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Abstract. A new and simple dispersion law for extra-low- they cover the so-called very-low-frequency (VLF, 3kHz—
frequency electron whistler waves in a multi-ion plasma is 30 kHz) and extremely-low-frequency (ELF, 300 Hz—3 kHz)
derived. It is valid in a plasma with finite ratio./wp. of domains; however, in recent active space investigations, their
electron gyro-to-plasma frequency and is suitable for wavefrequency range was extended up to 3 MHz (Helliwell, 1965,
frequencies much less thar),, but well above the gyrofre-  1993; Kimura, 1985; Reinish, 2000). In an inhomogeneous
quencies of most heavy ions. The resultant contributionmagnetospheric plasma, the sources of whistler emissions
of the ions to the dispersion law is expressed by means o€an be located far from the region where the wave emis-
the lower hybrid resonance frequency, the highest ion cutsions effectively reveal their properties and are registered by
off frequency and the relative content of the lightest ion. In remote receivers. Then the GO approach is conventionally
a frequency domain well above the ions’ gyrofrequencies,used to solve the problem of the spectral characteristics’ evo-
this new dispersion law merges with the “modified electron lution of the emissions during their distant propagation from
whistler dispersion law” determined in previous works by the their sources; it was also used effectively in the recent active
authors. It is shown that it fits well to the total cold plasma radio sounding projects similar to that one realized on board
electron whistler dispersion law, for different orientations of the IMAGE satellite (Burch, 2000; Reinish, 2000; Sonwalkar
the wave vectors and different ion constituents, includinget al., 2004; Carpenter, 2004). Moreover, the GO technique
negative ions or negatively charged dust grains. was also applied to fit the parameters of space density model
distributions using the Direction Finding Data of ground-
Qgsed transmitter signals registered on board the “lkebono”
satellite (Sawada et al., 1993).

An adjacent problem typical of the ray approximation ap-
proach consists of simplifying a general plasma dispersion
law in order to reduce, if possible, the amount of the physi-
cal parameters governing explicitly the wave propagation of
a selected plasma mode. To solve this problem, instead of

One of the typical problems inherent to the application ofth K distributi fthe diff ol
the Geometrical Optics (GO) or the ray approximation ap- € unkhown space distributions ot the difierent plasma con-
stituents, one can use several inherent plasma frequencies

proach consists in the fact that the expression for the lo-"" " - L .
which are often visible as peculiarities of the electromagnetic

cal dispersion equation of plane waves of the magnetoac ¢ istered board hicl B t al
tive plasma modes under consideration should be known; acgggg ral regis erel on | oar i s_paCﬁf'vet.lc esf Eh ert1stor|1 c I; B
tually, one should provide the data about the plasma con- )- In general, a relevant simplification of the total co

stituents contributing to the local dielectric permittivity ten- pla?rr]na dlspertsmnrl]avy IS T\very compllc?ted analytlcalbtastk,
sor along the rays’ paths. This problem is very real in as the magnetospheric plasma parameters can vary by two

the near-Earth’s plasma surroundings, where the waves typc_)rders of magnitude along a single ray path. For example,

ically used in a global passive or active sounding belongthe frequency of a wave belonging to the lower hybrid reso-

; ; nance (LHR) domain, around 10 kHz (resp. to the proton gy-
to the electron whistler frequency range. Conventionally, :
i quency g vent 4 rofrequency domain, around 500 Hz) near the Earth, can be-
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geomagnetic field line at the altitude of three Earth’s radii. 2003; Hertzberg et al., 2004, and references therein), mainly
Fortunately, for electron whistler waves of sufficiently high in application to the different types of Aln waves with
frequencies the problem was solved by Lundin and Krafftfrequencies lower than the proton gyrofrequency (for higher
(2001, 2002), who showed that the resultant contribution offrequency domains, e.g. see Yu et al., 1974; Stenzel, 1999,
all the ions can be reduced to the value of the LHR fre-and references therein). A general dispersion law in a frame-
quency only, if the whistler frequency essentially exceeds thewvork of Hall-magnetohydrodynamic plasmas with pressure
local gyrofrequency of the lightest ion. At the same time, terms was presented by Shukla et al., 2005, where the contri-
the limiting condition of overdense plasma (inherent to thebutions of electrons, one type of ion and immobile charged
conventional whistler dispersion law, Shafranov, 1967) wasdust particulates have been taken into account. However, the
overcome and the modified electron whistler dispersion lawomitted displacement current components orthogonal to the
which was obtained is applicable for a finite ratig. /., background magnetic field restrict its application for the elec-
wherew,, is the electron plasma frequency. This condition tron whistler waves only to the case of overdense plasmas.
is indispensable, particularly for the near-Earth plasma at al-To the best of our knowledge, an expression for the electron
titudes where the transition occurs from the lightest ions’ towhistler dispersion law which is reliable in the ions’ cutoff
the more heavy ions’ prevalence, i.e. typically at altitudes offrequencies’ domain (and substantially above it), particularly
few thousands kilometers above the Earth (Sonwalkar et al.in the presence of some significative amount of negative ions,
2004). has not been reported yet in the literature.

