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Abstract. The characteristic cross-tail width of bursty bulk
flows (BBFs) in earth’s plasma sheet was investigated at two
stages of its life, one at its onset, the other when it is fully
developed. Equilibrium domains with gradient of magnetic
field are constructed. Interchange instability analysis of such
domains yields the most unstable mode with the half wave
length comparable with the observed cross-tail width of a
flow burst and the inverse of growth rate comparable with
its duration. The thickness of the plasma sheet for the most
unstable mode is also comparable to the width of BBFs in
the north–south direction. We found that viscosity, the di-
mension of the unstable domain, the thickness of the plasma
sheet and gradient of the magnetic field together determine
the most unstable mode. The ion Larmor radius plays an im-
portant role in viscosity as half effective mean free path. For a
fully developed flow, however, velocity-caused pressure dif-
ference between the leading and trailing sides of a flow burst
also plays a role. The equatorial cross section of flow is re-
shaped and its cross-tail width is changed as well. Represent-
ing the surrounding medium with empirical magnetic field
and plasma models, the force balance of the fast flow is an-
alyzed. The cross-section area of flow burst is estimated to
be one to several square earth radii, and the cross-tail width
of fast flow is estimated to be 1 to 3 earth radii, which is
consistent with observations of BBFs.

Keywords. Magnetospheric physics (plasma sheet)

1 Introduction

Any given region of the earth’s plasma sheet is nearly stag-
nant most of the time but experiences short intervals of
high-speed flows (Baumjohann et al., 1990; Angelopoulos
et al., 1992). These high-speed flows organize themselves

into 10 min timescale flow enhancements which are termed
bursty bulk flow (BBF) events. Inside the BBFs there exist
several flow velocity peaks of very large amplitude (above
400 km s−1) with a characteristic timescale on the order of
a minute; these events are called flow bursts (FBs). A FB is
usually accompanied by the dipolarization of magnetic field
and the heating of the plasma. Although they highly correlate
with substorms, BBFs are observed to occur at all levels of
geomagnetic activity.

Another widely observed and intensely investigated fea-
ture in the magnetotail, dipolarization front (DF), is closely
associated with flow burst (Runov et al., 2009; Sergeev et al.,
2009; Ohtani et al., 2004; Eastwood et al., 2005; Wolf et al.,
2009; Zhou et al., 2009; Ashour-Abdalla et al., 2010; Sitnov
and Swisdak, 2011). DFs are characterized by a strong and
steep increase of the magnetic field component normal to the
neutral plane. They usually appear on the leading sides of
flow bursts. With the ion inertia length dimension, DFs have
low density and high speed.

To interpret the high-speed flows in the plasma sheet, Chen
and Wolf (1993) proposed a “bubble” model (i.e., bubbles are
plasma-depleted magnetic flux tubes). Under the influence
of the interchange instability, these bubbles accelerate earth-
ward, producing BBFs. The bubble picture naturally explains
most of the characteristics of BBFs and has been supported
later by several ground-based and ionospheric observations
(e.g., Sergeev et al., 1999, 2000; Kauristie et al., 2000).

Observations show that the earthward transport of mag-
netic flux, mass and energy are mainly accomplished by
BBFs (60–100 %) (Angelopoulos et al., 1994). The cross-
tail widths of BBFs were found to be 1 to 3 earth radii (RE)
(Angelopoulos et al., 1996; Sergeev et al., 1996; Nakamura
et al., 2004). Theoretically the cross-tail width of bubble was
originally estimated as on the order of 1RE (Pontius and
Wolf, 1990; Chen and Wolf, 1999) based on the argument
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that smaller bubble would diffuse quickly by drifting parti-
cles before reaching the inner magnetosphere.

Recently, theoretical study of the cross-tail width of fast
flow is very active. A 3-D magnetohydrodynamics (MHD)
simulation has tried different widths of bubble (Birn et al.,
2004). Their study has shown that the speed of flow is in-
versely correlated with the width of bubble and that the equa-
torial cross section of bubble has mushroom shape. Global
MHD simulations have produced fast flows with the cross-
tail width of a fewRE (Wiltberger et al., 2000; Raeder et al.,
2010; Ge et al., 2011). A 2-D MHD simulation by Guzdar
et al. (2010) also produced the mushroom shape cross sec-
tion of bubble. They treated the cross-tail width by the seed
interchange perturbation scale. A 3-D MHD simulation by
Lapenta and Bettarini (2011) suggested that the BBF cross-
tail width is determined by other instabilities, different from
the interchange instability. On the other hand, kinetic simula-
tions have also produced bubbles with widths of several tens
of the ion inertia lengths (Nakamura et al., 2002; Pritchett
and Coroniti, 1997, 2010, 2011). These results are marginally
consistent with the MHD estimates for the magnetotail. The
most recent 3-D PIC simulation results by Pritchett and
Coroniti (2013) suggested that the increase of the character-
istic cross-tail width of BBFs may be a nonlinear effect.

What exactly constrains the width of fast flow is still an un-
solved problem. In present study, we will try to pin point the
factors that could affect the characteristic cross-tail width of
BBFs. We would like to investigate the problem using MHD
but with a viscosity that is extracted from the microscopic
property of plasma particle. Two stages of bubble life would
be studied, onset and full development. In Sect. 2 an insta-
bility analysis will be demonstrated to indicate the most un-
stable mode of interchange. In Sect. 3 an estimation of the
cross-tail width of a fully developed flow burst will be pre-
sented. And finally discussion and summary will be given in
Sect. 4.

