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Abstract. We perform a detailed derivation of the bounce-
averaged relativistic Fokker-Planck diffusion equation appli-
cable to arbitrary magnetic field at a constant RoedererL.
The form of the bounce-averaged diffusion equation is found
regardless of details of the mirror geometry, suggesting that
the numerical schemes developed for solving the modified
two-dimensional (2-D) Fokker-Planck equation in a mag-
netic dipole should be feasible for similar computation ef-
forts on modeling wave-induced particle diffusion processes
in any non-dipolar magnetic field. However, bounce period
related terms and bounce-averaged diffusion coefficients are
required to be computed in realistic magnetic fields. With
the application to the Dungey magnetosphere that is con-
trolled by the intensity of southward interplanetary mag-
netic field (IMF), we show that with enhanced southward
IMF the normalized bounce period related term decreases ac-
cordingly, and bounce-averaged diffusion coefficients cover
a broader range of electron energy and equatorial pitch an-
gle with a tendency of increased magnitude and peaking at
lower energies. The compression of the Dungey magneto-
sphere can generally produce scattering loss of plasma sheet
electrons<∼4 keV and radiation belt electrons>∼100 keV
on a timescale shorter than that in a dipolar field, and induce
momentum diffusion at high pitch angles closer to 90◦. Cor-
respondingly, the strong diffusion rate drops considerably as
a product of changes in both the equatorial loss cone and the
bounce period. The extent of differences in all the param-
eters introduced by the southward IMF intensification also
becomes larger for a field line with higher equatorial cross-
ing. With the derived general formulism of bounce-averaged
diffusion equation for arbitrary 2-D magnetic field, our re-
sults confirm the need for the adoption of realistic magnetic
fields to perform accurate determination of electron resonant

scattering rates and precise multi-dimensional diffusion sim-
ulations of magnetospheric electron dynamics.

Keywords. Magnetospheric physics (Auroral phenomena;
Magnetospheric configuration and dynamics) – Space
plasma physics (Wave-particle interactions)

1 Introduction

Resonant wave-particle interactions play an essential role in
understanding the dynamics of radiation belt energetic elec-
trons (e.g., Lyons et al., 1972; Summers et al., 1998, 2007a,
b, 2008, 2009; O’Brien et al., 2003; Albert, 2004, 2005,
2008; Horne et al., 2005a, b; Meredith et al., 2003, 2006,
2007, 2009a; Miyoshi et al., 2006; Li et al., 2007; Shprits
et al., 2008a, b, 2009b, 2011; Thorne et al., 2005, 2007;
Zong et al., 2009; Thorne, 2010; Xiao et al., 2009a, 2010b)
and plasma sheet source electrons (e.g., Inan et al., 1992;
Johnstone et al., 1993; Villalón and Burke, 1995; Horne and
Thorne, 2000; Horne et al., 2003; Ni et al., 2008, 2011a, b;
Su et al., 2009; Thorne et al., 2010; Tao et al., 2011b). To
demonstrate the gyroresonant diffusion processes of magne-
tospheric electrons due to various plasma waves, quasi-linear
theory has been well established assuming that the particle
distribution function averaged over space changes slowly on
time scales associated with the motion of the waves (Kennel
and Engelmann, 1966). Omitting particle trapping and highly
nonlinear effects, quasi-linear theory describes stochastic in-
teractions between a succession of small amplitude waves
with random phase and charged particles in terms of a diffu-
sion equation and quasi-linear diffusion coefficients.

To justify the applicability of quasi-linear theory, Albert
(2010) recently used two formulations of diffusion which
are conceptually different and demonstrated that suitably
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averaging the monochromatic diffusion coefficients over
chorus frequency and wave normal angle parameters can
favourably reproduce the full broadband quasi-linear results.
Further verification of quasi-linear theory has been imple-
mented using test particle simulations, e.g., by Bortnik et
al. (2008) and Tao et al. (2011a) for whistler-mode chorus, by
Liu et al. (2010) for electromagnetic ion cyclotron (EMIC)
waves, and by Bortnik and Thorne (2010) for magnetosonic
waves. All those studies concluded that the diffusion coeffi-
cients obtained by the test particle computations agree well
with the results derived from quasi-linear theory when wave
amplitudes are small. In addition, quasi-linear diffusion the-
ory has been successfully used to provide an effective overall
description of wave-induced resonant diffusion. For instance,
quasi-linear scattering has been remarkably effective at quan-
tifying both the rates of microburst scattering loss by cho-
rus (Thorne et al., 2005) and the rates of local acceleration
to relativistic energies (e.g., Horne et al., 2005a; Thorne et
al., 2007). Multi-dimensional simulations developed to solve
numerically the Fokker-Planck diffusion equation (e.g., Beu-
tier and Boscher, 1995; Bourdarie et al., 1996; Shprits et al.,
2006a, 2009b; Li et al., 2007; Tao et al., 2008, 2009; Xiao et
al., 2009a, 2010b; Albert et al., 2009; Subbotin et al., 2010)
also showed a good correspondence of model results with ob-
servations of radiation belt electrons (e.g., Albert et al., 2009;
Su et al., 2010a; Shprits et al., 2011; Subbotin et al., 2011)
and inner plasma sheet electrons (e.g., Su et al., 2009; Thorne
et al., 2010; Tao et al., 2011b).

However, all those diffusion simulations have concen-
trated on a modified Fokker-Planck equation bounce-
averaged in a dipolar geometry with bounce period and
quasi-linear diffusion coefficients evaluated in the same mag-
netic field topology. In contrast, during geomagnetically dis-
turbed periods (e.g., magnetic storms and substorms), the
realistic ambient magnetic field in the magnetosphere of
L >∼ 5 can deviate considerably from a dipole representa-
tion both in configuration and field strength. Recently, Orlova
and Shprits (2010) and Ni et al. (2011c) have reported re-
spectively that bounce-averaged quasi-linear scattering rates
of radiation belt relativistic electrons and plasma sheet source
electrons depend strongly on the adoption of ambient mag-
netic field model and the level of geomagnetic activity. How-
ever, those studies solely focused on the effect of non-dipolar
magnetic fields on the determination of quasi-linear scatter-
ing rates and loss timescales of electrons. While diffusion
coefficients are important to evaluate wave-induced particle
diffusion effects, they are just a large portion of input param-
eters required to solve numerically the Fokker-Planck diffu-
sion equation that also needs to consider the geometry of am-
bient magnetic field for outputting the evolution of particle
distribution that we are highly interested in. Although there
were a few earlier studies exploring particle motion and dif-
fusion in dipolar and non-dipolar magnetic mirror geometries
(e.g., MacDonald and Walt, 1961; Wentworth, 1963; Schulz,
1976; Schulz and Chen, 1995), there is no detailed investi-

gation of bounce-averaging the localized Fokker-Planck dif-
fusion equation in arbitrary magnetic field and of the effect
of non-dipolar fields on numerical simulation of the modified
Fokker-Planck diffusion equation, which will be the subject
of the present study.

