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Abstract. We consider cross-field plasma flow inside a field-
aligned plasma slab embedded in a uniform background in
a 1-dimensional geometry. This situation may arise, for in-
stance, when long-lasting reconnection pulses inject plasma
into the inner magnetosphere. The present paper presents a
detailed analysis of the structure of the interfaces that sep-
arate the slab from the background plasma on either side; a
fully kinetic model is used to do so. Since the velocity shear
across both interfaces has opposite signs, and given the typi-
cal gyroradius differences between injected and background
ions and electrons, the structure of both interfaces can be very
different. The behaviour of the slab and its interfaces depends
critically on the flow of the plasma transverse to the magnetic
field; in particular, it is shown that there are bounds to the
flow speed that can be supported by the magnetised plasma.
Further complicating the picture is the effect of the potential
difference between the slab and its environment.

Keywords. Magnetospheric physics (plasma sheet) – Space
plasma physics (discontinuities; kinetic and MHD theory)

1 Introduction

This paper deals with a 1-dimensional idealised plasma and
magnetic field configuration that can serve as a model for
a number of situations that occur in the magnetosphere. We
consider a plasma slab with a certain thickness that is em-
bedded in a background plasma pervaded by a strong back-
ground magnetic field (low plasmaβ). The plasma flows in
the slab in the direction perpendicular to the field. It is as-
sumed here that the structure is field-aligned. The slab is
thus separated from the surrounding environment by tangen-
tial discontinuity (TD) interfaces. The present paper aims at
describing the self-consistent steady-state solution of such a
configuration. A similar problem has been addressed earlier
by Echim et al.(2005). As with any tangential discontinuity

structure, the role of the electric field perpendicular to the in-
terfaces plays a fundamental role in determining the nature
of the configuration. This is especially true when studying
the effect of the cross-field plasma flowV 0 through the slab
and of the electrostatic potential difference1φ0 between the
slab and its environment.

A practical realisation of such a plasma configuration may
be found in the substorm magnetosphere when plasma is in-
jected into the inner magnetosphere in a localised magnetic
local time region, as sketched in Fig.1. This injected plasma
will extend along the magnetic field lines, and if the injec-
tion is maintained long enough, a slab can be formed with
hot plasma that flows Earthward with respect to the colder
plasmatrough environment (see, e.g.,Zhang et al., 2008).
Because of the importance of this particular problem, the
present paper focuses on a slab of hot plasma of plasma sheet
origin embedded in a colder plasmatrough background.

The paper is organised as follows. Section2 presents a
fully kinetic self-consistent model of the slab problem. The
basic configuration is discussed in Sect.3. In Sect.4 the ef-
fect of the cross-field flow is examined. Particular attention is
paid to the existence of limits to the flow speed for which an
equilibrium solution to the problem can be found. Section5
looks at the effect of the potential difference between the slab
and its environment in situations without and with cross-field
flow. The paper concludes with a discussion of the merits and
limitations of the model and indicates its relevance for other
magnetospheric phenomena.

2 Kinetic TD model

Let the slab be a quasi-steady structure that is exactly field-
aligned (Fig.2). The x axis is perpendicular to the slab,z

points along the magnetic fieldB0 at the centre of the slab,
and they axis completes the right-hand reference frame. The
magnetic field may rotate in theyz plane. The cross-field
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Fig. 1. Equatorial cross-section of the magnetosphere. Plasma in-
jected from the plasma sheet can penetrate into the plasmatrough,
thereby forming a cross-field flow channel. The magnifying glass
zooms in on such a channel, which can be approximated by a 1-
dimensional plasma slab geometry.

flow V 0 can have any orientation, but in most situations stud-
ied here it is considered to be exactly perpendicular toB0,
along they axis, in which case the magnetic field direction
does not change. The background is stationary.

2.1 Velocity distribution functions

The structure of TD interfaces has been studied in detail
by Harris(1962), Nicholson(1963), Sestero(1964), Sestero
(1966), Whipple et al.(1984), Roth et al.(1996), Mottez
(2003), De Keyser and Echim(2013) and others. The guiding
centre of each particle in a one-dimensional planar TD stays
at a constant distance from the interface. How the particles
are distributed in the system is, to a large extent, arbitrary.
Only consideration of the “accessibility problem” (Whipple
et al., 1984) can resolve this question: it requires studying the
time evolution of the system, or a higher-dimensional version
of the problem, in order to find out how particles enter into
the TD layer. Nevertheless, a realistic set of particle velocity
distributions can be put forward based on only a few param-
eters. The Vlasov–Maxwell equations must then be solved,
where the Vlasov equations express the conservation of par-
ticles in phase space and Maxwell’s laws impose constraints
on the allowed plasma and field configurations, essentially

 

y 

x 

z 

B0 V0 

Fig. 2. Sketch of the slab configuration. A slab of plasma is embed-
ded in a uniform background. The reference frame is chosen so that
x is normal to the structure and the magnetic fieldB0 points along
the z axis at the centre of the slab; they axis completes the right-
handed frame. The flowV 0 in the slab may have any orientation,
although most often it is taken here along they direction.

total pressure balance. Another way to solve the accessibil-
ity problem is by including a diffusion process, or a (small)
normal magnetic field component (e.g.Artemyev, 2011), but
then one is altering the nature of the plasma boundary.