2 Mode of interchange instability

We first construct an unstable domain. Defining Cartesian co-
ordinates with thex axis pointed tailward, they axis pointed
from dusk to dawn. Symmetry about equatorial plane is as-
sumed in this domain. To get an analytical solution we would
further assume the medium is incompressible, bearing in
mind that an incompressible fluid gives at least as much
stability as a compressible one in the same configuration
(George, 1979).

Assuming the medium is perfectly conductive, the Fara-
day’s law gives

∂B

∂t
= ∇ × (u × B) , (1)

whereB is magnetic field andu is velocity. Imposing the
incompressible condition, Eq. (1) becomes

∂B

∂t
= (B · ∇)u − (u · ∇)B. (2)

Let the perturbation of magnetic field beδB, then Eq. (2)
stands as

∂δB

∂t
= (B0 · ∇)u − (u · ∇)B0, (3)

where subscript 0 represents the background unstable
medium and only first order terms are kept.

We would like to simplify the problem to a two-
dimensional one. Averaging over the thickness of the plasma
sheet in thez direction, Eq. (3) then reduces to

∂δB

∂t
= −ux

dB0

dx
, (4)

whereux is thex component of velocity,B0 stands forBz0;
we have dropped the subscriptz for simplicity. Thez compo-
nent of velocity and thex andy components of the magnetic
field are cancelled out because of the symmetry about the
equatorial plane.

We further assume the background medium is in equilib-
rium state, that is

−∇

(
p0 +

B2
0

2µ0

)
+

(B0 · ∇)B0

µ0
= 0, (5)

wherep0 is thermal pressure andµ0 is magnetic permeabil-
ity. Averaging the above equation over the thickness of the
plasma sheet in thez direction, we get

−
∂

∂x

(
p0 +

B2
0

2µ0

)
−

B2
0

µ0R
= 0, (6)

−
∂

∂y

(
p0 +

B2
0

2µ0

)
= 0, (7)

whereR is an averaged curvature radius of the magnetic
field, it is a function ofx in the domain (−d ≤ x ≤ d) of
interest.

Thex component of momentum equation is

ρ
∂ux

∂t
+ ρ (u · ∇)ux = −

∂

∂x

(
p +

B2

2µ0

)
+

(B · ∇)Bx

µ0

+ µ∇
2ux +

(
∂ux

∂x
+

∂ux

∂x

)
dµ

dx
, (8)

and they component of momentum equation is

ρ
∂uy

∂t
+ ρ (u · ∇)uy = −

∂

∂y

(
p +

B2

2µ0

)
+

(B · ∇)By

µ0

+ µ∇
2uy +

(
∂uy

∂x
+

∂ux

∂y

)
dµ

dx
, (9)
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wherep is thermal pressure,ρ is density,µ is viscosity,uy

is they component of velocity,Bx andBy are thex andy

components of the magnetic field respectively.
Averaging Eqs. (8) and (9) over the thickness of the plasma

sheet in thez direction, substituting Eqs. (6) and (7) into
Eqs. (8) and (9) and keeping first order terms, we have then,
thex component of momentum equation for perturbation as

ρ
∂ux

∂t
= −

∂

∂x

(
δp +

2B0δB

2µ0

)
−

2B0δB

µ0R
+ µ∇

2ux

+

(
∂ux

∂x
+

∂ux

∂x

)
dµ

dx
, (10)

and they component of momentum equation for perturbation
as

ρ
∂uy

∂t
= −

∂

∂y

(
δp +

2B0δB

2µ0

)
+ µ∇

2uy

+

(
∂uy

∂x
+

∂ux

∂y

)
dµ

dx
, (11)

whereδp is the perturbation of thermal pressure.
We seek solutions whose dependence ony andt are given

by

exp(iky + nt) , (12)

wherek is wave number andn is growth rate (Chandrasekhar,
1961). Then Eq. (4) stands as

nδB = −uxDB0, (13)

whereD represents the derivative with respect tox. And
Eqs. (10), (11) become

ρnux = −Dδp −
δB

µ0
DB0 −

B0

µ0
DδB −

2B0δB

µ0R

+ µ
(
D2

− k2
)
ux + 2(Dµ)(Dux) , (14)

ρnuy = −ikδp − ik
B0δB

µ0
+ µ

(
D2

− k2
)
uy

+
(
Duy + ikux

)
(Dµ). (15)

Multiplying Eq. (15) byik, we have

ikρnuy = k2δp + k2B0δB

µ0
+ µ

(
D2

− k2
)
ikuy

+

[
D(ikuy) − k2ux

]
(Dµ). (16)

The incompressible condition can be represented by

∇ ·u =
∂ux

∂x
+

∂uy

∂y
= Dux + ikuy = 0, (17)

where averaging over the thickness of the plasma sheet in the
z direction has been taken.

Substituting Eq. (17) into Eq. (16), one gets

k2δp = −ρnDux + µ
(
D2

− k2
)
Dux

+ (Dµ)
(
D2

+ k2
)
ux − k2B0δB

µ0
. (18)

We would like to impose no-slip condition on boundary
(uy = 0, atx = ±d). From Eq. (17), this boundary condition
stands as

ux = Dux = 0(x = ±d). (19)

Equation (A13) of the Appendix gives the equation satisfied
by n

I1n
2
+ I3n − I2 = 0, (20)

whereI1, I2 and I3 are defined by Eqs. (A14), (A15) and
(A16), respectively.

Then value for the most unstable mode is given by

n =

−I3 +

√
I2
3 + 4I1I2

2I1
. (21)

Based on the variational principle in the Appendix, this prob-
lem can be tackled by variation method. In applying the Ritz
method to our problem, we takeux as

ux = (a + bx)(1−
x2

d2
)2exp(iky + nt), (22)

which satisfies the boundary condition (Eq. 19). Sincea will
appear in both numerator and denominator of Eq. (21), we
would like to seta = 1. The problem now is to find out the
maximum value ofn for a given background medium.

