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Abstract. We develop a theoretical model of an inertial- described by an electron-magnetohydrodynamics (EMHD)
range energy spectrum for homogeneous whistler turbulencemodel, or preferably via a kinetic treatment. In this high-
The theory is a generalization of the Iroshnikov-Kraichnan frequency, short-wavelength regime, two hypotheses have
concept of the inertial-range magnetohydrodynamic turbu-been put forward to describe the modes which may consti-
lence. In the model the dispersion relation is used to deriveute this turbulence. One school of thought advocates ki-
scaling laws for whistler waves at highly oblique propagation netic Alfvén waves at frequencies below the proton cyclotron
with respect to the mean magnetic field. The model predictdrequency as the fundamental mode of this regitrea(mon

an energy spectrum for such whistler waves with a spectrakt al, 1998 Bale et al, 2005 Sahraoui et al.2009. An-
index—2.5 in the perpendicular component of the wave vec-other point of view is that whistler fluctuations at frequencies
tor and thus provides an interpretation about recent discoverabove the proton cyclotron frequency are the more important
ies of the second inertial-range of magnetic energy spectra atonstituent of this regimeStawicki et al, 2001). Taking the
high frequencies in the solar wind. latter point of view,Saito et al(2008 presented particle-in-
cell (PIC) simulations showing whistler turbulence tends to
Hansport fluctuation energy toward the perpendicular direc-
tion to the mean magnetic field.

Here we develop a theoretical model of whistler turbu-
lence which is a generalization of scaling laws for magne-
i tohydrodynamic turbulence proposed ligshnikov (1964
1 Introduction and Kraichnan(1965. While the theory of MHD turbu-
lence is based on interactions of counter-propagatingéslfv
waves, our model deals with interactions of obliquely prop-
agating whistler waves, considering separately the cases of
wave-wave interactions due to propagation components both
quasi-parallel and quasi-perpendicular to the mean magnetic
field. Assumptions we use are: (1) there is no wave damping;
(2) waves follow the cold plasma whistler dispersion relation;
(3) interaction is weak or incoherent such that many wave-

@ Spectleakpoint near0SHs such spects become. "% 01 e need o arsler energy fom one sl
r at higher fr ncidss@émon 1 hraoui i ' : . ; i
steeper at higher frequencigemon et a/.1998 Sahraou vations Alexandrova et a).2009 and PIC simulation stud-

et al, 2009. On small scales (scales shorter than the proton . .
gyro-radius or inertial length) the one-fluid approximation of les (Saito et al. 2008 and EMHD computationsHiskamp

magnetohydrodynamics (MHD) is no longer valid and the gggg ;azaagsfr?gzl)ettuar’lbi?grﬂ \?vﬂ?sﬁenrdflt?:fjar\?orﬁgoﬁo N
behavior of the plasma and electromagnetic fields should bé ; N . X prop
gate predominantly in directions quasi-perpendicular to the

background magnetic field. Our theory predicts a fluctuat-
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Whistler turbulence is widely observed not only in the
Earth’s magnetospher8#ntolik and Gurnet002) but also

in planetary plasma environments such as Ve&aaf(f et al.
1980, Jupiter Gurnett et al.1979, Neptune Gurnett et al.
1990 and in the solar windLiengyel-Frey et a).1996. At
relatively low frequencies, inertial-range turbulence in the
solar wind typically exhibits magnetic field fluctuation spec-
tra which scale as frequency to thé/3 power, but beyond
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the solar wind Alexandrova et a).2009 Kiyani et al, 2009 whereE is the total amount of energy on one scalek is

Sahraoui et a]2009. the amount of energy that is transported to the other scale
A different model of whistler turbulence has been devel- by eddy distortion and is associated with the velocity change

oped byKrishan and Mahaja2004) using Hall-MHD the-  Awv. The whistler interaction time is much smaller than that

ory. This theory predicts that the magnetic energy spectrunof eddy distortion, and therefor® E/E and Av/v are very

at wavelengths shorter than the breakpoint of the MHD iner-small.

tial range should scale &51%/3 ork—1%3 much steeperthan  If the wave interaction occurs coherently (one after an-

our prediction or the recent solar wind observations citedother immediately) then we nee@d wave collisions to com-

above. The reason for this discrepancy may lie in the dif-plete the energy transport to the next scale with

ference between Hall-MHD, which applies to wavelengths

L . . . Ted
of order ion inertial or ion gyroradius scales, and our theory N = =, (7)
which applies to relatively shorter wavelengths where dimen- W
sions scale with the electron, rather than the ion, mass. In this case the energy transfer time restores the eddy

turnover timetcas= teq (SubstitutingM by N in Eq.5) and
turbulence is hydrodynamic-like (Kolmogorov scaling) in the
2 Theory sense that the energy transport is predominantly made by
eddy distortion.

If the whistler wave interaction occurs incoherently, that is
he interaction occurs only occasionally or is ineffective such
hat a large number of collisions are needed for the wave in-

l teraction to complete the energy transport from scale to scale,
Ted= v’ @) we estimate the transfer time by substitutiddy N2 (which
is one of the assumptions in the Iroshnikov-Kraichnan model
to use the smallest number for wave-wave interactions for a
[ fast energy cascade process) and obtain

— @)

Ug’

As in the Iroshnikov-Kraichnan theory for MHD turbulence,
there are two fundamental time scales in whistler turbulence
One is the eddy turnover time around the mean magnetic fielfﬁ

and the other is the whistler-interaction time

Tw =
Tcas= szw. (8)
where the lengtlh and the group speeg are dependent on
the propagation directions (denoted by the subscripgnd
). Whistler waves are dispersive and follow fat/we <«