We use a slight generalisation of the planar TD model of
Roth et al.(1996). All physical quantities vary only in the
normal direction (thex axis). The constants of motion of a
particle of speciess with chargeZse and massms in a TD
configuration are its energy and its canonical momenta

H =
1

2
msv

2
+ Zseφ, (1)

py = msvy + ZseAy, (2)

pz = msvz + ZseAz. (3)

The electromagnetic fields are represented by the scalar elec-
tric potentialφ(x) and the magnetic vector potentialA =

[0,Ay(x),Az(x)]. Particles in such a TD configuration may
experience an electric and/or gradient-B drift parallel to the
plane of the TD, but their guiding centre remains at constant
x. In that sense, all particles in a static TD are “trapped”.
For given plasma and field states on either side of a TD, in-
finitely many configurations are possible as long as they sat-
isfy the pressure balance condition. Kinetic TD models such
as the one ofRoth et al.(1996) choose “reasonable” particle
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distributions to specify the plasma arrangement. This choice
results in TD descriptions that are quite realistic, as demon-
strated by a number of studies that match model and observa-
tions (e.g.De Keyser et al., 1996; Hubert et al., 1998; Echim
et al., 2009, 2011). We will come back to this choice in the
discussion section.

Let fs(H,py,pz) be the velocity distribution function
(VDF) of populations. This VDF is written as the product
of a Maxwellian functionFs(H,py,pz) and a smooth “cut-
off function” Cs(py,pz), so that

fs(H,py,pz) = Cs(py,pz)Fs(H,py,pz). (4)

The Maxwellian distribution for particles with massms ,
charge numberZs , temperatureTs , mean velocityVs, and
density normalisation constantNs , can be expressed as

Fs(H,py,pz) = Ns

(
ms

2πκs

) 3
2

e−(H+
msV 2

s
2 −pyVsy−pzVsz)/κs(5)

in terms of the invariants of motion, whereκs = kBTs de-
notes the characteristic thermal energy. The cutoff function
is a smooth step-wise transition (a generalisation ofSestero,
1964, 1966; Lee and Kan, 1979). It is expressed in terms of
the constants of motion as

Cs(py,pz) = ν(l)
s Cs(−pz′;−ssp

(l)
0s ,−Vsz′ ,`(l)

s )

+ν(r)
s Cs(pz′;ssp

(r)
0s ,Vsz′ ,`(r)

s ) − ν(c)
s (6)

for reasons that are clarified below. Here,ss = signZs , and
ν

(l)
s , ν

(r)
s , ν

(c)
s , p

(l)
0s , p

(r)
0s , `

(l)
s , and `

(r)
s are parameters,

while pz′ = −py sinθs + pz cosθs andVsz′ = −V sy sinθs +

V sz cosθs are thez coordinates of momentum and velocity
in a frame that is rotated over an angleθs , in between the
asymptotic magnetic field clock anglesθleft andθright so that
By′ > 0 far from the TD (assuming that the magnetic field
rotation is less than 180◦). The functionCs ,

Cs(pz′;ssp0s,Vsz′ ,`s) =
1

2
erfc

pz′ − msVsz′ − ssp0s

ss
√

2msκs(`2
s − 1)

, (7)

where “erfc” denotes the complementary error function,
switches from 1 whenpz′ � msVsz′ + ssp0s to 0 for pz′ �

msVsz′ + ssp0s for ions, and the reverse for electrons. As
Az′ = −

∫
By′dx > 0 for x → −∞ and < 0 for x → +∞,

this switching function isCs = 0 at x = −∞ andCs = 1 at
x = +∞ for both ions and electrons. The parameter`s ≥ 1
determines the momentum range over which the switch oc-
curs, i.e. the smoothness of the transition, whilep0s controls
the position of the transition in momentum space. The choice
of the cutoff functionCs allows the following possibilities:

– Type I: ν(l)
s = 1, ν

(r)
s = 0, ν

(c)
s = 0. In this caseCs = 1

at x = −∞ andCs = 0 atx = +∞ so that the VDF is
Maxwellian atx = −∞ but vanishes atx = +∞. The
population is therefore confined to the left half-space.
The cutoff is centred aroundmsVsz′ + ssp

(l)
0s and has a

dimensionless width̀(l)
s . This Type I cutoff is used to

represent the stationary background populations in the
left half-space.

– Type II: ν
(l)
s = 0, ν

(r)
s = 1, ν

(c)
s = 0. In this caseCs =

1 at x = +∞ and Cs = 0 at x = −∞. The VDF is
Maxwellian atx = +∞ and vanishes atx = −∞: the
population is confined to the right half-space, with cut-
off position msVsz′ + ssp

(r)
0s and dimensionless width

`
(r)
s . This Type II cutoff can represent the stationary

background populations in the right half-space.

– Type III: ν
(l)
s = 1, ν

(r)
s = 1, ν

(c)
s = 0, with p

(l)
0s = p

(r)
0s

and`
(l)
s = `

(r)
s . In this caseCs ≡ 1 so that the distribu-

tion is Maxwellian throughout the domain. The popu-
lation then is not confined to a particular subspace by
the cutoff function, but it may still be constrained by the
electric or magnetic forces. A typical example is the ion
and electron populations in a Harris current sheet, which
are both confined to the current sheet region via their
diamagnetic drift velocities (Harris, 1962). This type of
cutoff will not be used in the slab model presented here.

– Type IV: ν
(l)
s = 1, ν

(r)
s = 1, ν

(c)
s = 1, with p

(l)
0s < p

(r)
0s .

In this case the population is confined to an interval,
between boundaries determined byp

(l)
0s andp

(r)
0s , with

dimensionless widths̀(l)s and`
(r)
s . The slab populations

will be represented using this type of cutoff function.

These different choices forCs are depicted in Fig.3. It is
now possible to construct a discontinuity model in which the
plasma arrangement is expressed as a combination of species
with VDFs that have this parameterised form.

The use of localised populations with a two-sided cutoff is
a hallmark of the present study. Such two-sided cutoffs have
been introduced earlier byEchim et al.(2005); the formalism
used there relies on a description in terms of the invariantsH ,
py , andµ, where the magnetic momentµ is an approximate
adiabatic invariant that can be used when the magnetic field
changes alongz in a 2-dimensional configuration. The cut-
off function used by these authors is a Heaviside function,
which is the limit case for̀ → 1. The introduction of elec-
tron distribution functions with cutoffs̀− = 1 gives rise to
very localised electron transition layers with correspondingly
large local electric fields that are likely to produce instabili-
ties, which tend to widen such layers. The added flexibility
brought by introducing the characteristic length scales there-
fore increases the realism of the solutions.