Thus, in a very wide frequency domain localized well  In this paper we derive an electron whistler dispersion law
above the gyrofrequency of the lightest ion, the dispersionwhich is suitable for the lower frequency range till the high-
of the electron whistler waves is governed by the frequen-est ion cutoff frequency. It is demonstrated that it fits well
cieswyyr, o, andw,.. For the extra-low-frequency domain, with the total cold plasma dispersion law in an extra wide
which is closer to the lightest ion gyrofrequency near thefrequency domain extending over three orders of frequency
Earth, a reliable and simple dispersion relation has not beewalues, so that in the high frequency domain the new dis-
found up to now. However, we will show that if additional persion law merges with the modified electron whistler dis-
data are available, namely the highest ion cutoff frequencypersion law, which was determined recently by the authors
and the relative content of the lightest ions, then the prob-{Lundin and Krafft, 2001, 2002) and which is applicable till
lem can be solved with a relevant accuracy (see also Smitlthe domain of the electron gyrofrequency. It is shown that, in
and Brice, 1964; Brice and Smith, 1965; Gurnett and Burns,a plasma with sufficiently separated values of the ions’ gy-
1968; Muzzio, 1968; Muzzio and Angerami, 1972; Santolic rofrequencies, the new dispersion equation for the whistler
and Parrot, 1998, and references therein). range can be reduced to a biquadratic equation in frequency.

It is well known that the peculiarities of the wave disper- In this case it is sufficient to provide two additional external
sion laws in the low frequency range are essentially differentparameters only, namely the values of the highest ion cut-
for a single ion plasma or a multi-ion species plasma (Hinesoff frequency and of the relative content of the lightest ion,
1957; Buchsbaum, 1960; Yakimenko, 1962; Gintzburg, hydrogen, for example. The possibility to increase signif-
1963; Smith and Brice, 1964; Gurnett and Burns, 1968; Dadcantly the value of the cutoff frequency above the lightest
and Uberoi, 1972; Mamun et al., 2004, 2005, and referenceson gyrofrequency in the presence of negative ions (or dust
therein). In the latter case, the main feature for plane wavegrains) is discussed in an application to the problem of elec-
is the appearance of cutoff frequencies in the domains otron whistler wave propagation and reflection in the upper
the ions’ gyrofrequencies and of resonance frequencies, ddenosphere.
pending on their polarization sense. The possible influence
of plasma rotation, accompanied by additional force-terms
in the equations of plasma motion (Kashyapi et al., 1993,2 Electron whistler dispersion law in the lightest ion’s
and references therein), was also discussed in the applica- gyrofrequency domain
tion to the wave dispersion features. In a paper of Ganguli
and Rudakov (2004) the physical nature of the cutoff phe-Let us derive a reliable expression for the electron whistler
nomena in the ions’ gyrofrequencies’ domains was clarified,wave dispersion law which is suitable for the frequency do-
for the first time, in a plasma with heavy negatively chargedmain around the lightest ion’s gyrofrequency — i.e. the gy-
particles; it corresponds to the first order mobile ion fluid rofrequencywy of hydrogen H, for example. Actually, at
rotation with a cutoff frequency in a plasma where the elec-higher frequencies>>wpy, such a dispersion law should be
tron density is not equal to the density of the mobile posi- close to the modified electron whistler dispersion law derived
tive ions (in the presence of immobile negative dust grains;for a plasma with finitew,./w. (Lundin and Krafft, 2001,
see also Pandey and Vranjes, 2006). The peculiarities 02002), which, in turn, is applicable from the near LHR fre-
the nonlinear processes occurring in the low frequency do-quency range till the high frequency domain, where one can
main of a dense multi-ion plasma have been considered imisregard the contribution of the ions. The best way to de-
many papers (e.g. see Faria et al., 1998; Irie and Ohsawaive a new dispersion law reliable for extra-low-frequency
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electron whistler waves in a multi-ion plasma is to use a coldw.g=—wg <0, and for positive ions (index!"), weq=wy >0.
plasma dispersion law in the form where the term responsi-Thusw, andwg are both positive for any sign of the ions’
ble for the ions’ cutoff frequencies visibly appears. Then, af-charge, whose value in electron charge unit€js-0; n;
ter suitable simplifications, the resultant extra-low-frequencyand; are the density and the mass of the ion spegjdsr
whistler dispersion laww (k) can be obtained as the largest electrons, we note:=M,, and for protonsM=Mp.

root of a biquadratic equation. For the case of a rather dense plasma, where the displace-
The usual cold plasma dispersion equation (without anyment current component parallel to the background magnetic
simplifications) can be written in the following form field can be neglected in the frequency band under consider-

ation, we have

K <(8 ’L_ n)(K + sinf0) + coS Or(1 + cosze))