Following the treatment of Chen and Wolf (1999), we
would take viscosity as

µ =
1

3

(
ρuλ

)
, (23)

whereu is the mean thermal speed andλ is the mean free
path length which in the collisionless earth’s magnetosphere
can be taken as

λ = 2ac, (24)

whereac is ion gyroradius.
It is worthwhile to give a validity justification of a viscos-

ity as expressed by Eq. (23). The mean thermal speedu is
expressed as

u =

(
8KT0

πm

)1/2

, (25)

whereK is Boltzmann’s constant,T0 is the temperature of
background medium andm is the mass of proton. The ion
gyroradiusac is expressed as

ac =
mu

eB0
, (26)
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wheree is the electric charge of an electron. From Eq. (23),
kinetic viscosity is thus

ν =
1

3

(
uλ
)
. (27)

The typical plasma sheet parameters at 20RE down tail are
given in Table 1 of the work by Borovsky et al. (1997). Tak-
ing ion temperature as 5 keV from the third row and magnetic
field strength as 10−4 gauss from the fifth row of the table,
substituting these two values into Eqs. (25) and (26) for mean
thermal speed and ion gyroradius, the kinetic viscosity from
Eq. (27) would be 8.06×1011 square meter per second. This
matches quite well with the eddy viscosity value of 8× 1015

square centimeter per second presented in the last row of the
same table.

Following the works of Schindler (1972), Pritchett and
Coroniti (2010), we construct the unstable equilibrium back-
ground medium domain by specifying the vector potential as

A0y (x,z) = B0lL ln
{
cosh

[
F (X)(z/L)

]
/F (X)

}
, (28)

whereL is an adjustable parameter which when combined
with F (X) asL/F (X) represents the half thickness of the
plasma sheet,B0l is the magnetic field strength of the lobe.
The functionF (X) is given as

F (X) = 1.0− (x + d)SP, (29)

where SP is another adjustable parameter which controls the
gradient of the background magnetic field. In the domain of
interest,DB2

0 is positive in the tailward direction when SP
is positively defined. The corresponding number density is
given by

N (x,z) = N0F
2 (X)cosh−2 [F (X)(z/L)

]
. (30)

We are interested in the interchange instability taking place
down tail from earth. To understand it, we set the value of
parameters of the background medium as those observed in
the plasma sheet. The temperature is set to 5 keV and is fixed
inside the domain of interest, densityN0 is set to 0.2 per cu-
bic centimeter. The magnetic field strength of the lobeB0l is
set to 20 nT for self-consistence. The calculations are carried
out in a two-dimensional parameter space specified byL and
SP. An example domain is shown in Fig. 1.

To investigate the effect of the gradient of the magnetic
field, SP is set to 0.15, 0.2 and 0.25. For different SP, the
equatorial magnetic field strengths are displayed in Fig. 2.
The x dimension of an equilibrium domain is determined
by setting the density on thex = +d boundary one order of
magnitude smaller than that on thex = −d boundary as indi-
cated in Fig. 3. This is because the density atx = +d bound-
ary represents the density of the lobe if we consider magnetic
reconnection as the cause to an unstable domain. The larger
the SP is, the smaller thex dimension of the domaind is.

Fig. 1.An example unstable domain (L = 0.75RE, SP = 0.2).

In a given background medium domain (one labeled line
in Figs. 2 and 3 as specified byL and SP), we can find out
the maximum value ofn for a givenk by choosing the rightb
value in Eq. (22). Figure 4 shows such plots of different back-
ground medium domains for theL = 0.75RE case. Each line
(corresponding to one background medium domain) has its
maximumn value at certaink. The larger the dimension of
domaind is, the smaller the most unstable wave numberk

is, as well as the smaller the growth rate of the most unsta-
ble moden is. The most unstable wave numberk has special
meaning, since the half wave lengthπ/k gives the width of
the most fast growing earthward motion in cross-tail direc-
tion. Line (SP = 0.15,L = 0.75RE) has the maximumn as
0.0129/s and the half wave length as 2.94RE (k = 1.07/RE).
Line (SP = 0.2,L = 0.75RE) has the maximumn as 0.0172/s
and the half wave length as 2.2RE (k = 1.43/RE). Line
(SP = 0.25,L = 0.75RE) has the maximumn as 0.0215/s and
the half wave length as 1.76RE (k = 1.79/RE). Three dashed
lines show the positions for the half wave length as 1RE,
2RE and 3RE. Figure 4 may also be interpreted as that the
reduction of the magnetic field gradient reduces the growth
rate and the unstable wave number.

To investigate the effect of the thickness of the plasma
sheet, a similar plot (n vs.k) of different background medium
domains for the SP = 0.2 case is shown in Fig. 5. Line
(L = 1.0 RE, SP = 0.2) has the maximumn as 0.0217/s and
the half wave length as 2.15RE (k = 1.46/RE). Line (L =

0.5 RE, SP = 0.2) has the maximumn as 0.012/s and the half
wave length as 2.23RE (k = 1.41/RE). Line (L = 0.4 RE,
SP = 0.2) has the maximumn as 0.00972/s and the half
wave length as 2.24RE (k = 1.40/RE). Line (L = 0.75RE,
SP = 0.2) is also plotted for comparison. The conclusion is

Ann. Geophys., 31, 2179–2192, 2013 www.ann-geophys.net/31/2179/2013/



C. X. Chen: Theoretical constraints on the cross-tail width of bursty bulk flows 2183

Fig. 2. Background magnetic field magnitude in the domain (L =

0.75RE). Each labeled line indicates an unstable domain. Ends of
each line indicate the boundaries of the domain.

