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Abstract. The nonlinear autoregressive moving average withderived from first principles. For such systems, there may be
exogenous inputs (NARMAX) system identification tech- many possible external influences but only one or two that ac-
nique is applied to various aspects of the magnetospheres dyually control how it will evolve over time, i.e, the number of
namics. It is shown, from an example system, how the inputdegrees of freedom is not known. However, it is known they
to a system can be found from the error reduction ratio (ERR)evolve under some external influences, these can be consid-
analysis, a key concept of the NARMAX approach. The ap-ered as the inputs to the system. Measurements of the how
plication of the NARMAX approach to the Dst (disturbance the system responds to these inputs can also be assumed to
storm time) index and the electron fluxes at geostationaryrepresent the state, which can be considered the output of
Earth orbit (GEO) are reviewed, revealing new insight into the system. From the input—output data, system identification
the physics of the system. The review of studies into the Dstechniques can be employed to automatically determine dy-
index illustrate how the NARMAX approach is able to find namical equations that govern the evolution of the complex
a coupling function for the Dst index from data, which was physical system.

then analytically justified from first principles. While the re-  The methods of system identification require the mapping
view of the electron flux demonstrates how NARMAX is able of the inputs to the output, which can be achieved by us-
to reveal new insight into the physics of the acceleration andng a number of different approaches. One of the most well
loss processes within the radiation belt. known techniques is neural networks (NWJ¢Culloch and
Pitts, 1943. A neural network consists of multiple intercon-
nected mathematical neurons, forming a network. There are
many different topologies that the network can take, the most
popular and most implemented network is the multi-layer
perceptron Rumelhart and MacClelland986. It is a feed-
forward network, starting from an input layer, through one or
more hidden layers containing the neurons, each with activa-

The standard approach to the study of physical systems is tHon function, connected by weights and ending at the out-
PP y ot phy y put. This makes it very difficult to understand how the inputs

build a mathematical model of the processes involved from led within th K Herein lies th , b
first principles and then conjugate these models into dynami@r€ coup'ed within the network. Herein lies the major prob-

cal equations that govern how the physical object will evolve:.em of NN: they are not physmally mter_prr]etable. The non-
over time. However, with our present level of knowledge, inear autoregressive moving average with exogenous inputs

there are many complex systems that we are not able téNARMAX) technique (eontaritis and Billings1985ab) is

deduce a model from first principles. For example, the hu-2 similar technique to NN but more useful, in that the algo-
' jthm can return a physically interpretable polynomial. The

man brain and other biological systems are many years awaeRlARMAX del b d by th I
from being understood in a manner in which a model can b model can be represented by the equation:

Keywords. Magnetospheric  Physics  (Solar  wind—
magnetosphere interactions)

1 Introduction
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y(t) = Fly(t = 1), ...,y(t —n,), u
y=) wg +e, (3)
ur(t =21, .. u1(t —nyy), ..., ;

(0= 1) et (8= gy )5 o wherew; is theith orthogonalised monomial time series vec-
e(t=1),....e(t =ne)l +e(?). (1) tor andg; is the coefficient. By orthogonalising the mono-
mials, the multiplication between different orthogonalised
monomials,w;, will result in zero, e.g.wiij =0, where

i # j. This allows for the separation of each monomial’'s
contribution to the explained output variance. Multiplying
Eq. @) by y? leads to

Here, the output at time can be represented as a func-
tion, F, of the previous values of inputs(¢), output y(r)
and noise: (), whereny, ny,, ..., ny,,, n. are the maximum
time lags of the output, the: inputs of the system and the
noise respectively. The functiof can be set to a polyno-

mial with a specified degree of nonlinearity, where the mono- . M . M ’ M ’

mials will be the cross-coupled lagged inputs, outputs andy” ¥y = Zwi 8i ij 8j +Zwi gie

noise. As the number of inputs, lags and degree of nonlinear- i=1 j=1 i=1

ity increase, the number of possible monomials will increase M

drastically. However, most of these monomials will have no +e’ ijrg,/ +e'e, (4)
physical meaning for the system, so an algorithm needs to j=1

search these cross-coupled combinations for the terms wit

mixmraseihsé%glgcanzzlIJ;Iri(fjetlh ztrﬂrcstt f;?;e%i.g;e aNnAdRs cesses are ergodic, and the noise of the system is zero mean
hieved by th gy:[h | least uctu ! d ’ " 'S and uncorrelated with the monomiai:e is the variance of
achieved by the orthogonal least squares—error reduction rag, noisep?2; and allww; = 0 fori # /. This yields

tio (OLS-ERR) algorithm. The second stage of estimating
the coefficients for each of the terms identified by structure

Q/herewge =0 ande’ w; = 0 assuming all stochastic pro-

detection is also encompassed by this algorithm, while the fiy’y = Z wiTwig,»2 + 062 , (5)
nal stage validates the model by exploiting both dynamic and i=1
statistical approache8illings and Voon 1986 Billings and

where eachul.Twigi2 represents the monomial’s contribution
to the outputs dependent variable variance. Thus, the ERR
for theith monomial is defined as

Zhu, 1989.

In Sect.2, a brief description of the NARMAX algorithm
is given, along with the definition of the ERR. Secti®em-
ploys an example system to show that the ERR is able t
find the inputs of the system, while the correlation function,
which is often used in the search for inputs, cannot. In Sect.
the studies of the Dst index, using the NARMAX approach,
are reviewed, while Sech.reviews the NARMAX studies of
the electron flux.

