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Abstract. Nonlinear interactions of gravity waves are stud- 1 Introduction
ied with a two-dimensional, fully nonlinear model. The en-

ergy exchanges among resonant and near-resonant triads aé‘?avity waves are one of the most important waves in the

examined in order _to understand the spectral energy trans;iqdie and upper atmosphere and play a crucial role in de-
fer through interactions. The results show that in both reso'termining large-scale circulation and thermal structure of the

nant and negr-resonant mteractmn_s, the energy exchange bf‘nrﬂddle atmosphere because of their inherent ability to trans-
tween two high frequency waves is strong,

. but th? energyport momentum and energy from one atmospheric layer to
transfer from large to small vertical scale waves is ratheranother (Lindzen, 1981: Holton, 1982; Vincent and Reid
wea_k. This suggests that the energy ca_scade FOWE.Ud. Iargf983; Fritts and Dunkerton, 1985). Gravity wave activity
ver tical wgvenumbers through nonllqear Interaction is Ir‘e'c'has been statistically investigated based on various observa
ficient, which is different from the rapid turbulence cascade.tions (Tsuda et al., 1990; Manson and Meek, 1993; Nekrasov
Because of considerable energy exchange, nonlinear intefs; .: * 1995: Vincent and Alexander. 2000 Zink and Vin-
actions c_an_e_szectively s_:pre_ac_i _high frequency_spectrum, an@ent, 2001; Alexander and Teitelbaum, 2007; Zhang and Yi,
play a S|gn|f|f:ant role n I|m|t|r_19 Wave_amplltude growth 2005, 2007; Hei et al., 2008; Zhang et al., 2010), and pos-
_and trapsferrlng_ energy into_higher altitudes. In resonantiy e mechanisms of generation and dissipation of gravity
interaction, the interacting waves obey the resonant matCh\'Naves have been extensively explored in the past decades
ing conditions, and resonant excitation is reversible, while Walterscheid and Schubert. 1990: Fovell et al.. 1992- Eritts
near-resonant excitation is not so. Although near-resonani, . ' o 1992- Alexander et al. 1995 Hecht. 2001: Lane
interaction shows the complexity of match relation, numer- . .1 5001 Kshevetskii and Gavrilov. 2005- Liu and Gard-

'Caé g?g’e”me”ts show an interesting result thatt) when S#.”Eer, 2005; Liu, 2009; Vadas and Liu, 2009). Nonlinearity
an Ifference near-resonant interactions occur between [0] an important aSpeCt of gravity wave dynamiCS. Nonlinear

and low frequency waves, the wave vectors tend to aPPrO%jnteraction of gravity waves can lead to the redistribution of

imately.match in h'orizontal direction, and the frequency of energy and momentum among different spectral components
the excited waves is also close to the matching value. with approximate conservation of total energy and momen-
Keywords. Meteorology and atmospheric dynamics (Mid- tum, but does not destroy wave structure as the instability and
dle atmosphere dynamics) breaking of waves do. Nonlinear cascade of gravity waves
through interaction may lead to turbulences by generating
waves with vertical scales so small that they become satu-
rated and broken. Simultaneously, effective energy transfer
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304 K. M. Huang et al.: Spectral energy transfer of atmospheric gravity waves

in interaction can limit the amplitude growth of waves, which regarded as sum and difference nonresonant interactions, re-
decreases the probability of these components reaching thespectively. When the mismatching magnitude is small, it is
instability thresholds, and then their energy and momentunalso viewed as near-resonant interaction.
may further be transported into higher levels. When grav- The studies on nonlinear interaction of gravity waves have
ity waves with different temporal and spatial scales prop-made great advances by the theoretical, observational and
agate in the middle and upper atmosphere, they may ranmodelling efforts. On the basis of the weak interaction ap-
domly encounter and superpose. At this time, energy transproximation, many features and effects of resonant interac-
fer among different spectral components may frequently haption of oceanic internal gravity waves have been acquired
pen through nonlinear interaction, which may result in rapid (Phillips, 1960; Bretherton, 1964; Hasselmann, 1966; Ol-
relaxation of distorted spectra toward the universal form ofbers, 1976; McComas and Bretherton, 1977; McComas and
gravity waves. Broutman et al. (1997) used numerical simu-Miller, 1981; Miller et al., 1986). Subsequently, the prop-
lations to examine the Doppler spread of a short wave packetrties of resonant and nonresonant interactions among at-
interacting with a single inertia wave packet, and showedmospheric gravity waves have been extensively investigated
that the spectrum developed into a broad region with slopgDysthe et al., 1974; Yeh and Liu, 1981, 1985; Klostermeyer,
of about—2.2 with two inertia periods. Therefore, wave- 1982, 1991; Inhester, 1987; Dong and Yeh, 1988; Yeh and
wave interaction is regarded to be not only a significantDong, 1989), even in a sheared, dissipative and rotating at-
wave source in the middle and upper atmosphere (Fritts andnosphere (Fritts et al., 1992; Axelsson et al., 1996; Yi and
Alexander, 2003), but also an important mechanism in specXiao, 1997), and in the uniform and nonuniform plasmas
tral evolution for gravity waves in the middle and upper at- (Stenflo, 1994; Stenflo and Shukla, 2009). These theoreti-
mosphere (Weinstock, 1985; Yeh and Liu, 1985; Smith et al.,cal studies provided essential understanding of nonlinear in-
1987; Hines, 1991, 2001; Dewan, 1994; Chunchuzov, 2009)teractions of gravity waves. Resonant triads in atmospheric
The phenomenon of resonant interaction in a fluid dynam-gravity wave domain were reported based on radar, rocket
ical context was discovered by Phillips (1960). He pointedand satellite observations (Klostermeyer, 1984, 1990; Wid-
out that for prescribed wave vectoksand frequencies, del et al., 1994; Rster, 1997; Wist and Bittner, 2006). At-
two waves with phasek; -r — w1t andk,-r —wyt can act  mospheric radar observations also presented extensive evi-
as forcing terms in the linearized equations to force a thirddences of resonant interactions among atmospheric waves
wave with their sum or difference phase. If the third wave is (Ruster, 1994; Manson et al., 1998; Beard et al., 1999;
a free mode, resonant interaction occurs and significant enPancheva, 2001; She et al., 2004). Many model works fur-
ergy transfer among the wave triad takes place. The resonaitiner confirmed three-wave resonant and nonresonant interac-