Fig. 3. Background number density in the domain (L = 0.75RE).
Each labeled line indicates an unstable domain. Ends of each line
indicate the boundaries of the domain.

that their half wave lengths are almost the same, but the max-
imum of growth rate reduces with the reduction of the thick-
ness of the plasma sheet. It is interesting to find out that the
thickness (0.8 to 2RE) of the plasma sheet (2L) is compa-
rable to the width (1.5 to 2RE) of BBFs in the north–south
direction (Nakamura et al., 2004).

3 Width of bursty bulk flows

We now turn to the fully developed flows. Applying the mo-
mentum equation to the flow in the plasma sheet, we have

ρ
∂

∂t
u + ρ (u · ∇)u = −∇

(
p +

B2

2µ0

)
+

1

µ0
(B · ∇)B

+ µ∇
2u. (31)

Fig. 4. Growth rate as the function of wave number for each back-
ground medium (L = 0.75RE). Each labeled line indicates an un-
stable domain.

Fig. 5. Growth rate as the function of wave number for each back-
ground medium (SP = 0.2). Each labeled line indicates an unstable
domain.

Because of the high beta property of the plasma sheet, flow
pattern in bursty bulk flows channel is complicated. In-
dividual flow burst would produce turbulence in its wake
(Borovsky et al., 1997; Antonova et al., 1999). Except for the
first flow burst in BBFs, each following flow burst moves in
the wake of its preceding one. Instead of solving this problem
directly, we would deal with two extreme cases, with the un-
derstanding that the real situation in BBFs is somewhere be-
tween these two extremes. One case is that only one isolated
flow burst moves in a somewhat rest background medium;
the other case is that flow bursts chase each other so closely
that BBFs can be regarded as a uniform flow channel in the
flow direction and all physical quantities can change only in
the across channel direction.

www.ann-geophys.net/31/2179/2013/ Ann. Geophys., 31, 2179–2192, 2013
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An individual flow burst would experience three periods
in its life (i.e., speed up, cruise and break). In its cruise pe-
riod, the flow is fully developed, the speed of flow reaches its
maximum (≥ 400 km s−1). The cruise phase is expected to
last most of its life. In the speed up period, magnetic tension
can not be balanced by the gradients of plasma pressure and
magnetic pressure, a bubble experiences acceleration. On its
way towards earth, the field line gets dipolarized, and mag-
netic tension reduces. Consequently a rough force balance
among magnetic tension, gradient of total pressure and drag
force is established. This balance would be maintained by
the adjustment of dipolarization of magnetic field line. As
the bubble approaches the region of much higher gradient of
total pressure near earth, the rough force balance can not be
maintained because the reversal process of dipolarization to
obtain more magnetic tension is not possible when the flow
has earthward velocity, the bubble would break. The recent
observation of the oscillation of flow at its equilibrium po-
sition (Panov et al., 2010) could be viewed as the indirect
evidence of long lasting cruise phase. We would like to think
that most of the observed BBFs are the cruise flows or fully
developed flows.

In the reference frame of flow burst, the flow is in a steady
state in this period. Thus Eq. (31) reduces to

ρ (u · ∇)u = −∇

(
p +

B2

2µ0

)
+

1

µ0
(B · ∇)B +µ∇

2u. (32)

We further assume that the background medium is in equi-
librium as expressed by Eq. (5).

The force balance between the flow and the background
medium in the cross-tail direction stands as

p +
B2

2µ0
= p0 +

B2
0

2µ0
. (33)

3.1 Equatorial size of an isolated flow burst

For an isolated flow burst, Eq. (32) states that magnetic ten-
sion balances the negative of total pressure gradient, negative
of velocity-caused pressure gradient and viscosity.

Substituting Eqs. (5) and (33) into Eq. (32), one gets

1

µ0
(B · ∇)δB +

1

µ0
(δB · ∇)B0 − ρ (u · ∇)u + µ∇

2u = 0, (34)

whereδB is the magnetic field difference between the flow
and the background medium (this variable has the same
meaning as in Sect. 2 but is much larger now). The flow in-
duced drag forceF d is defined as

F d = −ρ (u · ∇)u + µ∇
2u. (35)

Equation (34) indicates that magnetic buoyancy force bal-
ances the flow induced drag force which consists of velocity
induced pressure difference between the front and rear sides
of a FB and viscosity at its flanks. It is this equation that will

be used to estimate the equatorial size of an isolated flow
burst.

In the reference frame moving with the center of a flow
burst, we define Cartesian coordinates with thex axis pointed
earthward, they axis pointed from dawn to dusk, and the ori-
gin located at the center of the flow burst. Then the velocity
is assumed to be a Gaussian distribution as

u =

[
u(x)exp

(
−

y2

2σ 2

)
− U

]
ex, (36)

whereU is the amplitude of the flow. Conventionally, we
would like to define the cross-tail width of flow1Y as the
width between half maximum value points of the Gaussian
distribution, that is,

1Y

2
= 1.1774σ. (37)

Further, we assume that a flow burst has itsx dimension as
1X, that is,(

∂u

∂x

)
x=0,y=0

=

[
∂u(x)

∂x

]
x=0

≈ −
U

1X
. (38)

Substituting Eqs. (36), (37) and (38) into Eq. (35), we have

F d =

[
−

ρ0U
2

21X
− µ

2(1.1774)2U

(1Y)2

]
ex . (39)

Let the equatorial cross-section area of a FB as1S, one has

1S = 1X1Y. (40)

Let the ratio of1X to 1Y asr, then we have

r =
1X

1Y
. (41)

Substituting Eqs. (40) and (41) into Eq. (39), we obtain

F d = −
ρ0U

(1S)1/2

[
U

2(r)1/2
+

2µ(1.1774)2 r

ρ0 (1S)1/2

]
ex . (42)