T 02
ErR = DL (6)
Yoy

and represents the percentage of total output dependent vari-

able variance attributed to each monomial. Therefore, each

of the many monomials can be quantified and the monomi-

als with the highest ERR are selected for the model struc-

ture, concluding the first stage of the NARMAX methodol-

2 The NARMAX algorithm ogy. The coefficientd, for each of the selected monomials
can then be calculated from the orthogonalised monomials

In the case of a polynomial basig]-] represents a linear- by employing a least squares method, completing the second

in-the-parameters polynomial model. The terms of this poly-stage of the methodology and resulting in the model.

nomial model are comprised of all the possible cross-coupled The NARMAX methodology is highly versatile and is cur-

combinations of the components to the predetermined powerently employed in many different fields, ranging from bi-

Thus, Eq. 1) becomes ological systems to financial systems. Therefore, the NAR-
Iy MAX is a very powerful technique and ideal for scientific

y= Zpiei te, ) fields such as space physics since it is p0§5|ble t(_), in some
= sense, reverse engineer the results to gain physical under-

) ] ) ] N standing about the system and the processes involved.
wherey is the output time series vecta, is the coefficient In the field of space physics, the magnetosphere is a highly

of theith time series .monomial vectqr; andM is the to- complex system, with many processes taking place on spa-
tal number of monomials. The OLS-ERR utilises the Gram-(j5| scales from metres to tens of kilometres. In many cases,

Schmidt procedure so that each of the of the monomial tim& is not known what parameters influence a certain state of

vectors,p;, are made orthogonal to each other. So, orthogohe magnetosphere, out of the many possible parameters that
nalising Eq. ) results in act upon it. To solve this problem, the structure detection
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stage of the NARMAX algorithm, where the ERR analysis Table 1.ERR test results for the example system.
is applied, can be used to search through many combinations

of many different parameters to find the terms that have the Term ERR (%)
most significance on the system. The term with the higher r(t—3)r(t—3)p(t—3) 39.0
ERR accounts for a larger amount of the output variance and a(t—1) 35.8
is therefore a more appropriate term. u(t) 12.2

In the past, the correlation function has been employed to w(t —2) 10.3
find the combination of solar wind parameters that most in- gt —2)q(t —2)q(t —2) 2.58

fluence certain aspects of the magnetosphessvéll et al,
2007. However, applying the correlation function to a non-

linear system, such as the terrestrial magnetosphere, may g example demonstrates the power of using the NAR-
lead to ambiguous result8gynton et al, 2011h illustrated  \ax ERR data analysis technique over more simple tech-
a simple example of this, using a simple quadratic equation,iqyes such as the correlation function. The ERR identified
were the outpgjz is equal to the'squarg of the of a zero mean 5| the terms in Eq.7), while the correlation function could
input x, y = x*. even thoughv is the input the correlation 4y ohtain one of the terms in Eqz)(out of the terms with
between between andx will be zero. Therefore, the linear o highest five correlations. This emphasises that for non-
correlation function should not be applied to nonlinear sys-jinear systems, only methods that are designed to account for
tems. nonlinearities should be applied, otherwise the results can be
misleading.

3 The ERR analysis

An artificial system was created to show that the ERR is able4 The Dstindex

to identify the inputs. This system is represented by The Dst (disturbance storm time) index is widely employed

y(t) = —0.25u(t) + 0.2w(r — 2) — 0.3¢(t — 1) for studying the disturbances associated with geomagnetic
2 3 storms and many attempts at modelling the dynamics of the
F0.07pri(t =3) — 0047 =2 +e(®), ™ Dst index have been made. The magnetosphere system, in-
where the output at timet is a function of the inputp, g, cluding the Dst inde, is known to be a low dimensional sys-
r,u andw, and the noise. Here,e was a zero mean signal to tem (Sharmal1995 Valdivia et al, 1996 Klimas et al, 1996
simulate the noise. However, in the real case of obtaining theand evolve under the influence of the solar wind. However,
model structure there will be many possible inputs, so, morehe question What combination of solar wind parameters
inputs, s, v andx, were included in the search, which like control the evolution of the Dst indekstill has no definitive
the other inputs were just random signals. It must be notedinswer, despite the quest for a solar wind—magnetosphere
that each of the inputs and noise signal all had 1000 datgoupling function being the subject of many studies. One of
points. Also, since the degree of nonlinearity or the maxi- the first attempts to model the Dst index wasBayrton et al.
mum lags of the system are not known either, these were both1979, where they used two inputs, the solar wind veloc-
set to be four. Therefore, the algorithm would search throughty V multiplied by the southward IMF (interplanetary mag-
four lags, plus the current time, ¢ — 1, ...,r —4), and every  netic field ) Bs (Bs = 0 for B, > 0 andBs = — B for B, < 0)
combination of the inputs to the power of four, resulting in and the square root of the solar wind dynamic presgure
a total of 135 750 terms to search. Taftlshows the terms The aim ofPerreault and Akasof(1978 was to find a so-
with the five highest ERR. The ERR analysis has found alllar wind—magnetosphere coupling function by estimating the
the model’s terms, linear and nonlinear, from E@), (vith interplanetary flux in terms of the Poynting flux,B2. An
r?p(t — 3) accounting for the most output variance. important observation in this study was that the they found
On the other hand, if the correlation function is employed evidence for small geomagnetic activity even when the IMF
to find the model structure, the results will be misleading.was orientated northward. As such, to account for the im-
To demonstrate this fact, the 135 750 terms that the ERRportance of the IMF orientation, instead of employing a rec-
searched through were correlated with the output. Table tifier that allows only negative values @&, (Burton et al,
shows the terms with the five highest correlations with the1979, they used a function of the IMF clock angle i/ 2)
output. They (s — 1) term is involved in all five of the terms, Whered = tan~1(B,/B). Therefore, the resulting coupling
which on its own accounted for the second highest ERR function wasV B2sin*(6/2). Kan and Leg(1979 justified
However, according to the correlation function, the lags,of the clock angle function analytically by deriving the power
which is not even included Eqr), also have a large influence delivered by the solar wind from the field line reconnection
on the output. The correlation function does not even recoggeometry. There are many other coupling functions that have
nise any of the other terms included in EQ) &nd, therefore, been derived, using different methods for obtaining a cou-
it is highly unreliable. pling function, such as correlatiomNéwell et al, 2007 or
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Table 2. Correlation test results for the example system. Table 3. Solar wind-Dst index coupling functions assembled by the
ERR algorithm.
Term Correlation (%)
- . .