An interesting property of this particular form of VDF is
that its moments

Q
(ijk)
s =

∫ ∫ ∫
vi
xv

j
yvk

zfs(vx,vy,vz) dvx dvy dvz

can be computed analytically so that the partial densi-
ties ns = Q

(000)
s and currentsjsy = ZseQ

(010)
s and jsz =
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ZseQ
(001)
s are expressed in terms of the potentialsφ andA.

Appendix A gives the derivation of these moments.

2.2 Differential equations and boundary conditions

The time-stationary Maxwell equations can be formulated as

dAy

dx
= +Bz(x), (8)

dAz

dx
= −By(x), (9)

dBy

dx
= +µ0

∑
s

jsz(φ(x),Ay(x),Az(x)), (10)

dBz

dx
= −µ0

∑
s

jsy(φ(x),Ay(x),Az(x)), (11)

0 =

∑
s

Zsns(φ(x),Ay(x),Az(x)). (12)

The last equation is the quasi-neutrality condition; it replaces
the Poisson equation. This nonlinear differential algebraic set
of equations is solved numerically, yielding the electromag-

netic potentialsφ andA. The steady-state solution of the TD
configuration has then been found, since all VDFs are defined
in terms of the invariants of motion, and these invariants are
given in terms ofφ andA. Note that the solutions proposed
by Harris (1962), Nicholson(1963), andMottez (2003) do
not require the quasi-neutrality or Poisson equation, since
they are exactly charge neutral by construction, which is a
severe restriction.

This set of equations has to be supplemented with bound-
ary conditions. We assume that the magnetic fieldB0 is given
at a reference pointx0. The electric and magnetic potentials
can be set to zero there,φ(x0) = 0 and A(x0) = 0, since
they are determined only up to a constant. In all calcula-
tions presented here, the choicex0 = 0 is made. The mag-
netic field is taken to be exactly alongz at x0. Using the ex-
pressions for plasma density obtained in Appendix A, and
always considering that the background populations are sta-
tionary (Vs = 0), the density of the background populations
of Type I at−∞ is

ns(−∞) =Ns exp(−
Zse

κs

φ(−∞));

knowingns(−∞), it is therefore possible to computeNs if
φ(−∞) is given as a boundary condition. For the background
populations of Type II the density is specified at+∞, and the
density normalisation constant is obtained from

ns(+∞) =Ns exp

(
−

Zse

κs

φ(+∞)

)
.

For Type III populations (which are not used here) the den-
sity can be specified atx0 = 0, with the normalisation con-
stant following from

ns(0) =Ns .

In the present paper we will limit ourselves to configurations
in which the Type IV slab populations do not vanish atx0 =

0, so that their density can be specified there as well. One
obtains

ns(0) =Ns

[
1

2
erfc

p
(l)
0s

`
(l)
s

√
2msκs

+
1

2
erfc

−p
(r)
0s

`
(r)
s

√
2msκs

− 1

]
;

note thatns(0) =Ns whenx0 is fully embedded in the slab
and if the slab is wide enough, since the distribution then is
fully Maxwellian there (p(l)

0s � 0 � p
(r)
0s ). In summary, af-

ter specifyingφ(−∞) and φ(+∞) one can integrate the
differential-algebraic problem fromx0 down to −∞ and
from x0 up to+∞.

3 Basic configuration

By means of example, we consider the case of hot plasma
sheet material injected into the colder plasmatrough. The

Ann. Geophys., 31, 1297–1314, 2013 www.ann-geophys.net/31/1297/2013/



J. De Keyser et al.: Cross-field flow and electric potential in a plasma slab 1301

(h)

x [km]

V
y

[k
m

/s
]

−2000 −1000 0 1000 2000

−100

−50

0

50

100

(g)

j
e
y
, 
j

H
+
y
, 
j

O
+
y

[n
A

/(
m

)
2
]

−20

0

20

(f)

j
e
y
, 
j

H
+
y
, 
j

O
+
y

[n
A

/(
m

)
2
]

−5

0

5

(e)

φ
[V

]

−50

0

(d)

E
x

[m
V

/m
]

−2

−1

0

1

2

(c)
B

z
[n

T
]

 0

50

(b)

n
e
, 
n

H
+
, 
n

O
+

[c
m

−
3
]

0

1

2

3

(a)

n
e
, 
n

H
+
, 
n

O
+

[c
m

−
3
]

0

1

2

3

Fig. 4. Plasma and field structure of a 2000 km-wide plasma slab embedded in a uniform background. The plasma parameters are given in
Table1. There is no cross-field flow at the slab centre,V0y = 0, and the electric potential boundary conditions are zero,φ(±∞) = 0. The
panels show(a) the densities of the background populations, blue for the electrons, green for the H+ ions, red for the O+ ions;(b) the density
profiles of the slab populations, blue for the electrons, green for H+, red for O+; (c) the magnetic field magnitude;(d) the electric field;
(e) the electric potential;(f) the partial currents alongy of the background populations, with the same colour code as before;(g) the partial
currents alongy of the slab populations; and(h) the plasma bulk velocity alongy.

plasmatrough plasma in reality consists of several popula-
tions (Reasoner et al., 1983; Sojka et al., 1983), but to sim-
plify matters it is taken here to be a plasma consisting of
3 eV Maxwellian electrons, 12 eV protons, and 12 eV oxygen
ions. The plasma sheet particle energies often vary, but they
are much larger than the plasmatrough ones; typical values
are 0.5 keV for the electrons, and 2 keV for the protons and
oxygen ions. The plasmatrough plasma is taken to be twice as

dense as the hot plasma sheet material. The injection speeds
can be significant. While the speed of bursty flows in the
magnetotail may be up to hundreds of kms−1 (Angelopou-
los et al., 1992), flow braking must occur as this material
approaches the near-Earth magnetosphere (e.g.Deng et al.,
2005). Beams in the plasma sheet boundary are essentially
field-aligned, while the bulk flow in the braking region is es-
sentially perpendicular to the field. A range of speeds will be

www.ann-geophys.net/31/1297/2013/ Ann. Geophys., 31, 1297–1314, 2013
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Table 1. Typical particle properties for a plasmatrough background and a plasma sheet slab: densityn, temperatureT , gyroradiusρ in a

50 nT field, and thermal velocityvth, as well as the cutoff function parameters`(l), `(r), p
(l)
0 andp

(r)
0 .