For a fixed equatorial cross-section area1S, the ratio r

would take such a value so that the flow induced drag force
F d reaches its extreme value, probably minimum. This con-
dition leads to

r =

[
ρ0U (1S)1/2

8µ(1.1774)2

]2/3

. (43)

whereµ is taken from Eq. (23).
Substituting Eqs. (23)–(26) back into Eqs. (43) and (42),

we get

r =

[
3πeB0U (1S)1/2

128KT0 (1.1774)2

]2/3

, (44)
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Fig. 6. Comparison between the special field line (dashed lines) taken from Tsyganenko (96) magnetospheric magnetic field model (with
the parameters set as the solar wind density 6 per cubic centimeter, velocity 380 km s−1, IMF Bz = 5 nT and Dst = 0 nT) with equatorial
plane crossing point at−10RE and the field lines taken from the same model (with the parameters set as the solar wind density 6 per cubic
centimeter, velocity 380 km s−1, IMF Bz = −5 nT and Dst =−80 nT) with equatorial plane crossing point at−10RE, −15RE and−20RE.

and

F d = −
3ρ0U

5/3 (128KT0)
1/3 (1.1774)2/3

4(3πeB0)
1/3 (1S)2/3

ex . (45)

Substituting Eq. (45) into Eq. (34), we obtain

1

µ0
(B · ∇)δB +

1

µ0
(δB · ∇)B0 =

3ρ0U
5/3 (128KT0)

1/3 (1.1774)2/3

4(3πeB0)
1/3 (1S)2/3

ex . (46)

The variable we want to solve in Eq. (46) is1S. All other
variables in the above equation can be obtained from the
background medium models and the observed BBF data. The
1S and r are what we want to know about the equatorial
cross section of a flow burst. From Eqs. (40), (41), and (44),
the cross-tail width of flow burst1Y is given by

1Y =

(
128KT0 (1.1774)21S

3πeB0U

)1/3

. (47)

The value ofU is taken as 550 km s−1 from panel b of
Fig. 6 of the work by Angelopoulos et al. (1992). The in-
formation aboutB andδB in the flow can be obtained indi-
rectly from panel d of the same figure. The ratio of the ion
density in the downflow to that in the upflow is about 0.92
(0.24 cm−3/0.26cm−3) from the panel. We would like to set
this value as the ratio of plasma thermal pressure in a fully
developed flow to that of the background medium. It is worth
noting that this value is also close to the result of the fourth
panel (t = 3) of Fig. 9 of the work by Chen and Wolf (1999).
Substituting this ratio into Eq. (33), we would getB andδB.
Their directions are taken the same as a field line. This field
line is taken from Tsyganenko (96) magnetospheric mag-
netic field model (Tsyganenko, 1995) (with the parameters
set as: the solar wind density 6 per cubic centimeter, velocity
380 km s−1, IMF Bz = 5 nT and Dst = 0 nT). This field line
has equatorial plane crossing point GSMX = −10.0RE. The
reason to choose this field line is simply to get a dipolar field
line from an observation-based model. The shape of this field

Fig. 7. Cross-tail width of fast flow. The three solid lines are for
the isolated flow burst case (from top to bottom IMF =−7.5 nT,
−5.0 nT,−2.5 nT); the three dashed lines are for uniform flow chan-
nel case (from top to bottom IMF =−7.5 nT,−5.0 nT,−2.5 nT).

line makes the study of the effect of dipolarization of mag-
netic field in the fast flow possible.

Please note that the plasma parameters and magnetic field
we use in this calculation are taken from Tsyganenko tail
plasma sheet model (Tsyganenko and Mukai, 2003) and Tsy-
ganenko (96) magnetospheric magnetic field model (Tsyga-
nenko, 1995), but not from the unstable domain we con-
structed in Sect. 2. In these models, the solar wind param-
eters are chosen as density 6 per cubic centimeter, velocity
380 km s−1 and IMF Bz = −2.5 nT, Bz = −5 nT andBz =

−7.5 nT, respectively. The Dst index is set equal to−80 nT.
Figure 6 gives a comparison of the dipolar field line with the
stretched ones.

Figure 7 gives the cross-tail width of flow burst1Y as the
function of down tail distance. It is important to remember
that the plots in the present study can not be interpreted as
the evolution of the variable as the flow burst moving earth-
ward. Figure 8 gives the ratio of thex dimension to they
dimension of a FB. This ratio is consistent with the shape of
the mushroom head some MHD simulations produced (Birn
et al., 2004; Guzdar et al., 2010). Figure 9 gives the cross-
section area1S of the mushroom head.
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3.2 Width of uniform flow channel

For the second case, a uniform flow channel, the velocity-
caused pressure gradient term disappears. Thus Eq. (34) re-
duces to

1

µ0
(B · ∇)δB +

1

µ0
(δB · ∇)B0 + µ∇

2u = 0. (48)

We now shift back to a satellite-based Cartesian coordinates
with the same axial orientations as in the previous case. In
this reference frame the Gaussian distribution of the velocity
takes the form

u = U exp

(
−

y2

2σ 2

)
ex . (49)

The flow induced drag forceF d becomes

F d = −
64ρ0UKT0 (1.1774)2

3πeB0 (1Y)2
ex . (50)

Substituting Eq. (50) into Eq. (48), we obtain

1

µ0
(B · ∇)δB +

1

µ0
(δB · ∇)B0 =

64ρ0UKT0 (1.1774)2

3πeB0 (1Y)2
ex . (51)

In this case, only the information about the flow channel
width 1Y would be abstracted. By plotting results in Fig. 7,
we could see that in this case the flow channel width is
smaller than the cross-tail width of the isolated flow burst.
This is because in the uniform flow channel, viscosity is
the only force that balances the magnetic buoyancy force,
a narrower channel width would raise the drag force to the
required value. While in the isolated flow burst case, both
velocity-caused pressure gradient and viscosity (in present
study the ratio of the former to the later happens to be 2: 1)
take part in the force balance, a wider width would be al-
lowed.