2
_l_K__ w? + ©pi +w127€ ~ a)% e _
+cof b —cogh =0, (1) Mo T T2 e T el T el T
2 _ 2
with wh =) Wl 6)
J
ISE PR St 4
c—n COS Or + ; T —n) wherew, is the value of the electron plasma frequency calcu-
5 e lated for an electron density. equal to the total density of
K =-n/N?  coS6r = e—1 () the positive charges, which is greater tharn the presence

of negative ions (or negative dust grains). In this paper, we
do not restrict ourselves to the case of an overdense plasma
and thus the rati@?/w3 is of the order of unity and should

not be considered as vanishingly small. The charge neutrality
condition is

whereN=ck/w is the refractive index; is the light velocity,
k is the wave vector modulug is the frequency and is
the angle between the wave veckoand the constant back-
ground magnetic fieldBg, cost=k-Bo/kBp. The so-called
cutoff points of the refractive indexM—0 or K—o0) can
be reached only at the cutoff frequencies whergy)=0 — — )

(Stix, 1992). The expression for % actually corre- " ;Zana et Zzﬁnﬂ )
sponds to the formal definition of the resonance afgle.e.

& Sir? Or+1n cos 0r=0 (where, for co$6g <0 or co$ Og>1, Actually an additional rather soft Iimitatiomgfw»wf,i, ie.
the resonance cone does not exist for plane waves); the par, /n>>(m/M)(Z/M)es, is applied in Eq. (6), with
rametery (useful in the high frequency domain, where it

tends to unity) is Zinj ZiM Zjnj
Z/ Mgt = y ——~L——— — =1, 8
(Z/M)et =} " ZZn_ne ®
2 J J
X=¢e— . ®3) _ , ”
&€—n where the summation ovgrincludes both positive and neg-
The components, g andy of the dielectric permittivity ten- ~ ative ions (compare with the Appendix B); without negative
sor in a cold plasma (Shafranov, 1967) are defined by ions one hag,=n. _
The functionf () is a finite constant in the frequency do-
1 Z — p, ’ mainw; Ko<Kw:, namely
a)
cj 2
2. F(a))=82_g2:wpe 1_Xa)_2 a)cz
- T T T T
a)(a)2 - w? ) -1
? w5 -1
) =g ®
n=1-)y 2 (@) pe g
w

and a plasma with smalt is named as overdense. In the

wherew,; andw,; are the plasma and the gyro-frequencies same frequency range, one can find that

of the specieg, respectively ,
2 w 2

4rn ie? Zi:eBg 8’\“1-}-0) o n“—wpe >e
2 207N J - ’ = ’
pr:ZJT’ wj = Mo Z], e >0, (,()2 w? w?
j J 2 2
4rn,e? B drnpe? w? o Ppi ©pe
o2, = T =B 2 ST 6 g T \1m o) <L 1= (10)
pe m ) c me ) pH M . a)pe a)Pe w w
For electrons one uses the index” “and the notations wz a)lz,e
w.=—w>0; for negative ions (index g”), we note etg=1- a)2 C w(wtw) )
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where the summation over in Eqg. (6) forwfn. includes  features of the registered emissions, even if this local plasma

positive and negative ions as well as dust particles of anystate can be considered only as transient.

charge. Under the condition8+10) the electron whistler To illustrate our general approach to derive a dispersion

dispersion law can be found in the form of the modified dis- law, let us simplify Eq. {5) for a plasma with two different

persion law obtained by Lundin and Krafft (2002) (see alsopositive ion species only (hydrogé#™ and oxygenD ™, for

Eq. (25) below), where the resultant contribution of all the example,w1=wy, wr=wo, ne=n=ng+nep). Then, from

ions reduces t@,; or wy,r; wip (27) is not the exact so-  EQq. (14)

lution of e(wyy,,)=0, but a simplified expression calculated

using the approximatiowy <w<w,, as done for the first

time by Smith and Brice (1964). —VHOw0—Vow.0H —wowH=0, (16)
For calculatingf (w)=(e—g)(¢+g)/n in the extra-low-

frequency domain close to the ions’ gyrofrequencies, i.e.

w>~w;, We use the approximations no ng
J PP Weut = 7({)[-[ + 7({)0. (17)

Fp (w)xw(wc+vowo+vrwy)

we get the ion cutoff frequenaycyt

2

n w
etg=1F —X
Ne WWe

One haswp <weui<wy and, as is well known, in the re-
gions where the hydrogen ions are prevalemt$¥no), wcut

w is close to the gyrofrequency of the more heavy ion-oxygen
—v, _Z”ﬁ @ +Z"a @ ' ay quency vy I Xyg
wtw 7 w =+ wg 0 Fw

here (and vice versa). Then, EG5] leads to

2 2 2002 _ 2
F)~ 22, = e @O~ V)
2 2 Tnew2 P @2 (wz—wz)(wz—wz)
() w vg /v, Vv, /v ¢ e c H o
~1q g Db (g 3 e 5 Valve > o o
o w? | oo, 7 ltw/wg —~ 1Fw/wy )’ ~ Dpe (07 — WGy (18)
(12) 0f (? - wf)
a)ie w%—[ — w(Z:ut
wherev;=Z;n;/n>0. Then, in the extra-low-frequency do- (@) = —5 1+ —>——= |-
main wherew~wy <w., and for w?/wZ~1 (for plasmas c wm T @y
. 2. 2 2 2 2
which are at least moderately densg, /ww.>1+w?, /?, W° > W > 0h,  ©h = 0, (19)

see Smith and Brice, 1964), one can estimate the cutoff fre-

S S . “where only one resonant termay; is conserved finally for
quencies in the zero order approximation from the equat|on§he frequency domain®s»2 . i.e. well above the gyrofre-
(see also the Appendix B) 9 y or " 9y

guency of the more heavy charged plasma particles.
w w w I
Fo(@) = Z Vo Z Vg —0, (13) The more general case when the plasma contains two types
o B