Species n [cm−3] T [eV] ρ [km] `(l) `(r) p
(l)
0 [kg m s−1] p

(r)
0 [kg m s−1] `ρ [km] vth [km s−1]

Left e− 2.4 3 0.12 40 8× 10−21 4.7 1028
H+ 2.0 12 9.80 1 8× 10−21 9.8 49
O+ 0.4 12 39.2 1 8× 10−21 39.2 12

Right e− 2.4 3 0.12 40 −8× 10−21 4.7 1028
H+ 2.0 12 9.80 1 −8× 10−21 9.8 49
O+ 0.4 12 39.2 1 −8× 10−21 39.2 12

Slab e− 1.2 500 1.51 40 40 −8× 10−21 8× 10−21 60.4 13 268
H+ 1.0 2000 127 1 1 −8× 10−21 8× 10−21 127 633
O+ 0.2 2000 506 1 1 −8× 10−21 8× 10−21 506 158

examined here withV0 on the order of some 10kms−1. The
magnetic field is taken to be 50 nT atx0 = 0. In addition,
there can be nonzero electric potential differencesφ(−∞)

andφ(+∞). Table1summarises the properties of the plasma
populations that are involved. Note that the dimensionless
length scales of the TD transitions are taken to be`s = 1 for
the ions and̀ s = 40 for the electrons: otherwise too strong
charge separation electric fields would arise that would im-
mediately lead to instabilities and a corresponding widening
of the layer. The resulting characteristic spatial lengths in the
solution,`sρs , still differ by up to two orders of magnitude,
which makes the use of a variable step integrator a must.

Figure4 shows the configuration obtained without cross-
field flow, V0 = 0, and without net electric potential differ-
ences across the TD interfaces,φ(±∞) = 0, for a slab con-
sisting of plasma sheet ions and electrons (Type IV popula-
tions) embedded in a plasmatrough ion and electron back-
ground on either side (Type I and Type II distributions).
The slab is 2000 km wide. This particular width is obtained
by choosing an appropriate value for parameterp0 = ±8×

10−21kgms−1 for all the cutoffs (for the signs, see Table1).
The slab width is taken larger than the plasma sheet oxy-
gen gyroradius to obtain distinct TD boundaries on either
side of the slab. The background and slab particle density
profiles in Fig.4a and b are symmetric. In the present con-
figuration the magnetic field direction does not change; only
its magnitude varies a little (Fig.4c) as plasmaβ = 0.06 at
x0 is low. The electric field inside each of the TD interfaces
separating the slab from the background is on the order of
1 mVm−1 (Fig. 4d). The electric field profile in each TD has
a complex nature, with small spatial scales on the outside
and broader variations inside the slab; this is due to the dif-
ference in gyroradii. It is not surprising that the electric field,
and hence also the electric potential (Fig.4e), changes on
spatial scales of hundreds of kilometres inside the slab: these
are the plasma sheet ion gyroradius scales. Figures4f and4g
show the partial currents carried by each of the populations.
The currents are all alongy. It is readily visible that the spa-

tial thickness of the current-carrying layers is much larger for
the slab populations than for the background populations, as
the thicknesses scale with the gyroradii. The sense of the cur-
rents on either side of the slab is opposite. Figure4h shows
that the bulk plasma velocity is not zero everywhere, even if
Vs = 0 for all populations. The reason is that the VDFs are
no longer Maxwellian inside the TDs: they lose their symme-
try because of the cutoffs in the distribution functions. This
can easily be understood: if the ions are confined to one half-
space with an abrupt cutoff, the ions penetrating the farthest
into the other half-space will move in one predominant direc-
tion, corresponding to their gyrating motion. The electrons
gyrate in the opposite sense, but because of their higher mass
the ions dominate the plasma bulk velocity, which will there-
fore be nonzero. The flows of up to 80 kms−1 are localised
at the TD interfaces, although the bulk flow remains nonzero
for much of the slab interior. This is due to the large O+ gyro-
radius and the fact that the O+ ions, having 16 times the H+

mass, have a major contribution to the bulk flow. The bulk
flow (essentially the ion flow) clearly has opposite directions
in either interface.

There is no reason to assume that the plasma slab is at
the same electric potential as its surroundings. If the above
plasma configuration, still withV0 = 0, is placed in an envi-
ronment whereφ(±∞) 6= 0, the internal structure of the TD
interfaces is modified. Figure5 shows such a situation where
φ(−∞) = 50 V andφ(+∞) = 100V. The slab is then sit-
uated in an electric potential well. The net effect of these
potential differences between the slab and the background
plasma is to pull the slab electrons towards the exterior and
to push the slab ions to the interior (compare Figs.4b and
5b). This effect is small, since the additional charge sepa-
ration created in this way immediately provokes a restoring
polarisation electric field. Forφ(−∞) = φ(+∞) the config-
uration remains symmetric. An example is given in Fig.6,
where the potential well is quite deep withφ(±∞) = 500V.