A direct support of this result can be found from observa-
tions. For example, Sergeev et al. (1996) identified (Fig. 3 of
their work) two BBFs events on 31 March 1979 by satellites
ISEE 1 and 2. Event h1 took place at 15:55 UT and event
h2 took place at 15:58 UT. These two events could be con-
sidered taking place in the same background environment.
Event h1 lasted for two minutes and event h2 lasted about
four minutes. Although event h2 did not last over ten min-
utes, it would be reasonable to think that it consists of more
than two closely spaced BBFs. Based on the data of Table 1
in the same work, that is, the difference between the nor-
mals of discontinuity of BBFs fronts at two spacecraft and
the spacing of two spacecraft 0.3RE, for a circular shape
of the front boundary, event h1 would have a diameter of
2.46RE (corresponding to 14 degree normal difference) and
event h2 would have a diameter of 2.15RE (corresponding
to 16 degree normal difference). Our result is obtained under
the assumption of the same speedU at two extreme cases.

Fig. 8. Ratio of thex dimension to they dimension of the cross-
section area of fast flow.

Fig. 9.Equatorial cross-section area of fast flow.

However, the lower speed (∼ 200 km s−1) of event h1 and
the higher speed (over 400 km s−1) of event h2 strengthen
the conclusion even more, because for a later extreme case
(i.e., the uniform flow channel), the cross-tail width is an in-
creasing function of the speed of BBFs. The reason behind
this is that with the speed increase, the velocity gradient in-
creases and thus the friction force. In order to balance the
other forces, a wider width is required to lower the velocity
gradient.

The real flow pattern in BBFs is somewhere between these
two extreme cases. We could readily draw from Fig. 7 the
conclusion that the cross-tail width of fast flow is in the range
of 1 to 3RE in the region between 9 and 20RE down tail of
the earth. These results are in agreement with the observa-
tions of BBFs on the central plasma sheet (Angelopoulos et
al., 1996; Sergeev et al., 1996; Nakamura et al., 2004).

4 Discussion and summary

Before the discovery of BBFs in the plasma sheet, the flow
velocity there is considered low, and viscosity did not get
much attention. With the observation of fast flows, our view
of viscosity needs some adjustment. The two flanks of fast
flow are indeed two layers of large gradient of velocity in
dawn-dusk direction. The range of the observed width of
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BBFs in the cross-tail direction (1 to 3RE) may be treated
as the evidence of the existence of viscosity. By substituting
the cross-tail width of BBFs in the denominator of the diffu-
sion term of momentum equation, a friction force can be pro-
duced, which is inverse proportional to the square of width of
BBFs, its range would cover almost one order of magnitude
with 1–3RE range of cross-tail width. Since the observations
of BBFs are carried out in the region 10 to 20RE down the
tail, not covering a very large part of the magnetosphere, fric-
tion force in this range is capable to hold its position in the
momentum equation under different states of the magneto-
sphere.

Any MHD theory that does not include the diffusion term
in the momentum equation would have difficulty in finding
the determinants of the cross-tail width of the fast flow just
inside the unstable domain. Secondary derivative of coordi-
natey in the dawn-dusk direction is mathematically crucial
to thisy dimension problem. The exclusion of the diffusion
term in momentum equation (Guzdar et al., 2010) led to an
“outside source” explanation of the cross-tail width by seed-
ing. The inclusion of the diffusion term may be an explana-
tion why Lapenta and Bettarini (2011) can find a solution
“inside”.

In Sect. 2, we impose the condition of incompressibility
of plasma. Such an assumption seems valid since the dis-
tance an MHD wave could travel in the time of the inverse
of growth rate is well beyond the unstable domain exten-
sion (d), convection cells would have enough time to set
up. On the other hand, the real compressible medium may
be more unstable, it would probably has smaller half wave
length (π/k) of the most unstable mode than the incompress-
ible one because the unstable mode does not have to deal with
the overall friction of the whole convection cell at the begin-
ning moment.

Our results suggest that supposing the unstable domain is
produced by magnetic reconnection, then the width ofx line,
the half wave length (π/k) of the most unstable mode and
the width (1Y) of BBFs may be different. The latter two are
closely related due to the nonlinear evolution of flow. The re-
lation of the width ofx line with the other two widths, how-
ever, is not clear.

The information as to how a flow burst separates itself
from the rest of its initial neighbor is not available from our
present study. We can only imagine that in the time of the
inverse of growth rate, a flow burst forms and makes its own
way earthward. This scenario thus gives us an estimation of
the duration of fast flow as the inverse of growth rate, which
turns out to be consistent with the duration of the FB. The
relationship between the growth rate and the thickness of the
plasma sheet in Sect. 2 is in agreement with the statistical
analysis of Ma et al. (2009). They found the duration for the
recovery phase flow is typically 48 s and those for the growth
and expansion phases are 99 s and 103 s, respectively. Fig-
ure 5 shows that the thickness of the plasma sheet in the

recovery phase is about 2RE and in the growth and expan-
sion phases is about 0.8RE.