- —Ve — . . .
w+wy w—wp W—w, of positive ions and one type of heavy negatively charged par-
w w » ticles is considered in Appendix B; however, the most simple
fFpl@= Z Vo - Z Vg -V =0. (14) resultant expression faf (w) can be reduced to Eql9),

o B

- + ‘o+ ; . -
@ 0a @rwp oTee if the highest cutoff frequencyyt sufficiently exceeds the

However, to obtain more accurate numerical estimates for £Ier ions’ cutoff and resonant frequencies. The expres-
plasma with small relative electron density/n<«1, sothat ~ SIon for the analytical estimate o)fcut.requwgs that the ions
wIZM/w§<<1, when the highest ion cutoff frequency can tend SPecies content d.ata shguld be available; if those are not, then
to wyr (as below in Fig. 3), one needs to use the equationthe value of the highest ion cutoff frequency should be taken
F (w)=0 in a more complete form from the registered spectra as the value of the lower cutoff

frequency for the electron whistler waves.

2 2
n @ n w n w
F(w) = __an1Fp+__ (Fp_Fm)_ 2 =0. (15)
ne W Ne Wc e W, 3 Extra-low-frequency dispersion law

But actually, if the relative electron density is not very Actually,
small, i.e. forn,/n=0.05, the last term of Eq.16) can be
omitted (see the Appendix B). The conditiep/n<«1 (and
»?,/w?<1) can be typical of a plasma enriched by a no-
ticeable amount of heavy negatively charged particles, du
to the presence of electronegative gas ions or dust grains thafr -, 4 sir? 9) +&(1+cof 6)]+&— (e —n) coL 0 = 0. (20)
are strongly adherent to the electrons (Smith, 1965; An et al.,

1993; Kashyapi et al., 1993, for references). The presencé crucial simplification of Eq. 20) can be carried out only if
of such plasma regions can be detected owing to the spectrdhe single resonant term proportional tp(d)z—wjz.) (where

the parameterk in Eq. (1) is very close
x=w3,/k?%? (with an error not larger than

w?, /0, ~(n/n,)(m/M)), so that one can write the
edlspersion Eq.X) in the form
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w;j is the gyrofrequency of the lightest ion, i®;=wy here) Let us estimate the typical values of the wavelengths, or
is conserved finally ir(w) andf () x=w?,/k?c?, corresponding to the different frequency do-
mains which are spanned by the largest root of Bg).(The

W2 Wl 02 a2 _ >k
e~14be_ P pHTH (21) high frequency limit of Eq.23), whenfF ~1/u (Eq.9) and

0z 0 wR(w? - 0?) ex1+1/u—w?, /»? leads to the modified whistler disper-

o2, o2, a)[%lezq sion law (Eq. 25)w?~w? ;>w?. This frequency domain

NE -5 Emnx=—s @ — ) (22)  near or above;, can be covered for values<./M/m, so

thatq/p (Eq. 26) belongs to the intervalm/M<q/p<1.

For the frequency range above the largest cutoff frequencyHowever, to approach the extra-low-frequencies close to
wcut (see also Appendix B), we will mainly use an expres- wy when the wave propagation is oblique with respect to
sion of / (w) which has a form similar to the simplest one B, one should provide rather large, i.e. x>~M/m>1
(Eq. 19 (it is clear that in the estimation of the cutoff fre- (or wf,H/kch:l) so that p~»%?/(14+u)>q~x>1 and
guency one should keep not only the contribution of hydro-q/p~m/M; then the value of,,; (Eq. 25) contributing to
gen ions). Then, in the extra-low whistler frequency domain, (23) can reachvy

the dispersion law (k, 0) satisfies

02 . w?
. 2 c 2 q 2 q WHWe 1 o -1
% Sit 6 g w? W~ L~ s > s, = — ~ ML
wz—wid—i—a)ZMAF—Qgin—Hﬂ : H =0, md = e L
p P ne M w*—wf (28)
(23)

- 5 ] . Substituting the simplest form oAf (corresponding to
where Af =uf —1; % and ¢ are defined in Eq.26). I Eq.19) into Eq. 23), one obtains the biquadratic equation
more general cases (as two positive ions and negative ion

or dust grain, for example) to reduce EG3) finally to a 4 % (% + Sirt 6) 5

2r 2 2 2
biquadratic equation fom, the structure ofAf should not @ — @ [@na + @5 — f(‘“H — wguy)]
be more complex than -
2,2 2 ~2 ~2 +of (wz%ld - ngn—Hﬁ> =0. (29)
AF = (W — Wgy — Dgye) + wcutlwcutz_ (24) p e
(w2 — w?) Then the largest root of Eq29), wherex stretches over the