conditions are expressed as tions in the middle and upper atmosphere (Dunkerton, 1987;
Vanneste, 1995; Yi, 1999; Zhang and Yi, 2004; Huang et
k1+ko=ks3 (2) al., 2007, 2009). The numerical studies clarified that en-
ergy transfer in nonlinear interaction from the high frequency
w1 w2 = w3 2) primary wave to the excited wave is irreversible rather than

periodic from the weak interaction approximation, and sig-
nificant energy exchange in nonresonant interaction may be
three wavesmw; = (k) is the dispersion relation, which comparable to that in resonant interaction (Zhang and Yi,
) 2 2 2 2004; Huang et al., 2007, 2009).
can be written a7 f(wz_ v i Jo?) = f_g? kx and However, most numerical studies, mentioned above, fo-
k, are the horizontal and vertical components of the wavecused on a certain sum or difference interaction and some
vectors, respectivelyN is the buoyancy frequency, is important characteristics of nonlinear interactions may not
the acoustic speed; andg}, is the acoustic-cutoff frequency. be revealed only by the investigation on a single nonlinear
Considering that two initial waves may play different roles, excitation. Thus, there remains much to be done in quanti-
the high frequency wave is named as the primary wave andative studies on the dynamics and effects of nonlinear inter-
the other one with low frequency is regarded as the secactions of atmospheric gravity waves (Fritts and Alexander,
ondary wave. In the following numerical experiments, the 2003). In this paper, sum and difference nonlinear interac-
subscriptsj =1, 2 and 3 do not specify the primary, sec- tions of gravity waves are simulated and the features of reso-
ondary and excited waves, respectively, and the roles of th@ant and near-resonant triad interactions are investigated. By
primary and secondary waves depend on their frequencieanalysing the characteristic of energy transfer among spectral
in each case. These two types of resonant interactions presomponents, we will explore the role of nonlinear cascade in
sented in Egs. (1) and (2) are referred to as Sum and differgravity wave dissipation and the effect of nonlinear interac-
ence resonant interactions, respectively. Correspondingly, ifion to spectral broadening.
these interacting waves do not satisfy the resonant matching We begin in Sect. 2 with a brief description about the
conditions of Egs. (1) and (2), nonresonant interaction takegull nonlinear numerical model. In Sect. 3, we exhibit sum
place (Whitham, 1974), and the two kinds of interactions areand difference resonant excitations for a resonant triad and

where the subscriptg =1, 2 and 3 denote the interacting
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Table 1. Initial parameters of waves 1-3 regarded as initial perturbations in cases 1-3.

Ax Az kx k; w Ue X¢ Zc
(km) (km) (10%Radml) (1083Radml) (10 %4Radsl) (msl) (km) (km)
Wave 1 50 5.0 1.26 1.26 18.05 5.0 500 80
Wave2 129.67 -2.3 0.48 —2.73 322 10 600 60
Wave3  36.08 —4.26 1.74 —1.47 2127 04 530 43

quantitatively analyse the energy exchange magnitude. In Inview of an explicit scheme applied in the projected char-
Sect. 4, several near-resonant triads are performed to reveaktteristic line boundaries, the time step should be restricted
the general characteristics of energy exchange in sum anty the Courant condition (Hirsch, 1990):

difference nonlinear interactions. The summary is provided 1

in Sect. 5. At < At = 1 (4)
(atv)(5z+ Tzz) 2
2 Numerical model where the acoustic speed = /¥y RT and v = vu2+ w?.