From the inviscid case considered in the appendix, we
know that growth rate reaches its maximum when wave num-
ber is infinity. In such situation, growth rate is determined by
the driver, the magnetic buoyancy force (in our approxima-
tion the magnetic field gradient in a curved magnetic field),
and the inertia of the convection cell. However, when viscos-
ity is involved in the process, situations change dramatically.
The growth rate reaches its maximum when the overall vis-
cosity caused drag on the convection cell reaches a minimum.
In a given dimension (d) domain, larger wave numbers will
have a largerx component of the friction, however, because
of the no slip boundary condition, the smaller wave number
will have a largery component of the friction. Consequently,
there is a compromise between thex andy components of
the friction, the most unstable mode takes place with finite
wave number.

With the increased depletion of the bubble (larger number
of SP in Figs. 2 and 3), its size decreases and it becomes
less stable. The positive correlation between the dimension of
domain and the width of the bubble suggests that this result
is consistent with the simulation by Birn et al. (2004) which
showed that speed of flow is inversely correlated with the
width of bubble.

The factors that have significant influence on the most un-
stable mode are viscosity, the dimension of the unstable do-
main, the thickness of the plasma sheet and gradient of the
magnetic field.

In summary, we study two snap shots of the life of fast
flow, one at its onset, the other when it is fully developed. In-
terchange instability analysis of domains with positive tail-
ward gradient of magnetic field yields the most unstable
mode with its half wave length comparable to the cross-tail
width of a flow burst. The thickness of the plasma sheet (0.8
to 2RE) for the most unstable mode is also comparable to
the width of BBFs in the north–south direction (1.5 to 2RE).
The ion Larmor radius plays an important role as half ef-
fective mean free path length in earth’s magnetosphere. Us-
ing empirical magnetic field and plasma models for earth’s
plasma sheet, the force balance analysis of fast flow gives
the range of its cross-section area as one to several square
RE and cross-tail width as 1 to 3RE which turns out to be in
agreement with the observations.

Appendix A

The growth rate of the most unstable mode

Eliminatingδp from Eqs. (14) and (18) and substitutingδB

from Eq. (13) leads to

D

[
−

1

k2
ρnDux +

1

k2
µ(D2

− k2)Dux +
1

k2 (Dµ)(D2
+ k2)ux

]
= −ρnux +

2B0DB0

nµ0R
ux + µ

(
D2

− k2
)
ux + 2(Dµ)(Dux) . (A1)
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This is the equation satisfied byux in differential form.
Substituting Eq. (13) into Eqs. (14) and (18), we have

Dδp = −ρnux +
1

nµ0
(DB0)

2ux +
B0

nµ0
D(uxDB0)

+
1

nµ0R

(
DB2

0

)
ux − µk2ux + µD2ux + 2(Dµ)(Dux) , (A2)

k2δp = −ρnDux − k2µDux + k2ux (Dµ)

+D
(
µD2ux

)
+ k2 DB2

0

2nµ0
ux . (A3)

Suppose we have two solutions subscripted byi and j .
Multiplying Eq. (A2) satisfied by solutioni with ujx and in-
tegrating over the range ofx, we get

d∫
−d

ujxDδpidx = −

d∫
−d

ρniuixujxdx

+

d∫
−d

1

niµ0
(DB0)

2uixujxdx

+

d∫
−d

B0

niµ0
ujxD(uixDB0)dx

+

d∫
−d

1

niµ0R

(
DB2

0

)
uixujxdx

−

d∫
−d

µk2uixujxdx +

d∫
−d

ujxµD2uixdx

+

d∫
−d

2ujx (Dµ)(Duix)dx. (A4)

Multiplying Eq. (A3) satisfied by solutioni with Dujx and
integrating over the range ofx, one gets

−

d∫
−d

δpiDujxdx =

d∫
−d

ni

k2
ρ (Duix)

(
Dujx

)
dx

+

d∫
−d

µ(Duix)
(
Dujx

)
dx

−

d∫
−d

uix (Dµ)Dujxdx

−

d∫
−d

1

k2

(
Dujx

)
D
(
µD2uix

)
dx

−

d∫
−d

DB2
0

2niµ0
uixDujxdx. (A5)

Using boundary condition (Eq. 19), integrating by parts
the left side term and the fourth term on the right side of
Eq. (A5), and then combining with Eq. (A4), we obtain

d∫
−d

(ni

k2
ρ + µ

)
(Duix)

(
Dujx

)
dx

+
1

k2

d∫
−d

µ
(
D2uix

)(
D2ujx

)
dx −

d∫
−d

(Dµ)uixDujxdx

−

d∫
−d

DB2
0

2niµ0
uixDujxdx = −

d∫
−d

ρniuixujxdx

+

d∫
−d

1

niµ0
(DB0)

2uixujxdx +

d∫
−d

B0

niµ0
ujxD(uixDB0)dx

+

d∫
−d

1

niµ0R

(
DB2

0

)
uixujxdx −

d∫
−d

µk2uixujxdx

+

d∫
−d

ujxµD2uixdx +

d∫
−d

2ujx (Dµ)(Duix)dx. (A6)

Integrating by parts the third term on the right side of
Eq. (A6) and rearranging the equation, we get

− ni

d∫
−d

ρ

[
uixujx +

1

k2 (Duix)
(
Dujx

)]
dx

+

d∫
−d

1

niµ0
(DB0)

2uixujxdx

−

d∫
−d

1

niµ0
uix (DB0)D

(
B0ujx

)
dx

+

d∫
−d

1

niµ0R

(
DB2

0

)
uixujxdx +

d∫
−d

DB2
0

2niµ0
uixDujxdx

=

d∫
−d

µ
[
k2uixujx + (Duix)

(
Dujx

)
+

1

k2

(
D2uix

)(
D2ujx

)]
dx

−

d∫
−d

ujx

[
µD2uix + (Dµ)(Duix)

]
dx
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−

d∫
−d

ujx (Dµ)(Duix)dx

−

d∫
−d

uix (Dµ)Dujxdx. (A7)