The remainder of this paper is organized as follows.
In Sect. 2 we give a detailed derivation of the bounce-
averaged Fokker-Planck diffusion equation applicable to ar-
bitrary magnetic field. We identify the differences between
diffusion simulations in dipolar and non-dipolar magnetic
fields. To explore the importance of more realistic magnetic
fields on understanding the highly dynamic nature of mag-
netospheric electrons and the role of resonant wave-particle
interactions, we apply the generalized diffusion formulism to
the Dungey magnetosphere in Sect. 3. At two representative
magnetic field lines with equatorial crossings at 6 and 9 Earth
radii, we evaluate bounce period related term (S0), bounce-
averaged quasi-linear diffusion coefficients (〈Dαα〉,

〈
Dαp

〉
,

and
〈
Dpp

〉
), and strong diffusion rate (DSD) for quantitative

comparisons with those obtained using a dipolar field. We
discuss the results in Sect. 4 and finally summarize this study
in Sect. 5.

2 Bounce-averaging of Fokker-Planck equation in arbi-
trary magnetic field

According to Summers (2005) and Summers and Ni (2008),
after ignoring radial diffusion, an alternate and common form
of the localized two-dimensional (2-D) relativistic Fokker-
Planck diffusion equation for gyrophase-averaged phase
space density (PSD)f can be described as

∂f
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=

1

sinα

∂
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(
Dαα sinα
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∂α

)
+

1
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∂
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, (1)

wheret denotes time,α is the local pitch angle;p = γmv is
the particle momentum wherev is the particle velocity and

m is the rest mass;γ =
(
1− v2/c2

)−1/2
is the Lorentz factor

with c as the speed of light.Dαα, Dαp = Dpα, Dpp are local
rates of pitch angle diffusion, mixed diffusion, and momen-
tum diffusion, respectively, which are defined as:

Dαα = (1α)2/1t, (2)

Dαp = (1α1p)/1t, (3)

Dpp = (1p)2/1t. (4)

Both diffusion Eq. (1) and diffusion rate formula (2)–(4) are
derived for a uniform background magnetic field, i.e., at a
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given point in space. In order to apply them to a magnetic
mirror geometry such as the Earth’s magnetic field, Eqs. (1)–
(4) must be bounce-averaged, that is, averaged over particle
bounce orbits.

Bounce-averaging of local diffusion coefficients has been
well established in a dipolar field by a number of previ-
ous studies (e.g., Lyons et al., 1972; Glauert and Horne,
2005; Shprits et al., 2006b; Summers et al., 2007a). For arbi-
trary magnetic mirror geometry, the general form for bounce-
averaged quasi-linear diffusion coefficients can be written as

〈Dαα〉 =
1

τB

τB∫
0

Dαα (α)

(
∂αeq

∂α

)2

dt, (5)

〈
Dαp

p

〉
=

1

τB

τB∫
0

Dαp (α)

p

(
∂αeq

∂α

)
dt, (6)

〈
Dpp

p2

〉
=

1

τB

τB∫
0

Dpp (α)

p2
dt, (7)

whereαeq is the equatorial pitch angle, andτB is the energy
dependent bounce period given by:

τB =

∮
S

ds

v cosα
=

2

v

λm2∫
λm1

(∂s/∂λ)

cosα
dλ. (8)

Hereds is the element of arc length along the particle bounce
trajectory,λ is the magnetic latitude, andλm1 andλm2 are
the mirror latitude of particles on the Southern and Northern
Hemisphere, respectively, dependent on the field line con-
figuration and the field strength of adopted magnetic field
model. Note that we have scaledDαp andDpp by p andp2

respectively to obtain the conventional units of s−1 for quasi-
linear diffusion coefficients. For arbitrary magnetic field line
that lies in a plane perpendicular to the magnetic equator,
i.e., a two-dimensional field line topology, which is a good
approximation under most geomagnetic conditions, Eq. (8)
can be rewritten as

τB =
2

v

λm2∫
λm1

√
r2 + (∂r/∂λ)2

cosα
dλ, (9)

wherer is the radial distance to the Earth’s center. In addi-
tion, conservation of the first adiabatic invariant provides a
general relationship betweenαeq andα, that is,

sin2αeq/sin2α = Beq/B, (10)

with Beq and B as the equatorial and local magnetic field
strength, respectively. From Eq. (10) we further obtain the
derivative:

∂αeq

∂α
=

(
Beq

B

)
sinα cosα

sinαeqcosαeq
=
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. (11)

Taking into account thatdt = ds/(v cosα) and putting
Eqs. (9) and (11) into Eqs. (5)–(7), we have:
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Equations (12)–(14) represent the general formula for eval-
uation of bounce-averaged quasi-linear diffusion coefficients
in any 2-D magnetic field configuration.

Now we carry out bounce-averaging of localized Fokker-
Planck diffusion Eq. (1) over a particle bounce orbit. After
bounce-averaging, the first term on the right-hand side be-
comes:

1
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Taking Eqs. (11) and (10) into Eq. (15), we have:
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we obtain:
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Similarly, bounce-averaging the second to fourth terms on
the right-hand side yields:
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Finally, we can express the bounce-averaged 2-D relativistic
Fokker-Planck diffusion equation for particle PSD (f ) evolu-
tion as a function of equatorial pitch angle (αeq) and particle
momentum (p) in a general form,
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Equation (22) demonstrates that at a constant RoedererL

(Roederer, 1970) the bounce-averaged Fokker-Planck diffu-
sion equation has the similar expression for arbitrary mag-
netic field except that the bounce period related termS0 and
bounce-averaged quasi-linear diffusion coefficients〈Dαα〉,〈
Dαp

〉
, and

〈
Dpp

〉
are required to be evaluated in correspon-

dence with adopted magnetic field model. It is expected that
use of different magnetic field models for Fokker-Planck
diffusion simulations will produce different results regard-
ing the evolution of magnetospheric particles. In general, a
model that represents the ambient magnetic field more ac-
curately tends to help us better understand the particle dy-
namics in the realistic geo-space environment. Also, the uni-
formity in equation expression suggests that the numerical
schemes developed for solving the modified Fokker-Planck
equation in a magnetic dipole should be feasible for similar
computation efforts on modeling wave-induced particle dif-
fusion processes using any non-dipolar magnetic field.