Figure7 shows the solution for an exactly perpendicular
cross-field flowV0y = 10kms−1; the magnetic field direction
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Fig. 5. Plasma and field structure of a 2000 km-wide e−-H+-O+ plasma slab embedded in a uniform background. The plasma parameters
are given in Table1. There is no cross-field flow at the slab centre,V0y = 0. The electric potential boundary conditions areφ(−∞) = 50V
andφ(+∞) = 100V. The figure format is the same as in Fig.4.

then does not change. Such a flow produces a convec-
tion electric field in the slab of magnitudeEx = −V0yB0 ≈

−0.5mVm−1. Even though the flow is quite modest, due to
the thickness of the slab the inner side of each TD interface
is at a potential of±500V. The electric potential boundary
conditions areφ(±∞) = 0V. This is similar to the prob-
lem studied byEchim et al.(2005). As these authors already
noted, the configuration is not symmetric anymore as soon
asV0y 6= 0, and reversing the sense of the flow will change
the sense of the electric field inside each interface TD. De-
spite the bulk flow of+10kms−1 at the centre of the slab,

strong deviations (even flows in the opposite sense) occur
near the TD interfaces. An alternative configuration consists
of consideringφ(±∞) = ±500V to avoid strong potential
differences across the two interfaces, as in Fig.8.

In the above examples, the slab was taken wider than the
plasma sheet O+ gyroradius so that the slab is, in effect,
sandwiched between two separate TD transitions, with the
slab centre being characterised by uniform densities, mag-
netic field, electric field, and plasma velocity. Figure9 shows
that this does not necessarily have to be so. By choosing
p0 = ±2× 10−21kgms−1 for all the cutoffs, the slab width
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Fig. 6. Idem as Fig.5 but now withφ(±∞) = 500V.

is reduced to 500 km so that the two TD transitions merge
into one compound structure. All quantities show variations
inside the slab.

4 Cross-field flow

We now examine the influence of the cross-field flow in more
detail. To simplify matters, only proton-electron plasmas are
considered; the plasma properties are still those of Table1
for the 2000 km-wide slab, but without O+ ions, and with
slab and background densities of 1 and 2cm−3, respectively.
First, consider the situation in whichφ(±∞) = 0. Figure10

plots the minimum and maximum electric field strength in
the slab whileV0y varies in steps of 2 kms−1 from −50 to
+50 kms−1. A first observation is that no equilibrium solu-
tion can be found that satisfies the imposed boundary con-
ditions for |V0y | > V0,Max ≈ 35kms−1. Because of the sym-
metry of the problem, it is obvious that the existence region
is symmetric as well. This limit of existence for a slab is
due to the fact that there is an intrinsic limit1φmax to the
potential difference that can be accommodated by an indi-
vidual TD. This maximum potential difference is determined
by the plasma properties on either side of the interface and
by the transition lengths; in the present case this is about
3750 V. In a slab of thicknessD, the convection electric field
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Fig. 7. Plasma and field structure of a 2000 km-wide e−-H+-O+ plasma slab embedded in a uniform background. The plasma parameters are
given in Table1. There is a cross-field flowV0y = 10kms−1 at the slab centre. The electric potential boundary conditions areφ(±∞) = 0V.
The figure format is the same as in Fig.4.

produced by the cross-field flow leads to an electric poten-
tial that reachesφ(±D/2) ≈ ±V0yB0D/2; if φ(±∞) = 0,
this results in a potential jump across the interface TDs. It is
therefore clear that (at least for slabs that are broad enough
so as to be considered as bounded by two separate TDs) the
maximum cross-field flow that can be supported should vary
inversely with slab width, i.e.

|V0y | < V0,max =
21φmax

B0D
.

The question of the existence of an individual TD under shear
flow conditions has been studied previously in considerable
detail (Sestero, 1966; De Keyser et al., 1997; De Keyser and
Echim, 2013). These studies have demonstrated that there is
a distinct asymmetry in the size of the existence domain, de-
pending on the sense of the flow shear. This asymmetry is
caused by the interplay between the convection electric field
related to the flow shear on the one hand, and the charge sepa-
ration electric field due to the different gyroradii on the other
hand. For one sense of the flow shear they strengthen each
other, while they partially cancel for the opposite sense. For
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Fig. 8. Idem as Fig.7 but now withφ(±∞) = ±500V.

the slab configuration considered here, the sense of the flow
shear at the two interfaces is opposite, so that the existence
limit is always reached for pretty low cross-field flow at one
of both TDs, whatever the sign ofV0y .

It is, of course, also possible to consider a slab configu-
ration where the electric potentials at either side match the
potential difference due to the convection electric field in the
slab, as we did earlier in Fig.8. In that case the existence do-
main will be larger because the choice of the valuesφ(±∞)

reduces the electric potential differences across the TDs.
In general1φmax increases with the temperature of the hot

ions (see, e.g.,De Keyser and Echim, 2013), so that the range

of V0y for which an equilibrium exists becomes correspond-
ingly larger.

5 External electric potential

The existence of a slab equilibrium does not only depend
on the flow shear, but also on the imposed electric poten-
tial difference1φ0 between the centre of the slab and the
background. This dependence is explored here by consider-
ing symmetric situations where1φ0 = φ(±∞) 6= 0, while
V0 = 0kms−1; the same proton-electron plasmas are consid-
ered as in the previous section. Figure11plots the minimum
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Fig. 9. Plasma and field structure of a 500 km-wide e−-H+-O+ plasma slab embedded in a uniform background. The plasma parameters are

given in Table1, except for the values ofp(l)
0 andp

(r)
0 that have been reduced by a factor of 4. There is a cross-field flowV0y = 10 kms−1

at the slab centre. The electric potential boundary conditions areφ(±∞) = ±125V. The figure format is the same as in Fig.4.

and maximum electric field in the slab as a function of1φ0.
There are limits to this electric field, about 20 to 30mVm−1,
which is on the order of the slab H+ energy expressed in
eV divided by the ion gyroradius: For larger electric fields,
thermal ions can no longer be bound by the magnetic field
in their gyromotion around the field lines. The electric field
limits correspond to limits on the potential difference. An
equilibrium is found for−2050V< 1φ0 < +1650V. The
picture is not symmetric, with a larger acceptable range for
negative values of1φ0. The maximum acceptable potential
differences (1600–2000 V in the present example) are on the

order of the hot particle energy (2000 eV for the hot ions in
the slab).