In this casercasis expressed as a combinationtgf and ry
(Cho and Lazariar2004),

1 the cold dispersion relation, which can approximately be 2
written as Teas= —-. )
Tw
w k”kc2 . . . . .
—=— () We use the incoherent case in the following discussion.
Qe we The electron velocitwe is estimated by the expression of

whereSe, we ande denote the cyclotron frequency and the ©lectric currentin EMHD,

plasma frequency for electrons, and the speed of light, re- 1 VB (10)
. . eNngle—= —V X D.

spectively. We use the expr<_assubﬁ= k| = ,/kﬁJrki. For 7T o

waves propagating perpendicular and parallel to the meay, ine assumption that ~ sve (no bulk velocity),
magnetic field the group velocity is

Qec? | 8B
Shec? k1L el = —= —‘ (11)
w? Tk 2 | Bo
() ={ sy | @ i
Vgl %eecr <k + 7') Then the eddy turnover time is estimated for EMHD (assum-
ing ions are in rest due to large inertia),
We estimate the energy transfer time (or the cascade time) as 2 gl 1
wg 0
=— =5 |75, 12
Tcas= M tw, G) T 1l T Quc? |5B | K2 (12)
which means that we need to estimate the number of waveNow define the energy transfer rate usigsas
wave collisions M, to transfer energy from one scale to an- 5
other. Consider a fraction of energy transported by one wave _ 1 I5vel2+ |6B| (13)
packet interaction Tcas € 0Pe
AE  Av2  Av 8 B|?
AE_Av Ay © = (a4)
E v v Tcagt0Le
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1/3

Note that the contribution of the kinetic energy is dropped aswhistler critical balanceGho and Lazariar004), ky ~ k",

itis small atk?c?/w3 <« 1 (Eq.11). While the energy trans-

is used. In this sense our scaling law may be regarded as a

fer time tcas represents the time scale on which the energygeneralization of the EMHD turbulence model.

cascade from one scale to another is completety byvave

collisions and has the units of time, the energy transfererate 2.2 Quasi-parallel interaction

represents the amount of transferred energy witkigand is

given in units of energy (or squared velocity) divided by time.
Both ¢35 ande are dependent on the picture of wave-wave
interaction, in particular in which component of the group
velocity the interaction occurs. In the following discussion

we assume constancy of the energy transfer eategonst,
and quasi-perpendicular propagatiép« k. But we con-

sider two distinct cases: the quasi-perpendicular part of théwi = v—g” = Qoc? m

interaction, and the quasi-parallel part of the interaction.
2.1 Quasi-perpendicular interaction

For waves interacting primarily through ttie component
of the wave vector, the whistler interaction time is
L, % k

Twl=——=c—5—>,
Vgl Qec? k”ki

(15)

which yields according to Eq9] the energy transfer time

2 2, 12
wg | Bo | kjk|
— L 16
feast = Quc? |88 | k5 (16)
and the energy transfer rate
Qec? 16B|* kP
e =2 15 (17)

@& Buope k3

The assumption that, = const allows one to express the

magnetic field fluctuation as
w§Bg1Lope kykg
Qec? kS

For quasi-perpendicular propagation we havek, . Using
the relationAk; ok, , we obtain the energy spectrum as

16B|*=¢ (18)

1 |8BJ?
Etk))= — 19
(k) Aky pope (19)
~ (L weQe) Y2 (k) Y2k 72, (20)

If whistler waves at quasi-perpendicular propagation are nev-
ertheless interacting primarily through wave vector compo-
nents quasi-parallel to the background magnetic field, the
time scale for such interactions is determined by the paral-
lel group velocity

I w1

(21)

which reduces tory under approximatiork ~ k| > kj,
therefore the scaling laws and the spectrum become the same
as that for parallel wave interaction. In more detail, the cas-
cade time is given as

2 2
wg | Bo|"kj
_ Zol ki 22
el = Qo2 5B K3 (22)
and the energy transfer rate is
Qec? 18B|* k3
wg Byope K|

Again, the assumption thaj = (const) gives the expression
for the magnetic field fluctuation as

wngMO,Oe ky
Qec? k3

For highly obliquely propagating wavels,~ k| , this scaling

has the same form as that for the quasi-perpendicular wave

interaction, and we obtain the energy spectrum in the perpen-

dicular wave number domain as

1/2 -5/2
E(ky) =~ (ejweQe) % thy) Y2k %2,

18B|*=¢| (24)

(25)

which has the same form as EQOf except for the differ-
ence betweer | ande). Itis interesting that the both in-
teraction types (wave-wave scattering in the parallel and per-
pendular fluctuation components) yield the same slope in the
spectrum.

The spectral slope is-2.5 in the perpendicular direction 3  cgnclusions
which is steeper than MHD turbulence spectrum and close to

the index obtained in the high-frequency spectra of the solain this paper we have generalized the Iroshnikov-Kraichnan
wind (Alexandrova et a).2009 Kiyani et al, 2009 Sahraoui  concept of magnetohydrodynamic turbulence to apply it
et al, 2009. (k|) denotes the average parallel wave numberto homogeneous whistler turbulence at propagation highly
representing the half-value-width of energy spectrum in theoblique to the mean magnetic field. The model predicts an
k) direction. The positive power dfj in Eq. (20) which sug-  energy spectrum for such turbulence with a spectral index of
gests an increasing energy with increasing parallel wave vec=_2 5 in the perpendicular component of the wave vector and
tor is not of concern. This equation is valid onlykat< k1 is consistent with measurements of high-frequency spectral
and may not be extrapolated to the regitpe- k, . Itisinter-  indices in the solar wind. Although our derivation is sugges-
esting to note that Eq2(Q) reproduces the energy spectrum tive, there are many further issues which must be addressed
of EMHD turbulence E (k) kl7/3 when the condition of  with respect to whistler turbulence.
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