3 Application to the Dungey magnetosphere

To illustrate how the terms associated with the general
bounce-averaged 2-D Fokker-Planck diffusion Eq. (22)
change with the adoption of magnetic field model, we apply
the Dungey magnetic fields (Dungey, 1961) in the following
study.

3.1 The Dungey magnetic field model

To take into account the effect of southward interplanetary
magnetic field (IMF) on the configuration and strength of
the ambient magnetic field, the Dungey magnetic field model
consists of the geomagnetic dipolar field plus a uniform
southward magnetic field and thus has three components as
follows (e.g., Chen et al., 1993; Schulz, 1998),

Br = −

(
2M

r3
+ Bz,0

)
sinλ, (23)

Bλ =

(
M

r3
− Bz,0

)
cosλ, (24)

Bϕ = 0. (25)
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Fig. 1. Field line configuration and magnetic field intensity of the Dungey magnetosphere for the field lines with two specific equatorial
crossings of(a), (b) r0 = 6RE for b/RE = ∞ (dipole), 13, 10, and 8, and of(c), (d) r0 = 9RE for b/RE = ∞ (dipole), 15, 13, and 10.

HereM is the magnetic moment of the dipole,r is the ra-
dial distance,Bz,0 is a uniform magnetic field normal to the
dipole’s equatorial plane, directed southward and parallel to
M, λ is the magnetic latitude andϕ is the magnetic longitude.
The total ambient magnetic field intensity is given

B =

(
B2

r + B2
λ

)1/2

=
M

r3

{[
1−

( r

b

)3
]2

+ 3

[
1+ 2

( r

b

)3
]

sin2λ

}1/2

(26)

and the equation of magnetic field line is

r = r0

[
1+

1

2

( r

b

)3
]

cos2λ (27)

whereb =
(
M/Bz,0

)1/3 is the parameter describing the com-
pression level of the Earth’s dipole magnetic field, andr0 is
the radial distance in the equatorial plane. Equation (27) can

be rewritten as

1

b3
r3

−
2

r0cos2λ
r + 2 = 0, (28)

from which r can be determined onceBz,0 andλ are given.
The Dungey magnetic field reduces to the geomagnetic dipo-
lar field whenb is infinity or Bz,0 = 0 nT.

Figure 1 shows the field line configuration and magnetic
field intensity of the Dungey magnetosphere correspond-
ing to two specific equatorial crossings atr0 = 6RE (RE
is the Earth radius) forb/RE = ∞ (dipole), 13, 10, and 8,
and atr0 = 9RE for b/RE = ∞ (dipole), 15, 13, and 10.
Clearly, asb decreases, i.e., the southward IMF intensifies,
the Dungey magnetic field is increasingly compressed with
the footprint latitudeλf at the Earth’s surface decreasing ac-
cordingly. Specifically, atr0 = 6RE λf = 65.9◦, 65.3◦, 64.6◦,
63.3◦ for b/RE = ∞, 13, 10, and 8, respectively; atr0 = 9RE
λf = 70.5◦, 69.5◦, 68.9◦, 67.1◦ for b/RE = ∞, 15, 13, and
10, respectively. Magnetic field strength varies in a distinct
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manner, decreasing at low latitudes (within∼15◦) near the
magnetic equator but increasing at higher latitudes asb-value
decreases. In addition, the differences in the Dungey mag-
netic field are enhanced for magnetic field lines with larger
equatorial crossing. Under the same southward IMF condi-
tion, say,b/RE = 10, the field line geometry forr0 = 9RE
deviates farther away from a dipole; the corresponding mag-
netic field amplitude can decrease by a factor of∼4 near the
equator and increase by a factor of∼2 at higher latitudes,
more pronounced than that forr0 = 6RE.

3.2 Bounce period related termS0

The motion of particles trapped in a magnetic mirror geom-
etry almost invariably leads to a complex integral expression
as shown, e.g., in Eq. (17). In a dipolar field, the normal-
ized S0, as a quarter-bounce integral, has been investigated
in detail by Lenchek et al. (1961) and Davidson (1976) and
recently revisited by Orlova and Shprits (2011). Two good
empirical approximations ofS0 in terms of sinαeq,

S0 ≈ 1.30− 0.56sinαeq (29)

with an error within 4.5 % and

S0 ≈ 1.38− 0.32[sinαeq+ (sinαeq)
1/2

] (30)

with an error within 1 %, have been widely adopted for multi-
dimensional diffusion simulations in a dipolar field (e.g.,
Shprits et al., 2006a, 2009a, 2011; Li et al., 2007; Tao et al.,
2008, 2009; Xiao et al., 2009a, 2010b; Albert et al., 2009;
Subbotin et al., 2010, 2011). Readers are referred to David-
son (1976) and Orlova and Shprits (2011) for more accu-
rate approximations ofS0 as the quarter-bounce integral in
a dipolar field.

Defining S0 as a half-bounce integral for generalization,
Eq. (17) can be applied to arbitrary 2-D magnetic field. Since
the Dungey magnetic field is axisymmetric andS0 appears
on both the numerator and the denominator of Eq. (22), it is
convenient to computeS0 as a quarter-bounce integral in this
study,

S0
(
αeq

)
=

r0∫
rm

secα

√(
r
∂λ

∂r

)2

+ 1dr, (31)

where the radial distance at the mirror latituderm is a func-
tion of αeq, determined from a ninth-order polynomial equa-
tion{[
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6
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for given values ofr0 andb; (∂λ/∂r)2 can be obtained by:

(∂λ/∂r)2
=

4r
[

3r2

b3 −
2+(r/b)3

r
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16r0

[
2+

(
r
b
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(

r
b

)2
−

2r
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] . (33)

Equations (32) and (33) are easily derived from Eqs. (10),
(26), and (27).