2.1 Governing equations and numerical scheme We takeAr =0.5A1 in this paper.

The simulations use a set of primitive hydrodynamic equa-z'2 Initial background and perturbation

tions 'ItTI an adlat;]atlc, |nr\]/.|src]|d anbd twg-dlmensmnal com- order to investigate the relationships among the wavenum-
pressible atmosphere, which can be written as bers and frequencies of the interacting gravity waves, we
avoid the influences of background wind and inhomogeneous

ap ap ap u Jw
S tugitw ot +p52 =0 - : i
ot 9x 9z TPox TP 5z temperature fields by assuming that the initial background

bu y 0w 0u RTOp | pol _
ar Tlugy twy + +R5 =0

gr 7 ax T g e T (3)  atmosphere is windless and isothermal and is in hydrostatic
Gr Tugy Twar+ -5 R +¢=0 equilibrium with initial constant temperature @ = 290 K
F+udt+wi 4+ Ty - D +32)=0 and initial density profile ofog = p.e~$¥/R70, where p, =

1.2 kg m3 is the density at the ground. The buoyancy fre-
quency is calculated to b = 1.82x 102 Hz.

In the initial background atmosphere, we introduce two
discrete gravity wave packets as the initial wave perturba-
tions, for which the horizontal velocity disturbances have the
following forms

Wherex andz are the horizontal and vertical (positive up-
ward) coordinates, respectively; and w are the horizon-
tal and vertical components of total wind velocities, respec-
tively; p andT are the density and temperature, respectively;
¢ is the gravitational accelerationk = 287 Jkg! K1

is the special gas constant for air; amt=c,/c,(cp, =
1005 Jkgt K~ andc, = 718 Jkg* K1 are specific heats L amag? @z)?

at constant pressure and volume, respectively). W, (x,2,1) =0 = ucje 2%, 25

. Usually, pr_opagauon of gravity waves in the.atmos.phere SiNfkyj (x — ) +kej (2 — 2¢) — 1] )
is a long-lasting process. For the sake of precisely simulat-
ing the propagation and interaction of gravity waves, a nu-whereu.; (j =1 and 2) is the maximum horizontal wind
merical scheme should be of high accuracy and fine stabilampntude;xcj andz.; are the initial geometric center posi-
ity. Here, a composite difference scheme with second-ordetions of the wave packets in the horizontal and vertical di-
temporal and spatial precisions is applied to discretizing therections, respectivelys,; ando; represent the half-widths
Eg. (3), which is described in detail by Huang et al. (2007), of the wave packets in the horizontal and vertical directions,
and a three-dimensional model was extended to investigat@hich are chosen to be,; = A,; ando;; = A.j, wherea,;

the propagation characteristics of gravity waves (Huang etandx; are the horizontal and vertical wavelengths of the in-
al., 2008). A uniform Eulerian mesh with staggered grids isteracting waves, respectively.

applied in order to eliminate the checkerboard error (Hu et

al., 2003). To avoid boundary reflection, the lateral bound-

aries are set to be periodical and projected characteristic lin@ Sum and difference resonant interactions

boundaries are employed at the top and bottom boundaries i . .
(Hu and Wu, 1984: Zhang and Yi, 1999). In the first case group (cases 1-3), we design a resonant triad

of waves 1-3, of which the wavenumbers and frequencies
are listed in Table 1, where the negative sign of the vertical
wavelength represents downward phase propagation. In this
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Fig. 1. Sum and difference resonant interactions in cases 1-3. The first, secondary and third columns represent results in cases 1-3
respectively.

case group, waves 1 and 2, waves 2 and 3, and waves 1 and 3The wavenumber spectra of three waves are obtained
are selected to be the initial wave perturbations in cases 1-3jy making a two-dimensional Discrete Fourier Transform
respectively. In the numerical computation, considering the(DFT) onu” over the whole computational domain. The cal-
scale of the interacting gravity waves, the grid sizes are setulated wavenumber spectra are normalized by the maximum
to be Ax =3.6km andAz =0.23km in the horizontal and spectral magnitude at the initial time. Figure 2 exhibits the
vertical directions, and the computational domains are chonormalized wavenumber spectra of the interacting waves at
sen to be G x <2376 km and (< z <184 km, respectively. =0 and 9h for cases 1-3. According to the peak spectrum
The time stepAt can be estimated to be about 0.33-0.34 s inof the excited wave at the time of 9 h, we calculate the dom-
the computation. inant wavelengths of the excited waves. In cases 1-3, the
By analysing the wavenumbers and frequencies of wavesvavelengths of the excited waves in the horizontal and verti-
1-3 listed Table 1, we may expect that the sum resonantal directions are 36.0 and4.28 km, 50.55 and 4.97 km, and
excitation may occur in case 1 due kq + ko = k3 and 125.05 and-2.30 km, respectively, which are in agreement
w1+ w2 = w3, While the difference resonant interaction prob- with the horizontal and vertical matching wavelengths listed
ably arises in cases 2 and 3 becaus&®f ko = k1 and in Table 1, respectively. The tiny difference between the cal-
w3—wr=w1 in case 2, an&z— k1 =ko andwsz — w1 = w» culated and matching wavelengths is due to limited spectral
in case 3. Since the frequency of the primary wave is higheresolution in the numerical computation. Hence, the new
than that of the secondary wave, the primary wave should bevaves should be excited through the sum resonant interaction
wave 1 in case 1, and wave 3 in cases 2 and 3; and the sem case 1 and through the difference resonant interaction in
ondary wave is the other initial wave in each case. Whencases 2 and 3. Moreover, it can be seen in Fig. 2 that the dom-
waves 1-3 are regarded as the initial wave perturbationsinant wavelengths of the primary and secondary waves re-
their amplitudes and centre positions are also listed in Taimain unchanged in the interactions in each case. This means
ble 1. This means that as the initial waves, waves 1-3 havéhat in the resonant interactions, the three interacting waves
the same parameters in the different cases. satisfy the resonant matching conditions, as predicted by the
Figure 1 exhibits the new wave excitation through the non-weak interaction theory. Because the interacting waves abide
linear interaction in cases 1-3 using the square root densityby the resonant conditions, for the resonant wave triad, if any
weighted horizontal velocity disturbances, which are calcu-two waves are chosen to be the initial wave perturbations, the
lated asu”(z) = [po(z)/por]%u’(z), where g, is the back- third wave can be excited through the sum or difference res-