Figure12repeats the above computations, but it scans over
bothV0y and1φ0. The figure outlines the existence domain:
red corresponds to regions where an equilibrium solution ex-
ists, while blue indicates that no such equilibrium exists. The
domain is symmetric with respect to the sign ofV0y . The
asymmetry with respect to the sign of1φ0 is evident. There
is an interplay betweenV0y and1φ0, such that the maximum
existence range forV0y is obtained not for1φ0 = 0 but for
1φ0 ≈ −1250V.
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configuration whereφ(±∞) = 0V. No equilibrium is found for|V0y | > 35kms−1.
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Fig. 11.Minimum (green) and maximum (blue) electric field strength in a 2000 km-wide e−-H+ slab, for various values of1φ0 = φ(±∞),
in a configuration whereV0y = 0kms−1. No equilibrium is found for1φ0 < −2050V or> +1650V.

Figure13 shows the existence domain of the same slab as
a function of the flowV 0 in the slab for a potential differ-
ence1φ0 = 0V (left) and 1000V (right) between slab and
background. In contrast with all the calculations presented
earlier in this paper, the magnetic field direction may change
sinceV0z 6= 0. This is explained by the fact that the propor-
tion of slab ions to electrons inside the TD interfaces con-
siderably deviates from unity due to the different transition
lengths, while the background populations help to ensure
quasi-neutrality. The total parallel ion and electron velocities
are therefore different in the interfaces, resulting in a net par-

allel current. In view of the limited plasmaβ, however, the
magnetic field rotation is limited, so that the field remains es-
sentially alongz. The existence domains are symmetric with
respect to the sign of the field-aligned flow componentV0z,
as well as to the sign of the cross-field flowV0y , as can easily
be understood from the symmetry of the configuration. The
existence domains that are found are all elongated along the
magnetic field direction, while their extent in the cross-field
direction is limited. This is true for the case1φ0 = 0kV, but
even more so for1φ0 = 1kV. The figure also shows, for
reference, the slab ion thermal speed. Flow instabilities are

Ann. Geophys., 31, 1297–1314, 2013 www.ann-geophys.net/31/1297/2013/



J. De Keyser et al.: Cross-field flow and electric potential in a plasma slab 1309

V
0y

 [km/s]

∆φ
0 [V

]

−100 −50 0 50 100

−2000

−1500

−1000

−500

0

500

1000

1500

2000

Fig. 12. Two-dimensional scan of the existence domain of a
2000 km-wide e−-H+ slab as a function of the cross-field flowV0y

in the slab and of the potential difference1φ0 between slab and
background. Red corresponds to the region where an equilibrium
solution is possible.

likely to occur forV0 that are larger. Although the equilib-
rium model described here cannot say anything about such
instabilities, it is clear that the model dictates a low trans-
verse flow speed limit above which no equilibrium can be
found, at least for the slab configuration presented here with
hot slab plasma embedded in a cold background, and with
the same electric potential on either side of the slab.

6 Conclusions

The present paper discussed a fully self-consistent kinetic
tangential discontinuity model of a plasma slab embedded
in a uniform background. This is made possible by the use of
velocity distributions with two-sided cutoffs (the so-called
Type IV distributions); smooth cutoff functions have been
used here as a generalisation of earlier work (Echim et al.,
2005). Such distributions allow particles to be constrained
to a slab of finite width while still retaining the freedom to
specify the flow within the slab. An alternative is to constrain
particle populations by the electric field they experience in
their respective comoving frame as in a Harris-type plasma
slab (Harris, 1962), but in that case the slab thickness is di-
rectly related to the plasma temperature and the difference
between the transverse ion and electron speeds. The compu-
tation of the plasma moments of Type I–IV distributions as a
function of the electric and magnetic potentials is presented
in Appendix A for reference.

The properties of such slabs have been examined here in
detail. The essential structural characteristic is the internal
electric field of the TD boundaries that is related to thermal
effects (different kinetic energies and thus gyroradii of the
particles), imposed by external electric potential differences,
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Fig. 13. Two-dimensional scan of the existence domain of a
2000 km-wide e−-H+ slab as a function of the flowV 0 in the slab
for a potential difference1φ0 = 0V (left) and 1000V (right) be-
tween slab and background. Red corresponds to the region where
an equilibrium solution is possible. The circle corresponds to the
thermal speed of the slab ions (633 kms−1). The magnetic field is
oriented essentially alongz.

or produced by plasma convection. In particular the external
potential differences and cross-field flow in the slab both may
strongly affect the TDs that bound the slab. There are two
main conclusions:

– The electric field profile in either interface is different
because the convection electric field due to the cross-
field flow has the same sign on either side while the
charge separation due to different slab and background
thermal energies has opposite sign. This leads to an in-
trinsic asymmetry between the structures of both TDs
(Echim et al., 2005). If the slab is connected to the iono-
sphere, however, additional mechanisms come into play
that may result in asymmetries, as the magnetosphere-
ionosphere electric current circuit properties also de-
pend on the precise geometry, on the current–voltage
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relations, and on the ionospheric conductivities (e.g.
Lyons, 1980; De Keyser et al., 2010).

– A slab equilibrium exists only for a limited range of
cross-field flow speeds and for a limited range of ex-
ternal electric potential differences. This conclusion is
strongly related to the effects of external electric poten-
tial difference and flow shear across individual planar
TD interfaces (De Keyser et al., 1997; De Keyser and
Echim, 2013). Such existence limits are absent in mod-
els that are restricted to exactly neutral plasma slabs
(e.g. Mottez, 2003); in fact, such models do not even
allow imposing flow shear or external electric potential
differences as boundary conditions.