Figure 2a and b shows the mirror radial distancerm (de-
termined from Eq. 32) and the mirror latitudeλm (deter-
mined from Eq. 27) as a function ofαeq for r0 = 6RE with
b/RE = ∞ (dipole), 13, 10, and 8. Asb increases,rm de-
creases butλm increases with the largest difference occur-
ring at intermediateαeq of ∼15◦–55◦ compared to the dipole
results. Variation of mirror latitude directly modifies the spa-
tial extent of the resonance zone where resonance between
wave and particles can take place (e.g., Ni and Summers,
2010a, b). The bounce period related termS0, calculated us-
ing Eq. (31) and normalized byr0 (thus dimensionless), is
shown in Fig. 2c as color-coded solid curves for the four val-
ues ofb. As expected,S0, and correspondingly the bounce
period of any particle, decreases when the southward IMF
intensifies, mainly due to the compression of magnetic field
line with a shorter length. Compared to the results in a dipo-
lar field, the degree of decrease inS0 increases considerably
with equatorial pitch angle, varying from∼1 % atαeq ≈ 0◦

to>50 % atαeq ≈ 90◦. Based upon the previous studies (e.g.,
Lenchek et al., 1961; Schulz and Lanzerotti, 1974; Davidson,
1976; Orlova and Shprits, 2011), we have adopted a fifth-
order polynomial of

√
sinαeq,

S0
(
αeq

)
= a5

(√
sinαeq

)5
+a4

(√
sinαeq

)4
+a3

(√
sinαeq

)3

+a2

(√
sinαeq

)2
+a1

(√
sinαeq

)
+a0, (34)

to establish an empirical analytic representation of the nor-
malizedS0 values with outstanding accuracy, which can be
practical for multi-dimensional diffusion simulations in the
Dungey magnetic field that will be investigated in detail in
a companion paper by Ma et al. (2012). The fitted values of
six polynomial coefficients (a0 −a5) are tabulated on the top
half of Table 1 for eachb-value atr0 = 6RE, and these ap-
proximation formulae are also plotted as dashed curves in
Fig. 2c. They overlap very well with the accurate numeri-
cal results shown as solid curves, demonstrating an excellent
empirical description of bounce period related term in the
Dungey magnetosphere. This consistency is further justified
by the errors associated with the fitted polynomials, as shown
in Fig. 2d, indicating a maximum value of below 0.5 % for all
αeq. The corresponding results forr0 = 9RE with b/RE = ∞

(dipole), 15, 13, and 10 are illustrated in Fig. 3. Variations of
rm, λm and normalizedS0 show profiles with respect toαeq
andb in similar to that forr0 = 6RE, except that the extents
of differences compared to the dipolar results are larger. The
fitted parameters ofa0 − a5 are listed on the bottom half of
Table 1.
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Fig. 2. (a) mirror radial distancerm and(b) mirror latitudeλm as a function ofαeq for r0 = 6RE with b/RE = ∞ (dipole), 13, 10 and 8.
(c) Solid curves: normalized bounce period related termS0 calculated numerically using Eq. (31), dashes curves: approximate representations
of S0 by a fifth-order polynomial of

√
sinαeq, and(d) the errors associated with the fitted polynomials, for the indicated four cases ofb-value.

3.3 Bounce-averaged quasi-linear diffusion coefficients
〈Dαα〉,

〈
Dαp

〉
/p and

〈
Dpp

〉
/p2

Changes in ambient magnetic field introduce changes in res-
onant interactions of charged particles with any plasma wave
mode and consequently alter wave-driven scattering effects
on the particles. In this study we focus on resonances be-
tween electrons and whistler-mode chorus waves, since these
emissions play an important dual role in both the loss and ac-
celeration of radiation belt energetic electrons (Bortnik and
Thorne, 2007) and act as the dominant contributor to the oc-
currence of nightside diffuse aurora in the inner magneto-
sphere (e.g., Thorne et al., 2010; Ni et al., 2011a, b). Fol-
lowing Glauert and Horne (2005) and Horne et al. (2005a),
we have assumed a Gaussian spread of nightside chorus
wave power spectral density with peak frequencyfm/fce =

0.35, lower cutoff frequencyflc/fce = 0.05, upper cutoff fre-
quencyfuc/fce = 0.65, and frequency width1f/fce = 0.35,
wherefce is the equatorial electron gyrofrequency. The wave
normal angle distribution is also assumed to be Gaussian,
confined to the angular interval from 0◦ to 45◦ with peak
wave normal angle as 0◦ and angular width as 30◦. We further
assume that nightside chorus waves are confined to within

15◦ of the magnetic equator with constant wave amplitude
of 50 pT along the magnetic field line. A constant cold elec-
tron (N0) density model with magnetic latitude is adopted
along with the statistical trough plasma density model from
Sheeley et al. (2001), i.e.,N0 = 4.96 cm−3 for the case of
r0 = 6RE and N0 = 0.79 cm−3 for the case ofr0 = 9RE.
Our calculations include contributions from theN = −5 to
N = 5 cyclotron harmonic resonances and the Landau reso-
nanceN = 0.

Figure 4 presents the bounce-averaged diffusion coeffi-
cients (from top to bottom:〈Dαα〉,

〈
Dpp

〉
/p2 and

〈
Dαp

〉
/p)

as a function of equatorial pitch angleαeq and electron ki-
netic energyEk atr0 = 6RE for four Dungey magnetic fields
(from left to right:b/RE = ∞ (dipole), 13, 10, and 8). There
are a number of important features to address regarding cho-
rus driven resonant scattering in the Dungey magnetic fields:
(1) As b decreases (the southward IMF increases), resonant
scattering rates cover a broader range of electron energy and
extend to equatorial pitch angles closer to 90◦. The shift of
diffusion to energies well below∼1 keV is mainly due to
the decrease in minimum resonant electron energy associ-
ated with the decrease in equatorial magnetic field strength.
The extension to higherαeq can be a combined product of
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Fig. 3.Same as Fig. 2, except forr0 = 9RE with b/RE = ∞ (dipole), 15, 13 and 10.

Table 1. Fitted values of six polynomial coefficients (a0–a5) for approximate representations of normalized bounce period related termS0
as a fifth-order polynomial of

√
sinαeq, corresponding to the indicated multiple choices ofb/RE at the equatorial crossings ofr0 = 6RE and

r0 = 9RE in the Dungey magnetosphere.