ground density at a reference level:of 60 km. At the be- onant interaction_, as showq i_n Figs. 1 ar_ld 2. In other yvqrds,
ginning time, two separate initial waves are situated at thdhe resonant excitation exhibits a reversible characteristic.
different heights. After 9 h of propagation and interaction, We discuss the energy exchange among the waves in the
a new wave is clearly excited in each case, and these thresonant interaction. The energies of waves 1-3 at each inte-
interacting waves are almost apart from each other. gral hour are calculated by integrating the wave energy den-

. ’ /_ 2
sity ew = 3 p0(u’?+w'?) + prwg + XT% over the whole
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Fig. 2. Normalized wave number spectra of interacting wave triad in cases 1-3. The contour values are 0.2, 04, 0.6 and 0.8. The first,
secondary and third columns represent results in cases 1-3, respectively.

computational domain, whe# is pressure perturbations’ In terms of the total wave energies, it shows a slight de-
is vertical disturbance velocity; and the perturbation quanti-crease with loss of about 3—-4% in cases 1-3. The small
ties of each wave are extracted from the corresponding totdloss of wave energy is attributable to the small wave energy
field by applying a band-pass filter since the spectra of the inconversion to the large-scale background movement in long-
teracting waves are apart from each other, as shown in Fig. dasting nonlinear propagation and the energy loss in the nu-
Figure 3 shows the temporal evolution of wave energies inmerical computation and filtering process. Thus, the total
cases 1-3. In Fig. 3, the green, yellow, red and blue curvegnergy of these interacting waves is approximately conserva-
represent the energies of the primary, secondary and excitetive during the interaction.
waves and their sum, respectively. It can be seen from Fig. 3
that from 3 to 6 h, the energies of the primary waves decrease
and are transferred to the excited waves. At the beginningt Sum and difference near-resonant interactions
time, the energies of waves 1-3 are28x 10° J, 487x 10°J
and 301x 10° J, respectively. After 9 h, in case 1, the excited In the second case group (cases 4-6), we chose waves 1 and
wave obtains the energy of 183 x 105J through the nonlin- 2, waves 2 and 3, and waves 1 and 3 to be the initial wave
ear interaction, which is about 20.78 % of the initial energy Perturbations in cases 4-6, respectively. The initial param-
of the primary wave (Wave 1) As shown in F|g 3, the wave eters of waves 1-3 are presented in Table 2. Because of
energy exchange main|y arises between the primary and e){he variation of the Spatial scale of the interacting waves, in
cited waves in the interactions, therefore, we define the ratidhe numerical computation, the grid sizes are adjusted to be
of the energy of the excited wave to the initial energy of the Ax =4.0km andAz = 0.28 km, respectively.
primary wave as the degree of interaction, which is a measure Here, the possible interaction between two initial waves in
of the interaction strength (Huang et al., 2009). The degre&ases 4—6 is discussed in brief. In case 4, for specified waves
of interaction is 20.78 % in case 1. In cases 2, the new wavé and 2, if an excited wave meets the sum matching condition
has the energy of. 53 x 10*J, hence, the degree of interac- of wavenumbers, its wavelengths should equal the match-
tion are calculated to be 17.04%. In case 3, the new wavéng wavelengths, i.e.Ay = Ly, =40km andi; = L, =
can absorb only the energy of2Bx 10*J in the resonant —6.36km, and then its frequency is 26 x 10~* Rads™*
interaction, which corresponds to a rather small interactionderived from the dispersion relation of gravity waves, which
degree of 4.25%. This is an indication that in despite of anis obviously larger than the sum (B®x 10~*Rads™) of
identical resonant wave triad, when two different waves ofthe frequencies of waves 1 and 2. If the interacting three
this triad are chosen to be the initial wave perturbations, thevaves obey the difference matching condition for wavenum-
magnitude of the energy transfer may be remarkably differ-bers, the wavelengths of the excited waves are calculated to
ent. be A, = Ly, =66.67km andi, = Ly, = 1.79km, thus, its
frequency (487 x 10~ Rad s ™)) is far less than the differ-
ence (1%1x 10* Rads?!) of the frequencies of waves 1

www.ann-geophys.net/30/303/2012/ Ann. Geophys., 30, 3835 2012
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Table 2. Initial parameters of waves 1-3 regarded as initial perturbations in cases 4—6.