In the above exoression. however one should orovid interval 1<x<M/m, spans over the full electron whistler
b ' ' P efrequency domain, while the smallest root describes the

Ebze dal";‘ apout the t.WO h|ghest 'on cutpff frequer_1C|esbranCh with a frequency lower thasy; and a resonance near
W 11> @ in comparison with Eqg.19), which is appli- o

cut2’
cable if w?> w2, =d2 ;> ®2,, (see also Appendix B). One
can comparé=qg— cog 6 in Eq. (23) with the parametey
appearing in the expression of the modified electron whistled  Numerical fitting and conclusions

dispersion law (Lundin and Krafft, 2002)

Let us now demonstrate by numerical calculations that the

QZ a)24 a)2 . . . . . K .
w}gnd _ 2 o0 + 50, 5 = 51 _ lhzr’ (25) biquadratic d|spe.rS|on equation presented in E2R-Z4) is
W5, Q¢ relevant, due to its very good agreement with the electron
whistler mode branch dispersion law in a cold plasma, at any
where ) L .
angle of propagation. Actually, the most visible difference
p=Q4+x)1+%) + ux cos 0, arises mainly in the high frequency domain when the ratio
%= /(1+p), w/wp. becomes finite and not small; however, in this case
14+ xco20 = W2/? some noticeable difference between the total cold plasma and
1= o r W= O Cpes the new or the modified dispersion laws, is expectable (see
Q2 = w?/(1+ ), (26)  Egs.9, 10).
For definiteness, let us present the example of a plasma
and A . "
with finite wp./w., corresponding to the conditions of
u w? the upper ionosphere in the transition region from the
WY = ——w? = wp —p(Z/M) ff . .
thr =14 P H®e 2 2 et oxygen to the hydrogen ions’ prevalence. The spatial

c pe

2 2 plasma density distributions are derived from a diffusive
@pi = Z“’pj’ @7) equilibrium density model (Angerami and Thomas, 1964;
/ Kimura 1985) with two ions (O® and H). The al-
with an effective specific charge of the ion population titude g where both ions’ densities are equaly=no
(Z/M)esi defined by Eq. &). (or vg=ng/n=vp=0.5), is selected a#o=1800km; the

www.ann-geophys.net/26/1605/2008/ Ann. Geophys., 26, 188E5-2008
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n, /n=01 (a)
12 -
0=60°
1,0
0=30°
0,8
0=45° 6=90° S
H S
S 064 ~
< 3
3
0.4+
0.2 ;
7
0,0 T T T T T 0,0 T T T T T T T T T
0 10 20 30 0 1 2 3 4 5
ke/ . ke/ .
pi pi
Fig. 1a. Dispersion lawsd/wyy, as a function okc/w ;) for dif- Fig. 2. Dispersion laws &/w;;,, as a function ofkc/w,;) for

ferent wave vector orientations with respect to the magnetic fielddifferent wave vector orientations with respect to the magnetic
(6=30, 45, 60, and 90 degrees) in a plasma with two positive ionsfield (¢=30, 45, 60, and 90 degrees) in a plasma with two pos-
H*, OT, at an altitude:~1900 km, and with a negative Orelative itive ions H", Ot, at an altituder~1900km, and with a neg-

content ofr p/n=0.1. Solid lines: new dispersion law; dotted lines: ative O~ relative content of1p/n=0.9. Main parameters are:
whistler solution of the total cold plasma dispersion law; dashedweyr@e11226.26 wg, @Deyto~0.11wy, wg /27w~0.21 kHz.

lines: modified whistler dispersion law,,;. Main parameters are:

weut=oeut1>0.29 wy , Weut2>0.1 wy, wy /27 >~0.21 kHz.

Wpe=wp, wp~0.22kHz, wcut0.53 wy). Then for the
near equatorial region to a fixed magnetic latitude5°,
the plasma parameters for different altitudesre shown

in Table 1. Ath=2500km (resph=1400km), the plasma
consists of almost purely hydrogen (resp. oxygen) ions.
The LHR frequency maximuniy;,, /2r~4.36 kHz, is real-
ized at the altitudéa=2100 km, wherery~0.93, v ~~0.07,
wpe/2m=228kHz, wZ/w?,=2.56, wy/21~0.2kHz, and
wcut>>0.126 wy.  The plasma parameters correspond-
ing to A=1900km are also presented in Table 1
(wpg /27 ~0.21 kHz, wcui=@eun>~0.33 wy); this altitude is
above the altitude of equipartition betweer ldnd O" but
lower than that corresponding to the LHR frequency maxi-
mum.