Equatorial crossingr0 = 6RE

b/RE a5 a4 a3 a2 a1 a0

∞ 0.2596 −0.6787 0.6981 −0.7017 −0.22 1.3831
13 0.7312 −1.8302 1.5864 −1.0304 −0.182 1.3619
10 1.339 −3.0432 2.314 −1.2492 −0.1734 1.3392
8 1.019 −1.0903 −0.4249 −0.0216 −0.4372 1.3146

Equatorial crossingr0 = 9RE

b/RE a5 a4 a3 a2 a1 a0

∞ 0.2596 −0.6787 0.6981 −0.7017 −0.22 1.3831
15 1.339 −3.0432 2.314 −1.2492 −0.1734 1.3392
13 1.484 −2.8362 1.6054 −0.8781 −0.2685 1.3226
10 −5.6968 16.9537 −16.4604 5.3769 −1.3167 1.2959

variations in geomagnetic field and wave dispersion relation;
(2) asb decreases, the peak of〈Dαα〉 at smallαeq tends to
occur at lower energies, varying from∼10 keV in the dipo-
lar field to ∼3 keV whenb/RE = 8; pitch angle scattering
at intermediate and highαeq also becomes more intense for
10’s–100 keV electrons; (3) when the southward IMF is en-

hanced, momentum diffusion peaks at lower electron ener-
gies, shifting from∼3 keV in the dipolar field to∼1 keV in
the greatly compressed Dungey magnetosphere; (4) The rates
of mixed diffusion vary withb-value, following a trend sim-
ilar to that for pitch angle scattering rates and momentum
diffusion rates.
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Fig. 6.Same as Fig. 4, expect forr0 = 9RE with b/RE = ∞ (dipole), 15, 13 and 10.

Correspondingly, Fig. 5 shows the bounce-averaged rates
of pitch angle scattering and momentum diffusion in the
Dungey magnetic fields at eight specific energies ranging
from 316 eV to 1 MeV that cover both plasma sheet source
electrons and radiation belt relativistic electrons. The dif-
ferences in scattering rates introduced by use of different
Dungey field models depend strongly on electron energy. By
comparing the results ofb/RE = ∞ (dipole) andb/RE = 8,
which constantly exhibit the largest difference with each
other, we can see that largest increase in diffusion rates,
by a factor of well above 5, occurs for 316 eV and 1 keV
regardless ofαeq. For 3.16 keV electrons,〈Dαα〉 increases
but

〈
Dpp

〉
/p2 decreases asb decreases. In contrast,〈Dαα〉

decreases slightly at low and intermediate pitch angles for
10 keV and 31.6 keV electrons when the southward IMF is
stronger. For 100 keV, 316 keV, and 1 MeV electrons, both
pitch angle scattering and momentum diffusion rates increase
with decreasingb-value atαeq <∼ 50◦. To summarize, the
compression of Dungey field can produce scattering loss of
plasma sheet electrons<∼4 keV and radiation belt electrons
>∼100 keV on a timescale shorter than that in a dipolar field
and induce momentum diffusion at highαeq closer to 90◦.

For the Dungey magnetic field case ofr0 = 9RE with
b/RE = ∞ (dipole), 15, 13, and 10, we show the 2-D plots
of bounce-averaged diffusion coefficients in Fig. 6 and the
line plots of 〈Dαα〉 and

〈
Dpp

〉
/p2 for the same eight ener-

gies in Fig. 7. We capture the similarities that resonant scat-

tering rates cover a broader range of electron energy and
equatorial pitch angle and increase considerably when the
Dungey magnetosphere becomes more compressed. On the
other hand, there are striking features distinct from the results
for r0 = 6RE: (1) The resonant diffusion can occur at much
lower electron energies, say,<∼100 eV, and can extend to
equatorial pitch angles very close to 90◦; (2) use of different
Dungey magnetic fields tend to introduce larger variations in
diffusion rates with the peaks of scattering rates shifting to
lower energies, i.e.,∼ a few keV for 〈Dαα〉, and well be-
low 1 keV for

〈
Dpp

〉
/p2; (3) enhanced scattering loss occurs

only for plasma sheet electrons withEk <∼ 1 keV. For radi-
ation belt energetic electrons, more pronounced increases in
〈Dαα〉 and

〈
Dpp

〉
/p2 are present for 100 keV to 1 MeV when

b/RE = 10. The intensification of pitch angle scattering of
1 MeV electrons in the compressed Dungey magnetic field at
higher radial distances is consistent with the results of Orlova
and Shprits (2010) showing that the differences in〈Dαα〉 be-
tween use of the dipolar field and the Tsyganenko 89 model
parameterized by Kp index are largest at the magnetic field
line with the highest equatorial crossing.

As pointed out by Orlova and Shprits (2010) and Ni et
al. (2011c), changes in magnetic field strength along the
field line alter the wave dispersion relation and the wave-
particle resonance condition so that electrons can resonate
with the waves for the same equatorial pitch angle at lower
latitudes on the nightside for the non-dipolar field than in
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Fig. 7.Same as Fig. 5, expect forr0 = 9RE with b/RE = ∞ (dipole), 15, 13 and 10.
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Fig. 8. Plots of strong diffusion rateDSD as a function of electron
energyEk for the two specific Dungey magnetic field lines with the
indicated multipleb-values.

the dipolar field. Decrease in magnetic field strength near the
equatorial region in the non-dipolar models lowers the min-
imum resonant energy of electrons interacting with chorus
waves, which can explain the pronounced increase in scatter-
ing rates of 100’s eV electrons whenb decreases, i.e., the am-
bient magnetic field becomes more compressed. In addition,
changes in the field line configuration can lead to changes in
the electron bounce period, as shown in Sect. 3.2, which also
contributes to the differences in bounce-averaged diffusion
coefficients using non-dipolar fields.

3.4 Strong diffusion rateDSD

By describing an extreme situation that particles can be scat-
tered across the loss cone in times comparable to or less
than the bounce period, strong diffusion is an essential con-
cept of resonant wave-particle interactions. Under the limit of
strong diffusion, particles diffuse across the loss cone within
a quarter-bounce period, and the particle flux inside the loss
cone approaches isotropy. Moreover, the particle precipita-
tion rate is then insensitive to the magnitude of diffusion co-
efficients. Thus, quantitative comparison of quasi-linear dif-
fusion coefficients with the strong diffusion rate can help us
identify the efficiency of wave-induced scattering effects and
evaluate the temporal evolution of particle pitch angle dis-
tribution and resultant precipitation loss. For example, Chen
and Schulz (2001a, b) found numerically that scattering be-
low strong diffusion is required to better model the observed
precipitating electron energy fluxes near dawn and in the
morning quadrant. Ni et al. (2011d) also estimated the dif-
fuse auroral precipitation fluxes based upon the energy de-
pendent loss cone filling index computed as the ratio between
〈Dαα〉 at the edge of equatorial loss cone and strong diffusion
rateDSD. Following Kennel (1969), the definitive formula of
strong diffusion rate is

DSD = 2(αLC)2/τB, (35)

whereτB is the bounce period given by Eq. (8), andαLC is
the equatorial loss cone angle, which can be determined by
αLC = sin−1(