Ax A kx k; [0} Uc Xc Zc

Z 4
(km)  (km) 10 “*Radml) (@0 3Radml) (@0 4Rads?l) (ms1) (km) (km)
Wave 1 50 5.0 1.26 1.26 18.05 5.0 720 80
Wave 2 200 -2.8 0.31 —2.24 2.54 1.0 800 60
Wave 3 40 —-4.72 1.57 -1.33 21.26 0.4 739 43
16 the nonlinear interactions of gravity waves. If the detuning

= degree of sum or difference interaction equals to z&e-0

= or §3 =0), both the wave vector and frequency matching
}: 8r 1 conditions are satisfied, and the corresponding sum or dif-
o ference resonant interaction happens, sué a9 in case 1

v anddy =0 in cases 2 and 3. According to the wavenum-
bers of waves 1 and 2 listed in Table 2, the detuning de-
grees of sum and difference interactions are calculated to be
9 8s=0.28 andéq = 2.17, respectively. Such a large detun-
f ing degree §g = 2.17) of difference interaction implies that

2 or | there is no significant energy transfer in the difference non-
B resonant interaction, however, considering a small value of
[

L)

the detuning degree of sum interactidg -£ 0.28), one can
expect that a new wave may be excited through the sum near-
0 3 6 9 resonant interaction. In cases 5 and 6, the detuning degrees
of sum interaction are calculated to &e=1.49 and 0.78, re-
_® 6 spectively, while the detuning degrees of difference interac-
o tion aresq = 0.24 and 0.45, respectively. Therefore, the dif-
2 ference near-resonant interactions are likely to arise in both
& .| | cases 2 and 3.
ks Figure 4 shows the new wave excitations in the second
0 0 case group (cases 4-6). After 9h, a new wave is generated
0 3 6 9 in each case and the nonlinear interactions are nearly com-
Time (h) pleted. Figure 5 exhibits the normalized wavenumber spectra
of these three waves. The dominant wavelengths of the ex-

Elg. 3 Evolution of wave energies with time in resonant |nterac-' cited waves can be derived from its peak spectrum=a8 h.
tions in cases 1-3. The green, yellow and red lines denote energleﬁ1 case 4, the new wave has a horizontal wavelengity of
of the primary, secondary and excited waves, respectively; and th ’ 9

blue line denotes their total energy. The top, middle and bottom40 km just _equal to the matching wavelength (= 40 km),
panels represent the results in cases 1-3, respectively. Note in bofiNd & vertical wavelength of; = —4.72km much shorter
tom panel, the scales for the energies of the primary (green) andhan the matching valud.¢; = —6.36 km); and its frequency
excited (red) waves are on the right due to their small values. is 2126x 10~4Rad s* derived from the dispersion relation,
which is slightly larger than the sum (B®x 10%Rads!)
of the frequencies of waves 1 and 2. It can be noted that

the wavelengths of wave 3 in Table 2 are intentionally se-

and 2. Hence, the sum and difference matching condition%cted to be the same as those of this new wave, thereby,

for frequencies cannot be satisfied, which indicates that both, - o< 1_3 in Table 2 made up a near-resonant triad. The

the sum and difference resonant interactions do not happerP1orizontal and vertical wavelengths of the new waves are
Since the resonant interaction cannot occur, the third Wavgg 6e and 5.35km in case 5 and 151.58 arl36km in

would be excited only through the nonresonant interaction 'fcase 6, respectively. In case 5, the frequency of the ex-

it arose. In the study on the resonant interaction, Huang e ited wave is 1912 x 104 Rad s quite close to the value
al. (2009) introduced a detuning degree of interaction, an 18.72x 104 Rad 1) of ws — wy, while in case 6, the ex-

explained the new wave excited through the resonant rathe ited wave has a frequency of2x 10~4 Rad 5%, which is

than nonresonant interaction. The detuning degree is definegmaller than the value (3lx 104 Rad 1) of w3 — 1. As

Q) £ (kp)— 2 (ky 2k -
ass = | 2 ngﬁ:kz)( 152) | which was proposed to mea- e expected, the new waves are generated through the sum

sure whether or not there is an effective energy exchange imear-resonant interaction in case 4 and through the difference

Ann. Geophys., 30, 303315, 2012 www.ann-geophys.net/30/303/2012/
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Fig. 4. Sum and difference near-resonant interactions in cases 4-6. The first, secondary and third columns represent results in cases 4—¢
respectively.
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Fig. 5. Similar to Fig. 2, but for cases 4-6.

near-resonant interaction in cases 5 and 6. An interestingively. At the time of 9 h, the excited waves obtain the ener-
phenomenon is noted that the wavelengths and frequenciegies of 106x 10° J, 465x 10* J and 812x 10° J in cases 4—6

of the new waves in cases 5 and 6 are not completely conthrough the near-resonant interactions, respectively. Wave 1
sistent with those of waves 1 and 2 listed in Table 2, respecis the primary wave in case 4 and wave 3 plays the primary
tively. Therefore, for the near-resonant interaction, when thewave role in cases 5 and 6, thus, the interaction degrees are
excited wave substitutes for one initial wave, the anew ex-calculated to be 10.34 %, 12.41 % and 2.17 % in cases 4-6,
cited wave is not the same as the substituted initial waverespectively. In this case group, the total wave energies ex-
which is different from the reversibility in the resonant inter- perience a slight decline with a loss of about 2.1-3.7 % at
action. The near-resonant interaction of gravity wave packets =9 h.