02 . : — . : . : . To examine the influence of the negative ions’ density on
0.0 02 04 0.6 0.8 1.0 the electron whistler dispersion law, let us use the same back-
ke / ©i ground plasma parameters (i.e. the relative densities of all the
positive ions) at the altitude=1900 km, except for the rel-
Fig. 1b. Total cold and new dispersion laws (solid and dotted lines, ative electron density,, which is reduced by selecting an
respectively), for the parameters of Fig. 1a but with another fre-appropriate relative content, of negative heavy particles
quency scalew/wy as a function okc/w);. — for definiteness, let it be Oions. Table 2 corresponds to
plasma parameters for two values of the relative negative ions
amount,yp=0.9 andvp=0.1.

value of the electron plasma frequency is selected at the Figures la and ba{/w;,,, and w/wy as a function of
base level oh=1000 km asv,./2r~963 kHz (correspond-  kc/w,;, respectively) allow one to compare the three dis-
ing to n,=1.15x10°cm~3); the characteristic scale of the persion laws: the new dispersion law (solid lines), the total
altitude distribution is governed by the electrdh and  cold plasma dispersion law (dotted lines in Figs. 1la and 2;
the ion temperatures];=7,/2>~0.1eV (more details can dashed lines in Fig. 1b) and the so-called modified disper-
be found in Lundin and Krafft, 2001). The plasma pa- sion law (dashed lines), farp /n=0.1 and four different an-
rameters atig=1800km are presented in Table 1 (with gles of the wave vector, namety=30, 45, 60 and 90 degrees

i n,/n=0.1 (b)

0,8 1

0,4 1
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Table 1. vy andvp are the relative content of Hydrogen and Oxygen, respectivgly/2r andwy,/2r are the electron plasma and the

LHR frequencies in kszf./w%e is the square of the electron gyrofrequency to the electron plasma frequency of the background plasma;
vp=0 corresponds to the absence of negative ions. These values are presented for the set of altitudes indicated in the first column (in km)
and for a fixed latitude of 5 degrees.

h(km) vy Vo wpe/2m (KHZ)  wppr /27 (KHZ) w?/a)ge vp
2500 Q997 Q003 217 42 213 0
1900 071 029 243 411 26 0
1800 05 0.5 2602 373 244 0
1400 002 098 457 22 11 0

Table 2. The parameters of Table 1 are presented at the altitude of 1900 km for two values of the relativeigpofehe negative ions O
(last column).

h(km) vy vo  wpe/2r (kHZ) ape/27 (KHZ) ©Z/0?, vp

1900 Q71 029 769 493 26 Q9
1900 Q71 029 2306 419 29 0.1
(wourz@cut1~0.29 wy, weuz>~0.1 wy). Figure 2 shows the (Dcut/mlhr at 1900 km

three dispersion laws by presentingw;,, as a function of
kc/wp;, fornp/n=0.9 and the same wave vector angless
in Fig. 1 eut@cut1~6.26 wy, weuz>~0.11wy).

Moreover, Fig. 3 represents the 2-D profile of the ratio
of the highest ion cutoff frequency to the LHR frequency
as a function of the relative negative ion charge content My ,
Zpnp/n and the inverse specific charge of the negative %3+
ionMp(a.u.)/Zp=(Mp/M)/Zp for the plasma parameters oz
corresponding to the altitude=1900 km (represented only
for Mp(a.u.)/Zp>4, where the error of simple analytical
estimates ofvcyt (Eqs.B4, B9) is small enough). ]

In all the figures one can see that even the modified elec-
tron whistler dispersion law,,; (dashed lines) provides a
rather good approximation of the total cold dispersion law, in
the frequency domain extending till the ions’ gyrofrequency:
the value of the frequency splitting between the curves does
not exceed the value of the proton gyrofrequency; however,
it cannot reproduce the details of the dispersion curve near _ ) _ _
the cutoff frequency. Fig. 3. The 2-D profile of the ratio of the hlghest ion cut-

Thus, under rather general conditions, we have found arf.ff frequency to the LHR frequency as a function of the rela-

. . . . ive negative ion charge conteitpn p/n and the inverse specific
expressmn_for the low frequency whistler dispersion law charge of negative ioM p (a.u.)/Z p=(Mp/M)/Zp (in the inter-
which requires the value of the electron gyrofrequency, theya) v, (4.u.)/ z ) >4) for plasma parameters corresponding to the
electron plasma frequency, the LHR frequency, the highestjtituder~1900 km.

ion cutoff frequency and the relative content of the lightest

ion only. Except for the relative lightest ion content, all other

background plasma parameters can be found in the spectrafoach. However, after relevant simplification one should
peculiarities of the electron whistler electromagnetic emis-keep inf the resonant terms for all the light ions; then the
sions registered on board the satellites. The more complexlispersion equation should be solved conventionally as a bi-
case when several light ions of comparable gyrofrequenciesjuadratic equation for the refractive indexes.

and the heavy ions’ background contribute together to the We should stress that our dispersion law is well applicable
whistler dispersion can also be investigated by the above apalso in the case when the content of negative ions or negative