Beq/Bf
)

with Bf as the magnetic field intensity
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at the footprint latitudeλf . Apparently, bothτB and αLC
depend on the adoption of magnetic field model, therefore
strong diffusion rateDSD varies with respect to magnetic
field model. For the Dungey magnetic field models adopted
in this study, it is easy to evaluateαLC according to the lat-
itudinal distribution of Dungey magnetic field strength. We
obtain that atr0 = 6REαLC = 2.85◦, 2.71◦, 2.53◦, and 2.18◦

for b/RE = ∞ (dipole), 13, 10, and 8, respectively and at
r0 = 9REαLC = 1.53◦, 1.36◦, 1.26◦, and 0.8◦ for b/RE = ∞

(dipole), 15, 13, and 10, respectively. Evidently, the equato-
rial loss cone turns smaller due to the tendency of decrease in
geomagnetic field amplitude in the equatorial region and in-
crease at high latitudes. As the southward IMF intensifies or
the b-value decreases,αLC decreases more markedly com-
pared to the dipolar results. With the values ofαLC avail-
able, we can compute the corresponding energy indepen-
dent bounce period related termS0 (normalized tor0) as
the following: at r0 = 6RE, S0 = 1.3053, 1.2861, 1.2636,
and 1.2253 forb/RE = ∞ (dipole), 13, 10, and 8, respec-
tively; at r0 = 9RE, S0 = 1.3310, 1.2895, 1.268, and 1.1959
for b/RE = ∞ (dipole), 15, 13, and 10, respectively. Clearly,
S0 (or τB ) decreases with decreasingb, due to enhanced com-
pression of the Dungey magnetosphere.

In Fig. 7 we show plots ofDSD as a function of electron
energyEk for the two specific Dungey magnetic field lines
with the indicatedb-values.DSD is a monotonically increas-
ing function ofEk for below 1 MeV electrons and keeps al-
most unchanged for energies exceeding 1 MeV, in agreement
with the results of Summers and Thorne (2003). When the
Dungey magnetic field line moves inward fromr0 = 9RE to
r0 = 6RE, DSD decreases substantially by about an order of
magnitude at all energies. In addition,DSD also decreases
considerably when the compression of the Dungey magne-
tosphere is enhanced by intensified southward IMF, and the
degree of decrease inDSD is larger for the magnetic field line
with higher equatorial crossingr0. The feature that strong
diffusion limit occurs at a lower diffusion rate under dis-
turbed geomagnetic conditions is important, since it suggests
that during periods of magnetic storms/substorms magneto-
spheric electrons can find it easier to expose themselves to
wave-induced intense scattering at a rate reaching or compa-
rable toDSD and therefore undergo enhanced precipitation
loss near the loss cone.

4 Discussions

While the bounce-averaged Fokker-Planck diffusion equa-
tion has been studied extensively in a dipolar geomagnetic
field, in this study we have extended it to a generalized form
(Eq. 22) applicable to a geometry equivalent to a flux tube
of essentially arbitrary shape that assumes only that it yields
two mirror points for each trapped particle. Without recourse
to a dipolar field assumption, we have obtained the similar
form of bounce-averaged diffusion equation regardless of de-

tails of the mirror geometry. We have adopted a straightfor-
ward method through integration averaging over the bounce
period to perform the bounce-averaging of localized Fokker-
Planck equation, and we notice that Schulz (1976) carried
out the bounce-averaging procedure in geometric mirrors by
calculating the Jacobian determinant. The bounce-averaged
pitch angle diffusion equation that Schulz (1976) obtained
in the limit of weak diffusion is consistent with the term as-
sociated with pure pitch angle diffusion in Eq. (22), but our
equation gives a full description of bounce-averaged Fokker-
Planck diffusion equation in arbitrary 2-D magnetic field
including pitch angle scattering, momentum diffusion, and
mixed terms.

Although the bounce-averaged Fokker-Planck diffusion
equation at a constant RoedererL retains a similar expression
for arbitrary magnetic field, non-negligible or even substan-
tial changes in bounce period and bounce-averaged diffusion
coefficients with respect to magnetic field model demonstrate
the importance of the use of realistic magnetic field represen-
tations to quantifying resonant wave-particle interactions and
resultant contributions to particle dynamics. For purposes of
quantitative comparisons with the commonly used dipolar
field, we have adopted multiple Dungey magnetic fields pa-
rameterized by the intensity of southward IMF. The Dungey
models take into account the compression of magnetic field
resulting from solar wind disturbances, thus a better approx-
imation than a dipole to the ambient magnetic field, how-
ever, they cannot deal with the tilting or twisting of mag-
netic field lines. Tsyganenko model series, using the solar
wind parameters and geomagnetic activity indexes as input,
can model the geomagnetic fields under various geomagnetic
conditions with better accuracy. Orlova and Shprits (2010)
and Ni et al. (2011c) have used the Tsyganenko models to
compute bounce-averaged diffusion rates for 1 MeV rela-
tivistic electrons and diffuse auroral electrons, respectively.
They found that the scattering rates are strongly dependent
on the adoption of magnetic field model and that most ac-
curate evaluation of wave induced particle diffusion effects
requires most reliable representations of background mag-
netic field. Note that since the Tsyganenko magnetic fields
are usually tilted, i.e., non-axisymmetric with minimum ge-
omagnetic field present at non-zero degree of magnetic lati-
tude, a half-bounce integral instead of a quarter-bounce inte-
gral should be implemented for calculation ofS0 and bounce-
averaged diffusion coefficients.