shows a characteristic of irreversible excitation. In the third case group (cases 7-9), the initial waves

Figure 6 shows the evolution of wave energies with time (waves 1 and 2 in case 7, waves 2 and 3 in case 8, and waves
in cases 4-6. At the beginning time, the energies of waved and 3 in case 9) are listed in Table 3. According to the scale
1-3 are 1®@5x 10°J, 924 x 10°J and 375x 10°J, respec-  of waves 1-3 presented in Table 3, the horizontal and vertical
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new waves in cases 5 and 8 as wave 4. If the near-resonant
15k ] excitation also meets the reversibility, the wavelengths and
] frequencies of waves 4 in cases 5 and 8 should nearly be the
same as those of wave 1 (an identical wave), similar to the

5t T result in case 2. However, in fact, because the vertical wave-
0 == ———— 0 o ——ae— length (5.35km) of wave 4 in case 5 is far larger than that
e & E g -, (4.41km) in case 8, the vertical group velocity of wave 4 in

14 7.2 case 5 is much faster than that in case 8, which is evidently

seen from their vertical positions in Figs. 4 and 7. The en-

] | 4.8} ergy centre of the new wave in case 8 ixat 36.91 km at
3 o4l t =10h, which is higher than that & 24.95km) atr =9h
g in case 5 and even slightly higher than that(35.85 km) at
0 ——— 0.0 — t =9hin case 2. The evolution of wave energies of the inter-
0 . e 9 © 2z 4 6 8170 acting waves for this case group is also displayed in Fig. 6. At
IS 145 15 4.8 the start time, the energy of the primary wave is2Bx 10° J
;‘ ol Lo WOFM in (_:ase7and.34>§ 10° Jin cases 8 and 9, andrat 10 h, the
z exited wave obtains the energy aB@x 10°J, 382x 10*J
& 5l [ —Is 1o and 112x 10*J. Hence, the degrees of interaction are cal-
g culated to be 16.49 %, 16.32% and 4.79 % in cases 7-9, re-
Oo 3 6 90'O Oo 2 4 6 8 100'G spectively.
Time (h) Time (h) We pay attention to the feature of the spectral energy trans-

fer through the nonlinear interaction. Figures 3 and 6 show
Fig. 6. Similar to Fig. 3, but for cases 4-6 (left columns) and casesthat in the three case groups, relative to considerable energy
7-9 (right columns). The green, yellow and red lines denote enerexchange in the first two cases, the energy transfer is quite
gies of the primary, secondary and excited waves, respectively; angmall in the third case. The interaction of 4.79% in case 9
the blue line denotes their total energy. (2.17% in case 6 and 4.25% in case 3) is obvious less than

16.49% and 16.32% in cases 7 and 8 (10.34 % and 12.41 %

in cases 4 and 5, 20.78% and 17.04 % in cases 2 and 3). It
grid sizes are altered to kex =3.5km andAz =0.2km. In can also be clearly observed from Figs. 1, 4 and 7 that there
case 7, the detuning degrees of sum and difference intera@re strong excited waves in the first two cases, but a rather
tions areds = 0.23 anddy = 3.97, respectively, thus, a new weak new wave in the third case. Since this phenomenon
wave is excited through the sum near-resonant interactionpccurs in both the resonant and near-resonant interactions,
which is shown in Fig. 7. Figure 8 shows the normalized it should be a common characteristic in the nonlinear inter-
wavenumber spectra of the interacting waves. At the timeaction. By comparing cases 3, 6 and 9 with the other six
of 10 h, the wavelengths of the excited wave are calculatectases, one can find that the vertical wavelengths and fre-
to be i, =3549km andx, = —4.0km, and its frequency quencies of the excited waves are much smaller in cases 3,
of w=20.32x 10*Rads™* is slightly less than the sum 6 and 9 than in the other cases. For example, in the sec-
(21.08x 10~*Rads1) of the frequencies of waves 1 and ond case group, cases 4 and 5 have strong excited waves
2. This new wave is chosen to be an initial wave (wave 3)with vertical wavelengths of4.72 and 5.35 km, however,
in cases 8 and 9. The detuning degrees of interactions arthe vertical wavelength of the weak excited wave in case 6 is
3s=1.64 andsg = 0.20 in case 8 anés =0.70 andsq = 0.31 the small value of-2.36 km; correspondingly, the frequen-
in case 9. Therefore, through the difference near-resonanties (2126x 10~ Rads* and 1942x 10~*Rad s'!) of the
interaction, a new wave is excited in these two cases, astrong excited waves are almost one-order larger than that
shown in Fig. 7. According to the normalized wavenum- (2.82x 10~*Rad s1) of the weak excited wave. Therefore,
ber spectra in Fig. 8, the horizontal and vertical wavelengthsaccording to the numerical results, in the nonlinear interac-
of the new wave are 50.40 and 4.41 km in case 8 and 100.8ons, the energy transfer to the high frequency excited wave
and—2.21km in case 9, respectively. Their frequencies areis more efficient than that to the low frequency excited wave,
1581x 10 *Rad s! and 398x 10~*Rad s'%, which differ  and the nonlinear energy cascade from the large to small ver-
from the value (129x 1074 Rad s!) of w3 —wp, and the tical scale spectral components is weak through both the res-
value (227 x 1074 Rad s'1) of w3 — w1, respectively. Simi-  onant and near-resonant interactions.
lar to cases 5 and 6, these two new waves in cases 8 and 9 areln the resonant interaction, the interacting three waves
not consistent with waves 1 and 2 presented in Table 3, whiclobey the matching conditions of wavenumbers and frequen-
shows the irreversible excitation in the near-resonant interaceies, as shown in cases 1-3. Here, the matching relation
tion. This irreversible characteristic can be further clearlyin the near-resonant interaction is examined. Table 4 lists
confirmed by comparing case 8 with case 5. We name theéhe calculated wavelengths and frequencies of the excited
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Table 3. Initial parameters of waves 1-3 regarded as initial perturbations in cases 7-9.