Expanding the third term on the left side and contract-
ing the second, third and fourth terms on the right side of
Eq. (A7), we obtain

−ni

d∫
−d

ρ

[
uixujx +

1

k2 (Duix)
(
Dujx

)]
dx

+

d∫
−d

1

niµ0R

(
DB2

0

)
uixujxdx

=

d∫
−d

µ
[
k2uixujx + (Duix)

(
Dujx

)
+

1

k2

(
D2uix

)(
D2ujx

)]
dx

−

d∫
−d

ujxD [µ(Duix)] dx −

d∫
−d

(Dµ)D
(
uixujx

)
dx. (A8)

Integrating by parts the second and third terms on the right
side of Eq. (A8) leads to

− ni

d∫
−d

ρ

[
uixujx +

1

k2 (Duix)
(
Dujx

)]
dx

+

d∫
−d

1

niµ0R

(
DB2

0

)
uixujxdx =

d∫
−d

(
D2µ

)
uixujxdx

+

d∫
−d

µ
[
k2uixujx + 2(Duix)

(
Dujx

)
+

1

k2

(
D2uix

)(
D2ujx

)]
dx. (A9)

Subtracting the above equation with the result of exchang-
ing iandj in it, we have

(
nj − ni

)
d∫

−d

ρ

[
uixujx +

1

k2 (Duix)
(
Dujx

)]
dx

+
1

ninj

d∫
−d

1

µ0R

(
DB2

0

)
uixujxdx

= 0, (A10)

which means, forni 6= nj ,

d∫
−d

ρ

[
uixujx +

1

k2 (Duix)
(
Dujx

)]
dx

+
1

ninj

d∫
−d

1

µ0R

(
DB2

0

)
uixujxdx = 0. (A11)

If ni should be complex, we can supposeni andnj are
complex conjugates, then Eq. (A11) becomes

d∫
−d

ρ

[
|ux |

2
+

1

k2
|(Dux)|

2
]

dx

+
1

|n|
2

d∫
−d

1

µ0R

(
DB2

0

)
|ux |

2dx = 0. (A12)

The above equation cannot be true ifDB2
0 is everywhere

positive so that in this casen must be real.

A1 The variational principle

Letting i = j in Eq. (A9) and dropping the subscripts, we
obtain the equation satisfied byux in integral form.

n

d∫
−d

ρ

[
u2

x +
1

k2 (Dux)
2
]

dx −

d∫
−d

1

nµ0R

(
DB2

0

)
u2

xdx

= −

d∫
−d

{
µ

[
k2u2

x + 2(Dux)
2
+

1

k2

(
D2ux

)2
]

+

(
D2µ

)
u2

x

}
dx. (A13)

Defining three quantities as following,

I1 =

d∫
−d

ρ

[
u2

x +
1

k2 (Dux)
2
]

dx (A14)

I2 =

d∫
−d

1

µ0R

(
DB2

0

)
u2

xdx, (A15)

I3 =

d∫
−d

{
µ

[
k2u2

x + 2(Dux)
2
+

1

k2

(
D2ux

)2
]

+

(
D2µ

)
u2

x

}
dx, (A16)

and taking variation of Eq. (A13), we obtain

−

(
I1 +

1

n2
I2

)
δn = nδI1 −

1

n
δI2 + δI3. (A17)
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The variation ofI1 can be represented by

δI1 =

d∫
−d

ρ

[
2uxδux +

1

k2
2(Dux)Dδux

]
dx. (A18)

Integrating by part the second term on the right side of above
equation, we get

δI1 = 2

d∫
−d

δux

[
ρux −

1

k2
D(ρDux)

]
dx. (A19)

The variation ofI2 can be represented by

δI2 =

d∫
−d

1

µ0R

(
DB2

0

)
2uxδuxdx =

2

d∫
−d

δux

1

µ0R

(
DB2

0

)
uxdx. (A20)

The variation ofI3 can be represented by

δI3 =

d∫
−d

{
µ
[
k22uxδux + 4(Dux)Dδux

+
1

k2
2
(
D2ux

)
D2δux

]
+

(
D2µ

)
2uxδux

}
dx. (A21)

Integrating by parts the second term on the right side of above
equation once and the third term on the same side twice, we
get

δI3 = 2

d∫
−d

δux

[
k2µux − 2D(µDux)

+

(
D2µ

)
ux +

1

k2
D2
(
µD2ux

)]
dx. (A22)

Substituting Eqs. (A19), (A20) and (A22) into Eq. (A17) and
rearranging, we have

1

2
k2
(

I1 +
1

n2
I2

)
δn

n

=

d∫
−d

δuxD
[
ρDux −

µ

n

(
D2

− k2
)
Dux

−
1

n
(Dµ)

(
D2

+ k2
)
ux

]
dx

− k2

d∫
−d

δux

[
ρux −

µ

n

(
D2

− k2
)
ux −

1

n2

1

µ0R

(
DB2

0

)
ux

−
2

n
(Dµ)Dux

]
dx. (A23)

The condition that for arbitraryδux , δn is zero requires the
sum of the integrands on the right side of above equation is
zero, which is exactly Eq. (A1).

A2 Inviscid case

For inviscid case, Eq. (A13) reduces to

n

d∫
−d

ρ

[
u2

x +
1

k2 (Dux)
2
]

dx

−

d∫
−d

1

nµ0R

(
DB2

0

)
u2

xdx = 0. (A24)

The solution forn2 is

n2
=

∫ (DB2
0

µ0R

)
u2

xdx

1
k2

∫
ρ (Dux)

2dx +
∫

ρu2
xdx

. (A25)

In a domain in whichDB2
0 is positive everywhere,n would

reaches its maximum value whenk approaches infinity.
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