ot — g —1) 605 Coupling Function ERR (%)
v(t —3)q(t — 1) 60.4 pY2vA43B,sinfv/2)(t — 1) 5.46
gt —1) 60.4 pY2v2Brsilf©6/2)(t — 1) 3.18
v(t —1Dg@t—1) 60.3 nY/8v2B,sinf6/2)(t — 1) 3.15
v(t —2)q(t —1) 60.2 Dsi(t —2) 2.96

pY2v Brsilf/2)¢ — 1) 2.77

trial and error Temerin and Lji2006, which can be found in
the study byBoynton et al(2011H.
The physical interpretability of the NARMAX algorithm

The results from the table show that the coupling function
should consist of density (given that= %nvz), velocity,
X X tangential IMF and clock angle function, since these param-
has been used in the past to study the Dst index. A NAR-gtar5 annear in four of the top five functions with the highest
MAX model was derived using an input Bs in the study  gpg Therefore, according to the resultsBrynton et al.

by Boaghe et aI(ZOQ]). Then by mapping t_his model into (20118, the most appropriate coupling functions should be
the frequency domain to produce a generalised frequency ress ihe form:

sponse function, the dominant nonlinear characteristics were
studied, revealing the existence of energy storage processes /6 g7 gjrf (9) ) ©)
that involve multi-wave coupling. A similar study was per- T 2

formed byBalikhin et a_I.(200:I), which _focused on the pro- rom their results, they concluded thashould have a value
cesses of energy loading for the Dst index. They concludecget\m_}(_}n 1/6 and 1/2 should be equal to 1 aridequal to 6.

that there was no evidence for models that assume a t'mﬁ" e value forg is the most inconclusive but should be in the
delay storage of energy. However, these studies never us nge of 2-3

fche NARMAX. algorithm to com_bine sol_ar wind parameters In this study,Boynton et al.(2011h analysed a number
'?‘to a Tolgr wind coupling fl:nctlon and |n|stea((jj uhseﬂs as  of clock angle functions. These included the purely south-
the sole |nputBo.ynton e.t_a {20111 employed the NAR- ward component fronBs; sin*(6/2), which was pioneered
MAX ERR algorithm ability to search through and assessby Perreault and Akasof(1978 and justified byKan and

many combin_ations of sqlar Wind parameters to obtgin theLee(1979); and sif(6/2). These functions are very similar

most appropriate solar wind-Dst index coupling function. 4 only significantly differ when the clock angle is directed
east or west. One of the most interesting results of this study

4.1 NARMAXERR derived solar wind—-Dst coupling was that the sf(6,/2) function was continuously selected by

function the algorithm as the most appropriate function for explaining

the dependent variable variance of the Dst index, throughout

The aim of the study byoynton et al(20118 was to de-  each of the ERR analysis tests.

rive a solar wind—Dst index coupling function that could be

used as an input to model the Dst index. To do this, they4.2 Analytical explanation for the coupling function

utilised the structure detection stage of the NARMAX algo- ]

rithm to combine solar wind parameters and find the mostSince the results of NARMAX can be reverse engineered to

appropriate function with the highest ERR. As with the ex- 981N physmal understanding about the system, the coupling

ample from Sect3, there are many possible solar wind pa- functlon_ byBoynton et al.(2011l)_ should be related to the

rameters that can influence the Dst index. TherefBon- interaction between the _solar wind and the magnetosphere.

ton et al(2011H used a wide range of solar wind parameters ©ne of the main conclusions &oynton et al (20110 was

as inputs. These inputs ranged from basic parameters, such £t sitf(6/2) was the most appropriate function for the IMF