311

Ax Az kx k; w Uc Xc Zc
(km) (km) (10 4Radnml) (10 3Radntl) (10 “4Radsl) (msl) (km) (km)
Wave 1 50 5.0 1.26 1.26 18.05 5.0 488 80
Wave 2 120 -2.0 0.52 -3.14 3.03 1.0 600 60
Wave 3 3549 —-4.0 1.77 —-1.57 20.32 0.4 526 44.4
time=0 h time=0 h time=0 h m/s
100 100 100 16
N NN
70 \\\ 70t 70t \\\ o8
< , , L
Y 40 wl W w W o8
10 10 10 16
300 600 900 1200 300 600 900 1200 300 600 900 1200
100 time=10 h 100 time=10 h 100 time=10 h m/ﬁo
7 7 ,
70 % 1 70t % 70t // 0%
£ — — = 0
N N N '
40 \ 1 40t § 40} \\
x‘ X x 05
10 ‘ \ 10 . . 10 ‘ \ ‘ 1.0
300 600 900 1200 300 600 900 1200 300 600 900 1200
x/km x/km x/km

Fig. 7. Sum and difference near-resonant interactions in cases 7-9. The first, secondary and third columns represent results in cases 7—¢

respectively.

k, (radkm™")

k, (radkm™)

Fig. 8. Similar to Fig. 2, but for cases 7-9.

t=0 h t=0 h t=0 h
225 225 7253)
0.0 0.0 0.0
f—
=25 1-25 1-25
0] 0] 0]
0.00 0.08 0.16 0.24 0.00 0.08 0.16 0.24 0.00 0.08 0.16 0.24
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Table 4. Comparison between the calculated wavelengths and frequencies of the excited waves and their matching values in cases 4-9.

Ay Az w Ly L, wm
(km)  (km) @0 “%Radsl) (km) (km) (10 “%Rads?l
Case 4 40 —-4.72 21.26 40 —-6.36 20.59
Case 5 49.66 5.35 19.42 50 6.88 18.72
Case6 151.58 —-2.36 2.82 200 —-2.43 3.21
Case 7 3549 —-4.0 20.32 35.29 —-3.33 21.08
Case 8 50.40 4.41 15.81 50.39 4.0 17.29
Case 9 100.8 —-2.21 3.98 1223 -2.22 2.27
Case 4 Case 5 Case 7 Case 8
‘].5 III|III 1.5 III|||| ‘]'8 IIIIIII 1.8 llIlIII
K, K, ks—k,
7 K k, Ke
1.0 1.0 g ki
0.9 0.9
ks—kjy
0.5 0.5
0.0 0.0
0.0 0.0
€
3 -05 -0.5 -0.9 -0.9
°
< \ ks ks
-1.0 Ky +k -1.0
\ 2 —1.8F | kitky\ | —1.8
-1.5 ks -1.5 ks
-2.7 -2.7
-2.0 -2.0
k, 1;2 ky ky
_2.5 11 1 l 11 1 _2,5 1 1 1 l 1 1 1 _3.6 1 1 1 I 1 1 1 _3.6 1 1 1 l 1 1 1
0.0 0.1 0.2 0.0 0.1 0.2 0.0 0.1 0.2 0.0 0.1 0.2
k, (radkm™") k, (radkm™") k, (radkm™") k, (radkm™")

Fig. 9. Wave vectors of interacting waves and matching wave vectors in cases 4, 5, 7 and 8.

waves and the matching values derived from the correspondizontal and vertical wavenumbers of the interacting waves
ing matching conditions for cases 4-9. In Tablé4.andL, show moderate mismatch. We can make a conjecture about
denote the matching horizontal and vertical wavelengths, andhe approximate match of the horizontal wavenumbers of the
wm denotes the matching frequency. In case 4, the excitednteracting waves. If both the horizontal and vertical com-
wave hash, = —4.72km far shorter thar;, = —6.36 km, ponents of the wave vectors meet the matching conditions in
but 1, = Lsxy =40km. In cases 5, 7 and 8, the horizontal the near-resonant interaction, the frequencies of three waves
wavelengths of 49.66, 35.49 and 50.40km for the excitedwill mismatch too much, thus, this situation does not ben-
waves also approximately equal their matching values of 50gfit the energy exchange to the greatest extent. In order to
35.29 and 50.39 km, respectively. Figure 9 shows the wavenoderately diminish the mismatching degree of frequencies,
vectors of the interacting waves and the matching wave vecthe vertical wavenumber of the excited wave may be moder-
tors in the cases 4, 5, 7 and 8. It can be seen from Fig. %tely adjusted because the frequency of gravity wave is more
that in these four cases, the wavenumbers of the interactsensitive to the variation of the vertical number than that
ing waves obvious mismatch in the vertical direction, but of the horizontal wavenumber due to the vertical wavenum-
approximately match in the horizontal direction. However, ber generally 1-2 order larger than the horizontal wavenum-
for cases 6 and 9 with a weak excited wave, both the horber, in this case, the horizontal components of wave vectors
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may approximately keep matched. For instance, in case 4, iind 2126 x 10~% Rad s excite only a weak new wave with