These conclusions appear to be generic and do not de-
pend too much on the specifics of the model. Even though
the model discussed here addresses a simplified configura-
tion, and even if in reality one deals with intrinsically non-
equilibrium situations, it is of extreme physical relevance to
know for which parameter ranges an equilibrium actually
may exist. One should not forget that even if an equilibrium
solution appears to exist, it may still be unstable.

The slab problem was discussed here in the context of hot
plasma sheet plasma injection into the plasmatrough (e.g.
Apatenkov et al., 2007; Zhang et al., 2008). Similar struc-
tures may be found elsewhere in planetary magnetospheres,
for example

– plasma penetrating into the magnetosphere at the day-
side (Marchaudon et al., 2009; Lundin et al., 2003),
where the plasma velocity and the associated momen-
tum are of prime importance; in the context of the so-
called impulsive penetration mechanism, the electric
field inside the slab is called the “polarisation electric
field” and it corresponds to charges of opposite sign ac-
cumulating in the interfaces on either side (Lemaire,
1977; Lemaire and Roth, 1978; Echim and Lemaire,
2000; Lundin et al., 2003);

– bipolar auroral structures, in particular structures asso-
ciated with polar cap arcs, often characterised by an
electric potential well; in that case the external elec-
tric potential differences strongly affect the configura-
tion, while the cross-field flow might be relatively unim-
portant (Maggiolo et al., 2006, 2011, 2012; De Keyser
et al., 2010); and

– plasma fingers, resulting from interchange motion, that
penetrate into the plasmasphere (Burch et al., 2005;
Mitchell et al., 2009).

The indeterminacy inherent in one-dimensional tangential
discontinuities becomes explicit in the models proposed by
Sestero(1964, 1966), Roth et al.(1996), andDe Keyser and
Echim(2013) and in the present paper in the arbitrariness of

the choice of distribution functions, and of the cutoff func-
tions in particular. We have already cited observational stud-
ies that support at least the qualitative correctness of these
models. Nevertheless, one might wish to have more control
over the populations trapped inside a TD layer. It is important
to realise that the plasma trapped in any TD-type structure
can be modelled as a superposition of slabs with plasma dis-
tributions of Type IV as introduced here. Including such dis-
tributions in a TD model therefore makes it possible to study
a much broader set of configurations than before. This can,
however, only be done in practice if the accessibility prob-
lem is somehow resolved (Whipple et al., 1984) so that one
knows what particles are actually “trapped” in the structure.

Appendix A

Moments of the VDF

This Appendix gives the analytical expressions for the mo-
ments of the velocity distribution introduced by Eq. (4) as a
product of a Maxwellian and a particular type of cutoff func-
tion. The derivation is analogous to that given byRoth et al.
(1996). As we focus on the moments of the VDF of speciess,
we simplify the notation by dropping the subscripts. We fur-
ther assume that the reference framex,y,z has already been
rotated tox,y′,z′ over angleθs , so that we can also drop the
prime. With a VDF written in terms of the invariants of mo-
tion as

f = F(H,py,pz)C(pz),

and with

F = N
( m

2πκ

) 3
2

e−(H+
mV2

2 −pyVy−pzVz)/κ ,

H0 =
m

2
(v2

y + v2
z ) + Zeφ,

vx = ±

√
2

m
(H − H0),

vy = (py − ZeAy)/m,

vz = (pz − ZeAz)/m,

it is possible to express the moments as integrals over the
invariants of motion. Asvx can be both positive and negative,
one finds

Q(ijk)
=

+∞∫
−∞

+∞∫
−∞

+∞∫
−∞

vi
xv

j
yvk

zf dvx dvy dvz

= 2

+∞∫
−∞

+∞∫
−∞

+∞∫
H0

vi
xv

j
yvk

zf

m2
√

2m(H − H0)
dH dpy dpz

for i even;Q(ijk)
= 0 for i odd. Here,vx(H,py,pz), vy(py),

vz(pz), f (H,py,pz), andH0(py,pz) are all functions of the
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invariants. First perform the integration overH as

Q(ijk)
= 2

i−2
2 N (πκ)−

3
2 m−

i+2j+2k+2
2

+∞∫
−∞

+∞∫
−∞

(py − ZeAy)
j (pz − ZeAz)

kC(pz)

e−( mV2
2 −pyVy−pzVz)/κI(i)

H (py,pz)dpy dpz,

I(i)
H =
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H0

e−H/κ(H − H0)
i−1

2 dH

=
i!

(i/2)!2i
κ

i+1
2 e−H0(py ,pz)/κ .

The moment can then be written as a product of two integrals
overpy and overpz:

Q(ijk)
= M(ijk)I(j)

py
I(k)

pz
,

M(ijk)
= N

i!

2
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2 π(i/2)!

κ
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I(j)
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=
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j e[pyVy−

(py−ZeAy )2

2m
]/κdpy,

I(k)
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=
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(pz − ZeAz)
kC(pz)e

[pzVz−
(pz−ZeAz)2

2m
]/κdpz.

Introduce

Py = [py − (mVy + ZeAy)]/γ,

Pz = [pz − (mVz + ZeAz)]/γ,

and

P
(l)
0 = [sp

(l)
0 − (mVz + ZeAz)]/γ,

P
(r)
0 = [sp

(r)
0 − (mVz + ZeAz)]/γ,

with γ =
√

2mκ. Using the dimensionless momentum
Wy,z = mVy,z/γ , the integrals can be transformed to

I(j)
py

= γ j+1e(mV2
y /2+ZeAyVy )/κ

· I (j)(Wy),

I(k)
pz

= γ k+1e(mV2
z /2+ZeAzVz)/κ

· [ν(l)I
(k)
− (Wz) + ν(r)I

(k)
+ (Wz) − ν(c)I (k)(Wz)],

where

I (j)(W) =

+∞∫
−∞

(P +W)j e−P 2
dP,

I
(k)
+ (W) =

+∞∫
−∞

(P +W)k
e−P 2

2
erfc

+
P − P

(r)
0 −W

s

√
`(r)2

− 1

dP,

I
(k)
− (W) =

+∞∫
−∞

(P +W)k
e−P 2

2
erfc

−
P − P

(l)
0 −W

s

√
`(l)2

− 1

dP.