V., p, densityn, IMF componentsB,, By, B. and the tangen- clock angle. The sﬁ{9/2) IMF clock angle function goes
against what is seen in most studies, where eithé(&ig)

or the southward component were employBdrton et al.
rameters, likeV %3, p1/2, ny /6, Bs, sinf(0/2) and sif(9/2). (1975 empirically deduced the southward component of the
Due to the large number of parameters, four ERR analysisMF from scatter plots of the dawn to dusk component of
tests were carried out to narrow down what parameters hathe electric field against the ring current injection rate. They
the most control over the Dst index. Taldelisplays Table 4  found that positive electric fields had a linear relationship
from Boynton et al(2011b, where they used a fourth degree with injection rate, which correspond to a southward IMF.
of nonlinearity, 5 time lags and input¥:, V43, p%2, »1/6,  While for negative dawn—dusk electric fields, which was
Bs, Br, sirf(6/2) and sif(6/2). analogous to a northward IMF, the injection rate was close

tial IMF By = /Bf,-|— B2, to nonlinear functions of the pa-

Ann. Geophys., 31, 15791589 2013 www.ann-geophys.net/31/1579/2013/
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to zero. Therefore, they concluded that the southward com- B,
ponent was the function of the clock angle. For théip2)
function, Perreault and Akasof(1978 fitted a function that
could account for the small amount of geomagnetic activity
observed when the IMF was slightly positive. This was then
analytically derived byKan and Leg(1979 from the geo-
metric relationship between the electric and magnetic fields.
The motivation for the study bBalikhin et al.(2010 was to
understand why the ERR analysis resulted if@yi2) when
most other studies and models preferred to use the southward
component or sith#/2) (Amariutei and Ganushkin2012
Boaghe et a).2001; Akasofuy 1979.

Balikhin et al.(2010 revisited the arguments B¢an and
Lee (1979 that deduced the st /2) factor from first prin-
ciples to determine why the resultsBbynton et al(2011H
were different. LikeKan and Lee(1979, Balikhin et al.
(2010 started from the dayside reconnection electric field Fig. 1. The components of the reconnection electric field, where the
derived bySonnerud1974): line x1x5 is the length of the X linelg.

0
E, = VmsBmsSin<—> , 9) ;
2 for the fact that the potential should be calculated over the

where the subscript MS indicates the magnetosheath veloégngth in WhiCh, the electric field is, projected. In thgir calcula_-
ity and magnetic field values. The reconnection electric fieldi°": they multiplied the perpendicular reconnection electric

is assumed to be the only component of the magnetosheafif!d Py the entire length of the X line, lineyx> in Fig. 1.

electric field that is able to penetrate into the magnetosphere=nseguently, their expression for the cross-polar cap poten-

The potential differencep,, across the polar cap can then tial misseo_l a factor of §(ﬁ/2) and_their e_xpression for the
iQpower, which resulted in sfit9/2), is also incorrect. There-

field: fore, the application of the NARMAX ERR analysis found
' the correct solution and thus allowed for the amendment of a
E =E, sin(%) — Vs Bus Sin? (g) (10) mistake made in the method Ban and Leg1979.

multiplied by the length of the X-lindy, which is assumed 43 NARMAX Dst Model

to be constant, projected along the electric field. In Rig. ) ] ] ] ) ]
the length of the X-line projected along the electric field is USing the coupling function with the highest ERR in TaBle

the linexaxz, which will belosin(@/2). Therefore, the cross- Boynton et al(20113 derived a model of the Dst index that
polar cap potential: could estimate the following hours value. They analysed the

model’s performance, using data from the start of 1998 to the
. 0 . (0 end of 2008, with three criteria: the correlation coefficient,
1 = Vius Bussir® (5) lo sm(§> (11) the normalised root mean square error (NRMSE) and the co-
0 herency function. The model estimated Dst was shown to
®y = VmsBussin® <§> lo . (12)  have a high correlation and a low NRMSE, however, their ob-
jectives were to identify a model that could forecast the onset,
The total power produced by the solar wind dynamo was thermagnitude and duration of magnetic storms. They used the
obtained by the square of the cross-polar cap potential dicoherency function to illustrate how well the model achieved
vided by the resistanc&, assuming magnetic flux conser- these goals, since it is able to determine the frequency depen-

vation so that/ysBus = V B: dencies between the measured and estimated Dst. The figures
»2  y2p2 displayed that the model had a high coherency for the fre-
P=-1_—= sin(6/2)lp , (13)  quencies of a magnetic storm but did not perform as well for
R R the higher frequencieBoynton et al(20114 then compared

thus resulting in a theoretical explanation of the NAR- the performance of their model to other Dst models that used
MAX results by Boynton et al.(2011h, which yielded the  a similar criteria, illustrating that the model using the NAR-
sinf(6,/2) factor as the most appropriate clock angle factor. MAX ERR derived coupling function had a higher correla-
Equations 12) and (L3) differ from the Kan and Lee equa- tion than the models employing Bs as the input. Figur@
tions for the potential and power. Wh&an and Leg1979 shows the model predicted output in blue and the measured
calculated the cross-polar cap potential they failed to accounDst index in red for the period between March and May 2000.

www.ann-geophys.net/31/1579/2013/ Ann. Geophys., 31, 157889 2013
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4.4 Summary

nT)

The application of the NARMAX ERR approach to the Dst
index has proved to be very successful in the studies by
Boynton et al.(2011h, Balikhin et al. (2010 andBoynton

et al.(20113. In summaryBoynton et al(2011h was able

to automatically derive a combination of solar wind param-
eters to form a coupling function by utilising the structure
detection stage of the NARMAX ERR algorithm. This cou-
pling function was then justified from first principles Bya-
likhin et al. (2010, where they derived the relationship of
the solar wind power from the reconnection geometry. Fi- oy s GOm0 GADLE GHOUEGD TGN TR SUeHZ0 EUE0 GUOSERD ABSRD
nally, the NARMAX deduced coupling function was shown e

to give a better model performance than the commonly usedtig. 2. The model predicted output in blue and the measured Dst
V Bs function. index in red between March and May 2000.

