earth’s atmosphere with a finite vertical temperature gradi-
ent. The possibility of the vortices’ existence in the thermo-
spheric layers, with the vertical temperature gradient of the
order of the dry adiabatic gradient, has been shown. The con-
dition for the minimum velocity of vortices in such an atmo-
sphere has been obtained. We have found that the horizontal
velocity of the vortices is significantly less than the speed
of sound. We have investigated IGW vortex structures in the
case of an unstable stratified atmosphere, i.e. forω2

g < 0. It
is shown that in such atmospheric layers (i.e. in the thermo-
sphere) there is no lower limit on the velocity of the vortices.
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