Using the binomial theorem,I (j)(W) is found as

I (j)
=

j∑
ξ=0

j !

ξ !(j − ξ)!
Wj−ξE(ξ),

where

E(ξ)
=

+∞∫
−∞

tξ e−t2
dt.

SinceE(0)
=

√
π , E(1)

= 0, andE(2)
=

√
π/2, one finds

I (0)
=

√
π,

I (1)
=

√
πW,

I (2)
=

√
π

2
(1+ 2W2).

Using the binomial theorem forI (k)
± (W) gives

I
(k)
± =

k∑
ξ=0

k!

ξ !(k − ξ)!
Wk−ξE

(ξ)
± ,

where

E
(ξ)
± =

1

2

+∞∫
−∞

tξ e−t2
erfc(α±t + β±)dt,

α± = ±
1

s
√

`2 − 1
, β± = ∓

P0 +W
s
√

`2 − 1
.

This results in

E
(0)
± =

√
π

2
erfc(R±),

E
(1)
± = −

S±

2
exp(−R2

±),

E
(2)
± =

√
π

4
erfc(R±) +

R±

2
S2

± exp(−R2
±),
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where

R+ = β+/

√
1+ α2

+

= −(P
(r)
0 +W)/s`(r)

= −(p
(r)
0 − |Z|eAz)/γ `(r),

S+ = α+/

√
1+ α2

+ = 1/s`(r),

R− = −β−/

√
1+ α2

−

= (P
(l)
0 +W)/s`(l)

= (p
(l)
0 − |Z|eAz)/γ `(l),

S− = −α−/

√
1+ α2

− = −1/s`(l).

One thus obtains

I
(0)
± =

√
π

2
erfc(R±),

I
(1)
± =

√
π

2
erfc(R±)W −

S±

2
e−R2

± ,

I
(2)
± =

√
π

4
erfc(R±)(1+ 2W2) +

S±

2
(R±S± − 2W)e−R2

± .

Note that integralsE(ξ) andE
(ξ)
± , andI (ξ) andI

(ξ)
± , are re-

lated by

lim
`→+∞

2E
(ξ)
± = E(ξ),

lim
`→+∞

2I
(ξ)
± = I (ξ).

Any moment can now be computed; most plasma parameters
of interest are obtained from moments of orderi +j +k ≤ 2.
Expressing the moments in terms of their original parame-
ters, we find

Q(000)
= E(ν(l)G(l)

+ ν(r)G(r)
− ν(c)),

Q(010)
= VyQ

(000),

Q(001)
= VzQ

(000)
+ s

√
2κ

m
(ν(l)H(l)

− ν(r)H(r))E,

Q(200)
=

κ

m
Q(000),

Q(020)
= (

κ

m
+V2

y )Q(000),

Q(002)
= (

κ

m
+V2

z )Q(000)

+
2κ

m
E(ν(l)H(l)K(l)

− ν(r)H(r)K(r)),

where

E = N exp

(
−

Ze

κ
(φ − AyVy − AzVz)

)
,

G(l)
=

1

2
erfc

(
p

(l)
0 − |Z|eAz

γ `(l)

)
,

G(r)
=

1

2
erfc

(
−

p
(r)
0 − |Z|eAz

γ `(r)

)
,

H(l)
= e−(p

(l)
0 −|Z|eAz)

2/γ 2`(l)2

/2
√

π`(l),

H(r)
= e−(p

(r)
0 −|Z|eAz)

2/γ 2`(r)2

/2
√

π`(r),

K(l)
= (p

(l)
0 − |Z|eAz + 2s`(l)2

mVz)/γ `(l)2
,

K(r)
= (p

(r)
0 − |Z|eAz + 2s`(r)2

mVz)/γ `(r)2
.

The plasma parameters can now be calculated explicitly:

n = Q(000),

Vy = Q(010)/Q(000)
= Vy,

jy = ZeQ(010)
= ZenVy,

Vz = Q(001)/Q(000)

= Vz + s

√
2κ

m
(ν(l)H(l)

− ν(r)H(r))E/n,

jz = ZeQ(001)

= ZenVz + |Z|e

√
2κ

m
(ν(l)H(l)

− ν(r)H(r))E,

Tx =
m

kB

Q(200)

Q(000)
= T ,

Ty =
m

kB

Q(020)

Q(000)
−

(
Q(010)

Q(000)

)2
= T ,

Tz =
m

kB

Q(002)

Q(000)
−

(
Q(001)

Q(000)

)2


= T
(
1+

m

κ
(V2

z − V 2
z )

+
2E
n

(ν(l)H(l)K(l)
− ν(r)H(r)K(r))

)
.

It can be shown that these formulae reduce to the correspond-
ing ones inRoth et al.(1996) for distributions of types I, II,
and III.

Taking the total derivative of the quasi-neutrality condition
relative tox,

d

dx

∑
s

Zsen
(s)(φ(x),Ay(x),Az(x)) = 0,

produces an expression for the electric field,

Ex =

[
Bz

∑
s

Zs

∂n(s)

∂Ay

− By

∑
s

Zs

∂n(s)

∂Az

]
/
∑

s

Zs

∂n(s)

∂φ
,
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where (dropping the index)

∂n

∂φ
= −

Ze

κ
n,

∂n

∂Ay

=
Ze

κ
nVy,

∂n

∂Az

=
Ze

κ
nVz + |Z|e

√
2

mκ
E(ν(l)H(l)

− ν(r)H(r)).

This expression allows us to obtain the electric field without
using the Poisson equation explicitly.
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