05 .-

0.1

60
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dust grains is large, when the highest ion cutoff frequencyln an overdense plasma whepek1, the conventional
governing the electron whistler dispersion law essentially ex-whistler dispersion law can be recovered from E#3)
ceeds the lightest ion gyrofrequency and can be rather closeamely

to the LHR frequencyw;;,, (around~0.3wyy,, in compari-

son with the conventional value aroune.02w;;,,, for ex- W2 — wf cos’ 0

ample). This high value of the cutoff frequency will result (14 x)2°

in the reflection of rather high frequency whistler waves at
low altitudes. At the same time, an essential variation of the

electron density and the LHR frequency in the local regions

In the frequency domain near, (v <<w<w.), the para-
meters of Eq.10) correspond to the following expressions

enriched by negative ions of electronegative gases (even as w2, w2 w2

a transient state) also can lead to the observable features of y =1 — —pzl coS O = = (1 — ”é’) ,
the registered frequency-time electron whistler spectra in the w §2¢ @
ELF-VLF domain. The propagation of whistler wave packets w2 Wl 1 w2
through the space regions with a noticeable amount of neg- ¢ ~ 1+ p2¢ — —pz' = <1+ —) (1 - izr) )
ative ions (even if it is a transient state of localized regions) @e @ # @

can be investigated by usual ray-tracing codes; the features of,, u 2 2 2 wf
possibly registered sonograms will be studied in forthcoming®/ir = (1, @ri> “pi = ;ij’ = 02,
papers.

so that the modified electron whistler dispersion law (Eqg. 25)

Appendix A can be recovered from EAL).

Modified electron whistler dispersion law Appendix B
Let us remember that the usual dispersion equation for wavgs|gsma containing three ion species of different charge

propagating in a cold plasma (without any approximation)signS
can be written in the following form (Lundin and Krafft,

2001, 2002) Let us consider a rather general case which includes most
X n " X features of the considered phenomena, that is, a plasma con-
cos 6 (1 - ﬁ) =(1-5) (cos2 Or(L— ~5) ﬁ) : taining negative ions (dust particles, labeled bY) and two
(A1) positive ions’ species (hydrogen and oxygen idns exam-

ple, labeled1 and’?, respectively). Owing to Eq1@) one
whereN is the refractive index an@l is the angle defined by obtains
cos9=k-Bo/kBo; x, n and cod6y are defined in the text

by Egs. -4). In the high frequency limit, when the con- 5 4 v w; (wtweut) (WEweut2)
tribution of the ions to the dielectric permittivity tensor is etg=1-0wp, Z

negligible, one hags—1)(¢—n)=g?2 (Wieder, 1964) and

£ vew, (ko) (kop) @Fo) (@Fwr)

(B1)
2 0?1+ 1) w? ] .
x =1 cosog= 2 Ry A where the summation ovérincludes electrons, as well as
¢ pe positive and negative ions; the relative particles’ densities
2
(’UL‘
n=—, (A2) Zin;
e v =20 (B2)

n
where the tensor componentandg as well as the frequen-

cieswp. andw, are defined in the text by Eqei5). Then,  Verify the charge neutrality condition

the dispersion law of the electron whistler waves for a finitel _ Z —t Z b (B3)
value of and for frequencie®<w,. can be written in the - — Vo = Ve 3 B
form

5 Qf co 6 The frequencieacy andwcyi2 are the roots of the quadratic

O = ATt 7 T icodd’ (A3)  equation corresponding to-g~s—g—1=0, that is

with co€ 6r~w?/ Q2 and 4
R/ 2 a)zzvia)i—a)a)c[VDU)D+V2w2+V1(Ul_Ve(a)l+a)2_0)D)]
Q=0?/A+p, @, =0l /1+w), (A%) =1

% = a)lz,e/kzcz, % = wa/kzcz. (A5) —w[—(v1 + v)wiwr — (V2 — V.)wiwp — (V1 — Ve)w2wp]
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—Vew1w2wp —wc[Viwpwp +vowi1wp +vpwiwe] =0, (B4)

and —wcy2 are the roots of
in accordance with Eq.6], one can

whereas —awcyt1
e+g~e+g—1=0;
use the relation

w2

Zvla), = VoW, (1—}-2 Py

pe

2

= vewe(1+ —- ) = Vewe.
pc

(B5)

weyut1 and gyt are real and verifyoeuniweut2<0; the largest
root weyta (for definiteness) of the equatien-g~0 is pos-
itive while wcyr2 is negative, but—wcy2>0 is a root of

1613

2 2 2 2
AFZ—w—/L 1+(a) — Wg) (@7 — o

2
pe w? (wZ - wH)
2w, [U)Z (weuttt+weutt+w g )+ g weuti®cut?]

a),z,e(a)z—a)%)

2
cut2)

. (B7)

where we finally apply the condition®»w?2,, w3 to all the
denominator terms and put=wg.
If the functionAF can be presented in the form

aw* + bw? + ¢

AF R
w2 (w? — w%)