(red), MPO (blue

dex

Dst In

300 -

350 g

results were revisited biReeves et al(2011). They anal-
5 Electron fluxes at GEO ysed the long-term relationship between electron fluxes at
o ] GEO and solar wind velocity with the aid of scatter plots.
The radiation belts are a very hazardous environment fofrhese showed a much more complex relationship than the
satellites and humans that transit the region. High relativis-y,o suggested Hyaulikas and Blaké1979, where, instead
tic electron fluxes within the radiation belts significantly in- the fluxes exhibited a triangular distribution with the velocity.
crease the probability of detrimental effects to the onboardgp, ayerage the higher fluxes are a result of higher velocities
satellite systems and can even lead to permanent hardwatg,q show a velocity dependant lower limit, but have an up-
damage. As such, the study of radiation belts is highly impor-per jimit that is autonomous of the velocity. This complex
tant for modern technological systems that require satellitesyjangular relationship between the electron flux and velocity
Alth_ough the radiation belts were discovered by_ very f'rStmotivatedBoynton et al(2013 andBalikhin et al.(2011) to
in situ measurementd/gn Allen, 1959, due to their com- i egtigate the solar wind parameters that control the evolu-

plexity, we are not able to deduce the mathematical modeljn of electron fluxes at GEO using the ERR analysis.
from first principles with our current level of knowledge.

The mechanisms behind the acceleration and loss of enes.1  ERR Analysis of electron fluxes at GEO
getic particles need to be understood in order to have a com-
plete model of the radiation belts. At present, there are twoBoynton et al(2013 employed the structure detection stage
main theories on acceleration. One based on radial diffusiorof the NARMAX algorithm to determine the solar wind pa-
(Falthammarl968 Schulz and Lanzerotti974), where due  rameters that control 14 different energies of the electron flux
to the earthward diffusion of an initial seed population, the at GEO, ranging from 24.1keV to 3.5 MeV. SimilarBoyn-
particles are accelerated by the conservation of the first antbn et al.(2011h, many different solar wind parameters were
the second adiabatic invariants. The second theory is localised as inputs to the algorithm, since it is not fully known
diffusion (Temerin et al. 1994 Reeves et gl.2009, where  what parameters influence the fluxes. These parameters in-
particles are accelerated by interacting with waves within thecluded the solar wind velocity, density and pressure, north—
radiation belt (e.g. chorus, magnetosonic, etc). The losses afouth IMF component and values based on the daily variation
particles within the radiation belts can be caused by mag-of the north—south IMF component; these were the fraction
netopause shadowing@tsager et al.2007 Ohtani et al. of time in each day that the IMF had a southward orienta-
2009 Matsumura et al.2011), where the magnetopause is tion, the average southward IMB{) within each day and
compressed to within the radiation belts, and can also be atthe variance ofB, for each day. Tabld displays the results
tributed to waves that cause lossketf’aniu et al, 2010. from Boynton et al.(2013, employing a NARMAX algo-
Numerous studies have focused on obtaining the solarithm that used a second degree nonlinearity and 5 time lags.
wind parameters that cause the acceleration and loss of the There are two interesting results from the analysis by
energetic particles within the radiation belRaulikas and Boynton et al.(2013. The first is that the solar wind den-
Blake (1979 compared the daily averaged, 27 day averagedsity accounts for the majority of the variance for the energy
and 6 months averaged 0.7, > 1.55 and> 3.9 MeV elec- range between 1.8 and 3.5MeV and has an increasing in-
tron fluxes at geostationary Earth orbit (GEO) with the so-fluence on the fluxes from 925keV. The other result is that
lar wind velocity, IMF components and sector polarity. They as the energy of the electron flux increases, the time for the
found that the solar wind velocity exhibited a strong cor- solar wind velocity to have an influence on the flux also in-
relation for all the energy ranges studied. Recently, thesereases. For 24.1-90 keV, the current day’s velocity has the

Ann. Geophys., 31, 15791589 2013 www.ann-geophys.net/31/1579/2013/



R. J. Boynton et al.: NARMAX analysis 1585

Table 4. Results of the NARMAX analysis, showing top 3 terms in the order of ERR for the electron fluxes ranging from 24.1keV to
3.5MeV.

Energy 1st Term ERR(%) 2ndTerm ERR(%) 3rdTerm ERR (%)
24.1 keV V(t) 96.9 V2(r) 2.82 n() 0.08
31.7 keV V() 96.9 V2(r) 2.83 n() 0.07
41.6 keV V(t) 97.0 V2(r) 2.82 n() 0.05
62.5 keV V() 97.0 V2@ 2.80 () 0.04
90.0 keV V() 97.0 V2 277 aV(@) 0.03
1275keV V() 748 V(-1 223 V2 2.08
1725keV  V(r—1) 65.7 V() 316 V(-1 1.74
270 keV Vit —1) 97.4 V2@ 234 B.(1—-1) 0.02
4075keV V(i —1) 841 V(-2 13.7 V2@ -1 1.63
625 keV Vt—1) 759 V(-2 223 V2(1-2) 0.61
925 keV V(t—2) 96.2 () 0.28 V(@I-—4 0.24
1.3 MeV V2(t—2) 765 aV(—1) 221 n(@V@©) 1.90
2.0 MeV n@t—1) 53.7 nV(—1) 136 n2(—1) 5.55
1.8-3.5MeV n(t—1) 515 n2(t—1) 15.1 V2@ -2 6.13