To evaluate the bounce-averaged diffusion coefficients
which are key parameters for numerically solving the
Fokker-Planck diffusion equation, we also adopted an em-
pirical single-band model of chorus waves without the gap
at a half electron gyrofrequency, following previous stud-
ies. Statistical analyses of CRRES wave datasets (Meredith
et al., 2001, 2009b; Ni et al., 2011b) have captured a clear
dual-band structure of chorus emissions and established an
improved model of lower band and upper band chorus as a
function of L-shell, magnetic local time (MLT), and level of
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geomagnetic activity. Since knowledge of wave power distri-
bution is critical to the quantification of resonant scattering
rates (Shprits et al., 2006b; Summers and Ni, 2008), the com-
panion paper by Ma et al. (2012) uses the more accurate cho-
rus wave information obtained based upon CRRES wave ob-
servations to compute the matrices of bounce-averaged dif-
fusion coefficients in 2-D Dungey magnetic fields, which are
subsequently taken as inputs to solve the bounce-averaged
Fokker-Planck diffusion equation for modeling the temporal
evolution of plasma sheet electron pitch angle distribution
and exploring the effects of non-dipolar magnetic fields. We
have made an approximate comparison of the magnitude of
diffusion coefficients between using a dipolar field with im-
proved nightside chorus (lower-band and upper-band) wave
information (Fig. 6 of Ni et al., 2011b) and using a Dungey
field with less accurate wave information (Fig. 5 in the
present study). For 1 keV electrons, there is a decrease, by
a factor of∼8, in pitch angle scattering rates at lower equa-
torial pitch angles when we use the Dungey magnetic field
but less accurate wave information. In contrast, for 10 keV
electrons, the magnitude of decrease in scattering rates be-
comes smaller, within a factor of∼3. This suggests that
quantitative evaluation of the relative importance of using a
non-dipolar magnetic field with crude wave model or using
a dipole magnetic field with improved wave model is sensi-
tive to a number of factors, such as electron energy, pitch
angle, and also L-shell and geomagnetic condition, which
needs a careful consideration. Overall, we can see that wave
model can be most important to reasonably evaluate the mag-
nitude of diffusion coefficients. In other words, descriptions
of plasma waves with high accuracy are the first priority
for us to comprehensively understand the processes of reso-
nant wave-particle interactions. To fulfill it, long-term, large-
size datasets from past, existing, and upcoming satellite mis-
sions are required and should be combined systematically
for careful, detailed wave analyses, which is one outstand-
ing subject of our ongoing studies. In contrast, consideration
of non-dipolar magnetic field strength and configuration is
of relatively lower priority. However, its effect is one impor-
tant factor that should be taken into account to investigate
resonant wave-particle interactions in the realistic magneto-
sphere, particularly during geomagnetically disturbed condi-
tions when the ambient magnetic field is highly fluctuated
and/or distorted.

To derive Eq. (22), we have assumed a constant Roederer
L, equivalently, a uniform value of the third adiabatic invari-
ant associated with particle drift motion. However, the parti-
cles of interest can have different “azimuthal” drift rates de-
pending on equatorial pitch angle, so that they do not remain
in the same flux tube with each other. Moreover, bounce pe-
riod and bounce-averaged diffusion coefficients would also
vary with azimuthal position (or with MLT) in most situ-
ations of interest, as would the size of the loss cone. For
2-D Fokker-Planck diffusion simulations, this raises a ques-
tion of whether to perform a further average of the diffusion

equation over azimuthal angle or (if not) whether to include
some “advective” terms to account for the azimuthal drift of
phase space density distribution that depends (at least near
the loss cone) on the azimuthal coordinate. For example, Su
et al. (2010b), by comparing the numerical results between
MLT-dependent and MLT-averaged simulations, stated that
azimuthal advection could play an important role in the ra-
diation belt electron dynamics. Another more physically ac-
curate option is to extend 2-D Fokker-Planck diffusion equa-
tion with respect to kinetic energy and equatorial pitch angle
to 3-D or 4-D diffusion equation by adding one dimension
of RoedererL or two dimensions of RoedererL and MLT.
There are already a number of studies on this aspect (e.g.,
Varotsou et al., 2005, 2008; Fok et al., 2008; Jordanova et al.,
2008, 2010; Shprits et al., 2009a, b, 2011; Albert et al., 2009;
Xiao et al., 2010b; Su et al., 2010a, b; Subbotin et al., 2010,
2011), but further modeling efforts are required to develop a
comprehensive and sophisticated global model of magneto-
spheric electron transport, acceleration, and loss in the real-
istic environment of ambient magnetic field under all levels
of geomagnetic activity.

5 Summary

We have performed a detailed derivation of bounce-averaged
Fokker-Planck diffusion equation applicable to arbitrary
magnetic field at a constant RoedererL. The form of bounce-
averaged diffusion equation is found regardless of details
of the mirror geometry, which suggests that the numerical
schemes developed for solving the modified 2-D Fokker-
Planck equation in a magnetic dipole should be feasible for
similar computation efforts on modeling wave-induced par-
ticle diffusion processes in any non-dipolar magnetic field.
However, bounce period related term and bounce-averaged
diffusion coefficients are required to be computed in realis-
tic magnetic fields instead of using the commonly adopted
dipolar model to pursue improved understanding of the dy-
namics of magnetospheric particles and the role of resonant
wave-particle interactions.

With the application to the Dungey magnetic fields, which
are axisymmetric with field line configuration and magnetic
field strength controlled by the intensity of southward IMF,
we have evaluated the bounce period related term, bounce-
averaged scattering rates, and strong diffusion rate at two
representative field lines with equatorial crossing of 6 and
9 Earth radii under different conditions of southward IMF.
Regarding these key parameters for Fokker-Planck diffusion
simulations, we find that

1. The normalized bounce period related termS0 decreases
when the southward IMF intensifies, mainly due to the
shorter length of compressed field line. Compared to the
results using the dipolar field, the degree of decrease in
S0 increases considerably withαeq, and the extent of
differences becomes larger for the field line with higher
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equatorial crossing.S0 can be approximated with high
accuracy by a fifth-order polynomial of

√
sinαeq, which

is useful to be incorporated into multi-dimensional dif-
fusion simulations.

2. With enhanced southward IMF, bounce-averaged diffu-
sion coefficients cover a broader range ofEk andαeq
(closer to 90◦), and the rates tend to increase and peak at
lower energies. In general, the compression of Dungey
magnetosphere can produce scattering loss of plasma
sheet electrons<∼4 keV and radiation belt electrons
>∼100 keV on a timescale shorter than that in a dipo-
lar field and induce momentum diffusion at highαeq
closer to 90◦, essentially resulting from the changes in
wave dispersion relation and resonance condition intro-
duced by changes in geomagnetic field distribution. Dif-
ferences in scattering rates are also stronger for higher
equatorial crossing.

3. Strong diffusion rateDSD decreases considerably when
the Dungey magnetosphere is more compressed, as a
combined product of changes in both equatorial loss
cone and bounce period. Decrease inDSD for enhanced
geomagnetic activity and higher equatorial crossing is
important for understanding the behaviors of storm-time
magnetospheric electrons and their global precipitation
losses.