Ay = Ly =40km andi, = L, = —6.36 km, the frequency low frequency of 282x 1074 Rads ! through the differ-

of 2846x 10*Rads* for the new wave is much larger ence near-resonant interaction rather than a strong one with
than the value (269x 10~*Rad 1) of w1 + w», thus, the  frequency approaching their sum (32 x 10~* Rads1)

large mismatch in frequency may prevent the wave energythrough the sum near-resonant interaction due to the large
from exchanging as much as possible. The numerical redetuning degree of sum interaction. This indicates that for
sults show the frequency (26x 10~*Rads!) of the ex-  the nonresonant interaction, the energy exchange may be ef-
cited wave approaching the sumwf+ w» due to its vertical ~ fective in the near-resonant interaction, but insignificant in
wavelength smaller than the matching value. In this instancethe far-resonant interaction. If the detuning degrees of both
the considerable energy transfer occurs. However, it is enigsum and difference interactions are small enough, it might
matic that for the nonlinear interaction with a low frequency be possible that a strong new wave is generated through the
excited wave with small vertical scale, both the horizontal sum interaction and, simultaneously, another weak wave is
and vertical wavenumbers of the new wave are moderatelexcited through the difference interaction.

adjusted due to the requirement of the energy exchange to Inthe nonlinear interactions, the energy exchange between
the greatest possible degree. With the moderate adjustmemivo small vertical wavenumber waves is strong and it is a
of wavenumbers, the frequency mismatch decreases, and tieversible bidirectional process, as shown in cases 1 and 2,
may be possible that the interacting waves show an approxieases 4 and 5, and cases 7 and 8. However, the energy trans-
mate frequency match. For example, in case 5, the frequencfer from small to large vertical wavenumber component is in-
(19.42x 10 * Rads ) of the excited wave approximately efficient and it is an irreversible process, such as in cases 3, 6

equals the difference (182 x 10 *Rads?!) of wz— wy. and 9. In this case, the nonlinear spectral energy cascade and
dissipation may not be a dominant dissipation mechanism.
5 Summary Because the gravity waves are constrained by the dispersion

and polarization relations, their energy cascade is different
In this paper, the nonlinear interactions of gravity waves arefrom the strong and rapid turbulence cascade. If the sum and
quantitatively studied. By the numerical experiments of res-difference interactions take place among waves with two fi-
onant and near-resonant triads, we exhibited the excitatiomite frequency bands around a high and a low frequency, the
of new waves in the sum and difference interactions and dishigh frequency band would be spread on both sides by the
cussed the energy exchange among the spectral componentgidth of the low frequency band. This effect agrees with
The numerical results show: (1) the energy exchange bethe result presented by Broutman et al. (1997), though under
tween two high frequency waves is more efficient than from aa different interaction scenario. Therefore, this nonlinear-
high frequency wave to a rather low frequency excited wave.ity may substantially contribute to spectral broadening. In
The nonlinear cascade toward increasing vertical wavenumaddition, the high frequency waves with large vertical scale
bers is weak through the interaction; (2) the resonant ex-can usually permeate the background atmosphere with wind
citation is reversible while the near-resonant excitation isshear and temperature gradient into the middle and upper
not. Since the interacting waves satisfy the correspondingatmosphere and obtain large amplitudes. Once significant
resonant conditions of wavenumbers and frequencies in thenergy exchange arises due to the strong nonlinear interac-
sum and difference resonant interactions, the resonant intetion, the probability of these waves reaching their instability
actions should exhibit the reversible excitation; and (3) thethresholds decreases, and they may propagate and transport
near-resonant interaction shows a complexity of match rethe energy and momentum to much higher altitudes. Hence,
lation. There is an interesting result that when the sum andhe nonlinear energy transfer may play a significant role in
difference near-resonant interactions take place between higlmiting wave amplitude growth and energy budget in the low
and low frequency waves, the wave vectors tend to approxthermosphere. It should be noted that the influence of the
imately match in the horizontal direction. However, when a earth rotation on the interaction cannot be examined in our
weak wave is excited through the difference interaction be-two-dimensional model, and the effects of the wind shear and
tween two high frequency waves, their horizontal and verti-temperature gradient in the realistic background atmosphere
cal wavenumbers show a small mismatch. With the moderstill require the great efforts by the theoretical, modelling and
ate adjustment of the wavenumber of the excited wave, itexperiment studies.
frequency approaches or even possibly equals its matchin

value. . . .
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