most influence on the electron flux, but at 127.5keV the ve- As mentioned byAryan et al.(2013, a possible explana-
locity of the previous day starts to effect the fluxes, havingtion for the density dependance could be magnetopause shad-
an ERR of 22 %. The ERR for the previous days velocity in- owing, since a high solar wind dynamic pressure, which is a
creases to 66 % for the higher energy of 172.5 keV electronsfunction of density, can compress the dayside magnetopause
This trend continues to 1.3 MeV electron fluxes, where theto within the gyroradii of the electrons observed at GEO.
velocity recorded two days in the past is the controlling term. Therefore, a high density could lead to the drift loss of elec-

trons to the magnetopause. However, although the dynamic
5.2 Solar wind density pressure was one of the inputs to the NARMAX algorithm,

it was the density that had the highest ERR. So, why did the
The relationship between the solar wind density, solar winddensity have the highest ERR and not the pressBogaton
velocity and 1.8-3.5MeV electron flux was investigated by et al.(2013 inspected the data to answer this question. They
Balikhin et al.(201]) to explain why the NARMAX ERR  found a case where the electron flux decreased with no sig-
analysis resulted in the density having the most influencenificant increase in pressure but a relatively large increase in
on the flux and not the velocity. They started by illustrat- density. Figure3 has the same time period as Fig. 5 in the
ing the relationship simply, via scatter plots of the density study byBoynton et al.(2013 and displays the daily aver-
and velocity and showed that the high electron fluxes, aboveaged 1.8—-3.5 MeV electron flux in the top panel a, 1 min solar
1075 (cm? s srkeV) L, only occurred at at low densities, ir-  wind velocity in panel b, 1 min solar wind density in panel c,
respective of the velocity valu®&alikhin et al.(2011) then  the dynamic pressure in panel d and the magnetopause loca-
split scatter plots of velocity and electron flux into to six tion, according to the model l§hue et al(1997), in panel e
density ranges to examine how the distribution changed asvith a black dashed line indicating GEO. Here, the electron
the density is altered. They found that, for a fixed density, theflux data, from the Los Alamos National Laboratory (LANL)
electron flux increases with velocity until saturation, where satellites, were only released in daily averaged format. How-
the electron flux attains its maximum value. The velocity atever, since important information can be lost by daily aver-
which the saturation takes place and the maximum value ohging, the 1 min data is shown for the solar wind parame-
the flux decreases with increasing density. They concludeders and the estimated magnetopause position. For example,
that the reason for the anti-correlation between density anéiny magnetopause shadowing occurring within the day may
electron flux could be because the growth rates of waves itbe lost by averaging the data, thus indicating that no drift
local-wave particle interactions are effected by increases irloss should occur, even though magnetopause shadowing is
density, thus, interfering with the acceleration of elections orclearly shown in the 1 min data. An event in the electron flux
causing the electrons to precipitatgyan et al.(2013 esti-  can be seen in Fi@, with an increase of fluxes taking place
mate the saturation velocity at different densities less tharbetween 7 and 12 November 2000, coinciding with a coro-
6 cm 3 statistically by using the reverse arrangement testtating interaction region, which can be seen by the increase
They showed that there is a distinct anti-correlation betweerof solar wind velocity for several days. After this, the fluxes
the saturation velocity of the electrons at GEO and solar windplateau for 5 days before decreasing back to the initial levels.
density.
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density, therefore, more in depth investigations into how the
increases in density lead to the depletion of electrons at GEO
are needed.

5.3 Solar wind velocity time lag

The second interesting result of the ERR analysis on the elec-
tron fluxes was that the time for the solar wind velocity to
have an influence on the electron flux increased with the en-
ergy of the electrons. Although this had been observed be-
fore (Li et al., 2005, the NARMAX results allowed for the
guantification of the lag vs. the energdalikhin et al.(2012
aimed to find the relationship between time lag and energy by
solving the energy diffusion equatioHg¢rne et al.2005:

A et [ ] )
ot oE 0FE | A(E) TL

where F is a distribution functiony is the time,E is the
kinetic energyA is defined as

A= (E+Eo)(E +2E)?E?, (15)

D is the bounce-averaged energy diffusion coefficignt,
] is the effective timescale for losses to the atmospherezand
is the rest energy of the electrddorne et al(2009 showed

Pate (ddfmmfsy) that the distribution functiod (E, aeq) depends upon energy
Fig. 3. The daily averaged 1.8-3.5 MeV electron i@, 1 min so- and the equatorial pitch anglesq, and is related to the fluxes
lar wind velocity (b), 1 min solar wind densityc), the dynamic J(E, aeq) bY

Magnetop
Location, (
B

pressure(d) and the magnetopause locati¢eg) according to the E+E
model byShue et al(1997. Starting on 7 November 2000 and end- F(E, aeq) = —011 J(E, aeq). (16)
ing on 23 November 2000, the same time period as Fig. 5 in the c(E+2Ep)2E?2

study byBoynton et al(2013. Therefore, from Eqgs.1¢) and (L6), Balikhin et al.(2012)

estimated the upper limit of the timescale for the increase in
electron flux as a function of energy. They assumed the en-