The advantages of this study can be mainly summarized as
follows: (1) it confirms the need for adoption of realistic
magnetic field representation to perform accurate determina-
tion of electron resonant scattering rates, and precise Fokker-
Planck diffusion simulations of magnetospheric electron dy-
namics; (2) it establishes a reasonable fifth-order polynomial
model (with high accuracy) of bounce period related term in
non-dipolar Dungey magnetic fields, in contrast to the em-
pirical approximations previously developed by Lencheck
et al. (1961) (Eq. 19), Davidson (1976) (Eq. 6), and re-
cently revisited by Orlova and Shprits (2011) (Eq. 15 and
Table 1). This developed model can be readily incorporated
into Fokker-Planck diffusion simulations using Dungey mag-
netic fields; (3) it computes the strong diffusion rates (an es-
sential concept of resonant wave-particle interactions) corre-
sponding to the Dungey magnetic fields for comparisons with
the dipolar results, which has clearly indicated that changes
in strong diffusion rate associated with changes in ambient
magnetic field geometry can introduce considerable influ-
ences on the determination of the efficiency of wave-induced
resonant scattering and thus affect the pitch angle distribution
of electrons at different energies. The companion paper by
Ma et al. (2012) will be a first attempt to utilize the derived
general bounce-averaged Fokker-Planck diffusion equation
and the reasonably fitted bounce period related terms to bet-
ter understand the evolution of plasma sheet electron pitch
angle distribution due to chorus induced scattering in a non-
dipolar geometry such as the Dungey magnetic fields.

The present study concentrates on using the Dungey mag-
netic field models, but it is obvious that, although better than
the dipolar field, Dungey magnetic fields is still quite simple,
compared to the more sophisticated Tsyganenko magnetic
field model series and the recent event-adaptive magnetic
field models of Kubyshkina et al. (2009, 2011), which are
non-asixsymmetric, MLT and geomagnetic condition depen-
dent by assuming physical mechanisms embodied by the so-
lar wind inputs and contributions from different current sys-
tems. In addition, Kabin et al. (2007) have developed a mod-
ified, non-axisymmetric version of Dungey magnetic field to
account for the MLT dependence of ambient magnetic field,
with the stretching on the nightside and the compression on
the dayside. All these more complicated magnetic field mod-
els with expected higher accuracy will be adopted in our
future studies to pursue more precise evaluations of reso-
nant wave-particle interactions. The simple model of night-
side chorus waves based upon Glauert and Horne (2005) and
Horne et al. (2005a) is another challenge to this study. We
have noticed that there have been a number of recent studies
of chorus wave characteristics based upon statistical analy-
ses of satellite measurements including CLUSTER (Agapi-
tov et al., 2011), POLAR (Haque et al., 2010; Bunch et al.,
2011), CRRES (Ni et al., 2011b), and THEMIS (Li et al.,
2009, 2011). We fully understand that a much better cho-
rus wave model including reasonable wave normal angle dis-
tribution should be used to obtain more accurate scattering
rates. Since this paper mainly aims to exhibit the effects of
non-dipolar field on bounce-averaged Fokker-Planck diffu-
sion equation and the companion paper (Ma et al., 2012) will
adopt a greatly improved chorus wave model based upon
Ni et al. (2011b) to perform Fokker-Planck diffusion sim-
ulations in Dungey magnetic fields, our present study has
adopted a rather simple chorus wave model. Our further goal
is to adopt the most reliable chorus wave model that we
can approach based upon all the available satellite analy-
ses to perform diffusion coefficient calculations and Fokker-
Planck diffusion simulations using most accurate magnetic
field models, which is outside the scope of this study but
will be the subject of our following investigations. In addi-
tion, changes in cold plasma density can cause changes in
wave induced scattering coefficients, mainly due to changes
in wave dispersion relation and resonant frequencies (thus
resonant wave power) for any specific electrons energy. In
the present study we have adopted Sheeley et al. (2001) plas-
matrough density model with constant latitudinal distribu-
tion. Use of more accurate cold plasma density model (espe-
cially taking into account the latitudinal variation, e.g., Den-
ton et al., 2006) needs to be incorporated into our further
studies. Finally, we note that a number of other electromag-
netic wave modes, such as EMIC wave (e.g., Summers and
Thorne, 2003; Summers, 2005; Summers et al., 2007b; Sum-
mers and Ni, 2008; Albert, 2008; Xiao et al., 2011b), plas-
maspheric hiss (e.g., Lyons and Thorne, 1973; Meredith et
al., 2006, 2007; Summers et al., 2008; Xiao et al., 2009a),
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magnetosonic waves (Horne et al., 2007), and superluminous
waves (e.g., Xiao et al., 2006, 2010a, 2011a), also play more
or less important roles in outer radiation belt dynamics. Use
of non-dipolar magnetic fields will modify the wave disper-
sion relation and subsequently the resonant frequencies and
resonant wave power of these waves in a manner similar to
that for chorus waves. As a consequence, adoption of non-
dipolar magnetic fields will give rise to non-negligible and
even important contribution to the quantification of resonant
scattering coefficients induced by these waves, which will be
investigated in detail in our following studies.

Acknowledgements.This research was supported in part by NSF
grant ATM-0802843 and NASA grant NNX12AD12G. The authors
would like to thank Michael Schulz and Yuri Shprits for useful dis-
cussions. We also thank the reviewers for valuable and constructive
comments on the manuscript.

Topical Editor R. Nakamura thanks two anonymous referees for
their help in evaluating this paper.

References

Agapitov, O., Krasnoselskikh, V., Khotyaintsev, Y. V., and Rol-
land, G.: A statistical study of the propagation characteristics
of whistler waves observed by Cluster, Geophys. Res. Lett., 38,
L20103,doi:10.1029/2011GL049597, 2011.

Albert, J. M.: Using quasi-linear diffusion to model acceleration and
loss from wave-particle interactions, Space Weather, 2, S09S03,
doi:10.1029/2004SW000069, 2004.

Albert, J. M.: Evaluation of quasi-linear diffusion coefficients for
whistler mode waves in a plasma with arbitrary density ratio, J.
Geophys. Res., 110, A03218,doi:10.1029/2004JA010844, 2005.

Albert, J. M.: Efficient approximations of quasi-linear diffusion co-
efficients in the radiation belts, J. Geophys. Res., 113, A06208,
doi:10.1029/2007JA012936, 2008.

Albert, J. M.: Diffusion by one wave and by many waves, J. Geo-
phys. Res., 115, A00F05,doi:10.1029/2009JA014732, 2010.

Albert, J. M., Meredith, N. P., and Horne, R. B.: Three-dimensional
diffusion simulation of outer radiation belt electrons during the
9 October 1990 magnetic storm, J. Geophys. Res., 114, A09214,
doi:10.1029/2009JA014336, 2009.

Beutier, T. and Boscher, D.: A three-dimensional analysis of the
electron radiation belt by the Salammbô code, J. Geophys. Res.,
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