(B8)

wherea, b, ¢ andw% are constants, then the resultant disper-
sion law (Eq.B6) has the form of a biquadratic equation for

e+g~0. Thus, in the presence of three different ions one hasv, as Eq. 23). To provide the formB8), it is sufficient to

two positive low frequenciesycyt1 and —weyt2, Which cor-

omit the first term in Eq.B7), i.e. ,ua)z/a) . This can be

respond to two different positive ion cutoff frequencies for done if the characteristic cutoff frequenues inherent to the

which e2—g2
equatiore?—g

~0. Actually, the rootgucytr and—wey fit the

ion gyrofrequency domain are sufficiently distant fram,,

2~0 with a rather reliable accuracy, except for i.e. if max{w1, weut1, lweutzl} Ly, Which is not valid only

the case of a plasma with a large amount of heavy negativelyvhenwcyn is very large, in a plasma with a small amount

charged patrticles, wherg=n./n<«1 (see also Eq. 7).

of free electrons /n. 2w, /w,; 250 (see Egs. B1816). In

In this case, the value of the upper ion cutoff frequencythis case we have

wcyt differs fromweyr (which is the biggest root of Ed4)
and can essentially exceeg; and even approactyy,, SO
that a more accurate analytical estimate dgy; should be
used (if the highest ion cutoff frequeneyycs> |weutz| is not
available from the experiment).

Let us find this correction to the value @f,t1, accompa-
nied by the necessary modification /of(as well asAfF), in
a plasma withz, /n<«1, due to some large amount of elec-
tronegative heavy particles. Using tha&w,. and Eq. B5),
one can find from Eq.R1)

2 2
—nf =—(e"—¢g")
2\ 2 2_ 2 2
~ Dpe (w _wcutl)(a) —
~|wc— >
W (w
@2 202 —w? _
pe 20°[—w* (weu+weutz+w1) —w1wWcutiweut2]

We
7 (@2—wh) (@? o)) (@?~w))
-1,

®210)
Weyt2
— 02) (@2 — wd)(w? — w3)

2 2 2 2
— Wyl — wcutz) + Deut1®cut2

w?(w? — a)i)

20,2
o (w
AF ~ (1

+2u [U)Z(wcutl— |weuta] +w1) —w1wcutt lweut2!]
We (w _wl)

(B9)

so that one can use the presentation

(@* — cutl) (@* —
2
Z(w - wl)
20,2 ~2 ~2 ~2 ~2
w (wl — Wyt — wcutZ) + Ooun@eut2
w?(w? — w%)

D2
wk —1=AF =~ Deut2 ¢

. (B10)

where the corrected cutoff frequenci@s,i1 and @cyt2 can
be estimated throughcyt1 and|weytol Using Eq. B9) in the
equationuF =AF +1=0, or can be taken from the experi-
ment; then Eq.B10) can be used in EqBE).

At last, let us consider the case when the relative electron

where, in the numerator of the second term (which is impor-density is very small

tant only for smallz,./n and thus for largeocyt1), we took
into account the conditio® > wcut>>w1>wp, ws.

To derive a biquadratic dispersion equation similar to

Eq. (23), let us use the correctioNf =F w2/w?,—1 (in the
high frequency approximation we haye~w?,/w?2); then,
applying Eqgs. 21-22), one obtains from Eq2(Q) that

w2 2
pH Wy

e (w _wH)

2
w® — @2, + % + siP9) - Af — 522
p

(g — co2 )
X—
p

=0, (B6)
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ne/n=ve Lv1+v2=1>~vp, w1 > w2, wp,

(B11)

in the presence of extra electronegative dust grains which
collect most part of the negative charge, wg~1, when

the cutoff frequencywcyr (and weyr) can even tend to
wir=wpi (05, /wi~n./nk1). To estimatewcu using
e—g~e—g—1=0 (B1), let us take into account that it is
not very close tolwcyr2l, so that formally the roots of
ax?+bx+c=0 (Eq.B4) under the conditiondc«<h? can be

Ann. Geophys., 26, 188E5-2008
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found asx1~—b/a andx>~—c/b, that is

v1 1) n
weutl (— - 1) w1+ <— - 1) w2 + —wp
Ve Ve Ne
2 @2,
w1+ w2 +vpop  nwp @pi (B12)
o Ve Ne a)lz, we
2
w, o,
~ _P ¢
—weuz = —5 —5- [(v1wz + vawn)wp + wiw] . (B13)
C w
pl

Then, the condition for sufficiently separated cutoff frequen-
cies,weut>> |weut2l, can be, using Eq8j, reduced to

(45

wherewy is the gyrofrequency of the oxygen ions.

To validate the presentation of EqB6) and B10),
let us find the condition for omitting the first term of
AF in Eq. B7). For 0?Zw? >0, 0?,, and using
(@2/02,)(ne/n)=w?/w2~1, Egs. B7) and B12) lead to the
estimate

n w w
—Z[(Z/M)eﬁ]z > (1422

wo

(B14)

Ne @

2

AF ®? a)f Y 2w weytl
T w2, w? w? w?
pe —pe pe
2 2
T ] +2
2 @2 2 T 2 ’
e p pi
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