On 18 November 2000, Fig.shows a steep decrease in elec- ergy d_iffusion coefficientD to be constant, the losses to be
tron fluxes. Meanwhile, the pressure increase is negligibld'€9ligible @ — oc) and three cases for: Case 1E < Eo;

in comparison to the increase on 10 November 2000 due t§ase & ~ Eol/—2> E—-Eo < Ep; andOCase & > Eo.Casel
the lower solar wind velocity. However, the increase in den-"etUrnsA = Eq'"; in Case 24 = Eg =1; and for Case 3,
sity is large in comparison to the other increases in densityA = E2. For the second case, # =1, then the solution
Also, according to the model @hue et al(1997 for the is the standard dn‘fusmn_equatlon WI.th constant cpefﬁuents;
magnetopause location, during 18 November 2000 the magiherefore, any changes in energy will be proportional to the
netopause is always located beyon& g, well beyond the ~ Sguare root of time. Thugalikhin et al.(2012 only solved

gyroradii of the electrons at GEO. With this evidenBeyn- for cases 1 and 3. For the sub-relativistic case (Case 1),
ton et al.(2013 concluded that the loss of electrons is likely E2

caused by density enhancement, at least in some cases, aft= K E(t + to)‘5/4exp<—2—> ; a7
that this could be due to the high densities resulting in waves 4DEj(t +10))

that cause losset@to’aniu et al, 2010. It should be noted

that during 10 November 2000, tishue et al(1997) model

shows the magnetopause within GEO for a short period of ) 32 E?

the day, which corresponds to a decrease in flux. F=KE(+10) exp _W(H—t) ' (18)
These studies of the solar density influence on the electron 0 0

flux at GEO illustrate how the NARMAX algorithm can indi- whereK is a constant ang is the initial conditions for the

cate new paths of research by finding the significant paramtime. Balikhin et al.(2012 noted that for these solutions to

eters of a system. However, there is still much to understandbe valid, the seed population energies must be much lower

in the relationship between the electron flux and solar windthan the energies being evaluated.

while for the highly relativistic case (Case 3),
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Fig. 4. Plots of the electron distribution with respect to energy and
time from Eqgs. {7) and (L8), normalised between 0 and 1 for each
time bin.

-1

Figure4 is the log—log plot of the energy distributions for =t foffogm(l_ime Lag). (dais) 0s
cases 1 and 3 as a function of energy and time, calculated
from Egs. (7) and (8). The distribution is normalised be- Fig. 5.Figure 1 fromBoynton et al(2013 displaying a log—log plot
tween 0 and 1 for each time bin to show the maximum of of the energy of the electron flux against the effective time delay of
the distribution more clearly. As such, the gradients of thesethe solar wind velocity calculated from the NARMAX results. Also
log—log energy distribution plots reveal the timescale for theShown is the line of best fit in red.
increase in electron flux as a function of energy according
to theory, which can then be compared to the lag vs. energ
relationship found from the NARMAX results. In the sub-

relativistic case the gradient is 0.4993, while it is 0.4996 in.l.he NARMAX ERR analysis was applied to a range of elec-
the highly rellativistic case. H(.are,.the gradien.ts were foundtron flux energies boynton et al.(2013. From this anal-
frqm the maximum of the distrib uuon at.eac;h time, hpweyer, ysis, there were two important results. The first was that the
it is the same for all levels of the distribution function, in- solar wind density had a major role in controlling the 1.8—
i 0 i ikhi i .

lcluSmtg jOT/r(]) of ;Ehe m_aann:rr]n thaBahkhmfethaI.(ZOl_a ”th 3.5MeV electron flux and the second was the quantification
ustrated. Therefore, in all three casesAyichanges in the ¢y relationship between the electron flux and the time de-
energy are proportional to the square root of time accordlnqay of the velocity
0 |I_E|qs. 4 atr;]d %\%RMAX Its oBovnt t al(201 The density relationship was confirmed by b&alikhin

hi or\]/vever,l gth tati t.reslu T? oyr;]_onbeta ( ? ¢ et al. (2011) and Aryan et al.(2013, where they found a
which revealed the statistical relationship between e1ection, i-a| anti-correlation between the velocity at which the
energy and velocity time lag does not concur with the S9electron flux saturates and the density. AlBoynton et al.

ltlrjltlon IOI' thehgn?rr]g)t/ dlf‘fU?IOI’] de(?uatlclﬂ. 'T\'lgAuRE:AdA'Sflaysl (2013 showed that the depletion of the electron flux was not
€ refationship that was found from he analy- 4ue to the increase in density causing magnetopause shad-

?_'; , whic dh' ca;nf be C‘;T“g"’?re‘lj (t)osthehgrﬁdlﬁnts fr;)hm tt?ﬁ theoryowing and, therefore, the decease in flux was most likely be-
€ gradient from ™1gs IS 1.Lo, Which Shows thal In€ en- ., e of high densities resulting in waves that cause losses.

ergy |s_pr0port|(_)na_1l to the fime delay not the square root. The energy diffusion equation was solved Bglikhin

Accordingly, Balikhin et al.(201 concluded that the time et al. (2012 to investigate if the solution agreed with the re-

scaling of the SOIUUO.” of th? energy diffusion equation is r]Otlationship between the electron flux energy and velocity time
fast enough to explain the increase of fluxes at GEO. There&

%.4 Summary

fore, a purely local diffusion acceleration does not happen a'ag obtained by NARMAX. They found that for the solu-
GEO and radial diffusion plays an equal or greater role in the lon of Egs. {7) and (8), the energy was proportional to the

. : ) square root of the time, which disagreed with the observed
acceleration of electrons. Therefore, the interpretation of th%gsults interpreted by NARMAX 9

NARMAX resuits _have helpeq in the understanding of the From these studies, two online NARMAX electron flux

electron acceleration mechanisms at GEO. models have been created for energie800 keV and>
2 MeV. With the identification of the main model parameters,
achieved byBoynton et al (2013, a NARMAX model was
deduced, which uses real time data from the Advanced Com-
position Explorer (ACE) spacecraft to provide a 24 h ahead
forecast of the electron fluxes. These forecasts are available
at http://lwww.ssg.group.shef.ac.uk/lUSSW/UOSSW.html
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6 Conclusions stationary orbit using the reverse arrangement test, J. Geophys.
Res.-Space, 118, 636-641, 2013.

The NARMAX system identification technique has been Balikhin, M. A., Boaghe, O. M., Billings, S. A., and Alleyne, H. S.

shown to not only provide excellent models but also reveal C. K. Terrestrial magnetosphere as a nonlinear resonator, Geo-

insight into the physical processes of the system due to the Phys. Res. Lett,, 28, 1123-1126, 2001. _

interpretability of the results. This paper has reviewed howBalkhin, M. A., Boynton, R. J., Billings, S. A., Gedalin, M.,

the NARMAX has been applied to the terrestrial magneto- Ganushkina, N., Coca, D., and Wei, H.: Data based quest for so-

. . .. lar wind-magnetosphere coupling function, Geophys. Res. Lett.,
sphere, showing examples of how this approach can aid in 37, 124107, doil0.1029/2010GL045732010

understanding .the physics of t_he magnetosphere. Balikhin, M. A., Boynton, R. J., Walker, S. N., Borovsky,

For the Dst index, the application of the NARMAX ap- 5 g Bilings, S. A., and Wei, H. L. Using the nar-
proach byBoynton et al.(2011h, automatically derived a max approach to model the evolution of energetic electrons
solar wind—magnetosphere coupling function from data, This fluxes at geostationary orbit, Geophys. Res. Lett., 38, L18105,
coupling function was justified analytically from the geom-  doi:10.1029/2011GL04898@011.
etry of dayside reconnection in the study Bglikhin et al. ~ Balikhin, M. A., Gedalin, M., Reeves, G. D., Boynton, R. J., and
(2010. These two studies show how the physically inter- Billings, S. A.: Time scaling of the electron flux increase at geo:
pretability of NARMAX can aid in the understanding of The local energy diffueion model vs observations, J. Geophys.
dayside reconnection. As well as providing insight into the BiIIFi{negss;’ éﬂA’ '2}132\?080’:‘1\;8'éoiglé(glrféggigtﬁgéﬁodel validity
fphysms,Bo_ynton et e_tl.(ZOlla) denved a NARMA).( mOdEI . tests for non-linear models, Int. Control J., 44, 235—-244, 1986.
or the Dst Index, which also eVIdeneed the SUpe“O”ty of thISBiIIings, S. A. and Zhu, Q. M.: Nonlinear model validation using
coupling function over others as an input for the Dst index. correlation tests, Int. Control J., 62, 749-766, 1989.

The study of the electron fluxes at GEO, using the NAR- Boaghe, O. M., Balikhin, M. A., Billings, S. A., and Alleyne,
MAX algorithm, by Boynton et al.(2013 revealed a rela- H.: Identification of nonlinear processes in the magnetospheric
tionship between the solar wind density and 1.8-3.5MeV  dynamics and forecasting of dst index, J. Geophys. Res., 106,
electron flux, and quantified the timescale for the increase 30047-30066, 2001.
in electron flux as a function of enerdggalikhin et al.(2011) Boynton, R. J., Balikhin, M. A., Billings, S. A., Sharma, A. S., and
and Aryan et a|(2013 confirmed the density had an anti- Amariutei, O. A.: Data d_erived NARMAX Dst model, Ann. Geo-
correlation with the velocity at which the electron flux sat- _ Phys., 29, 965-971, ddi0.5194/angeo-29-965-2012011a.
urates, whileBoynton et al.(2013 showed that the loss BoYynton. R. J., Balikhin, M. A., Bilings, S. A., Wei, H. L., and
of electrons, in some cases, is not due to the density in- Genushkma, N US'T‘Q the narmax le'e” algorithm to ob-
creases causing magnetopause shadovBadgkhin et al. tain the most influential coupling functions that affect the evo-

) . . lution of the magnetosphere, J. Geophys. Res., 116, A05218,
(2012 solved the energy diffusion equation and found that doir10.1029/2010JA015502011b.

a change in energy of the electrons should be pmportionaéoynton, R. J., Balikhin, M. A., Billings, S. A., Reeves, G. D.,
to the square root of the time taken for this change. How-  Ganushkina, N., Gedalin, M., Amariutei, O. A., Borovsky, J. E.,
ever, they concluded that since this disagreed with the ob- and Walker, S. N.: The analysis of electron fluxes at geosyn-
servations from the NARMAX analysis, then local diffusion  chronous orbit employing a NARMAX approach, J. Geophys.
cannot be dominant at GEO. Res.-Space, 118, 1500-1513, 2013.
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