Ann. Geophys., 25, 2422437, 2007 ~ "*
www.ann-geophys.net/25/2427/2007/ G Ann_ales
© European Geosciences Union 2007 Geophysicae

A comparison of the probability distribution of observed substorm
magnitude with that predicted by a minimal substorm model

S. K. Morley!2, M. P. Freemar?, and E. |. Tanskaner?*

1School of Mathematics and Physical Sciences, University of Newcastle, Callaghan, NSW 2308, Australia

2British Antarctic Survey, Natural Environment Research Council, High Cross, Madingley Road, Cambridge, CB3 OET, UK
3Department of Physics and Technology, University of Bergen, Norway

4Finnish Meteorological Institute, Space Research Unit, Helsinki, Finland

Received: 15 May 2007 — Revised: 1 November 2007 — Accepted: 6 November 2007 — Published: 29 November 2007

Abstract. We compare the probability distributions of sub- the growth phase, energy is accumulated in the magneto-
storm magnetic bay magnitudes from observations and &pheric lobes. Substorm onset and the ensuing expansion
minimal substorm model. The observed distribution was dephase is marked by the sudden release of this stored energy,
rived previously and independently using the IL index from the mechanism by which this occurs is still a subject of lively
the IMAGE magnetometer network. The model distribu- debate (e.gBaker et al. 1999 Lui, 20071). In the expan-

tion is derived from a synthetic AL index time series createdsion and recovery phases the released energy is dissipated
using real solar wind data and a minimal substorm modelyia different channels, including ionospheric Joule heating,
which was previously shown to reproduce observed substornming current enhancement and plasmoid ejection. A number
waiting times. There are two free parameters in the modebf phenomenological models have been developed that de-
which scale the contributions to AL from the directly-driven scribe the detailed evolution of various observables during
DP2 electrojet and loading-unloading DP1 electrojet, respecthe substorm (e.d-ui, 1991, and references therein). These
tively. In a limited region of the 2-D parameter space of the models agree with the 3-phase cycle but differ in the empha-
model, the probability distribution of modelled substorm bay sis they place on describing different observables, especially
magnitudes is not significantly different to the observed dis-those associated with substorm onset. Whilst being very use-
tribution. The ranges of the two parameters giving accept-ful in synthesizing complicated observations and motivating
able (95% confidence level) agreement are consistent witlpossible physical descriptions, phenomenological models do
expectations using results from other studies. The approxnot quantify or predict behaviour.

imately linear relationship between the two free parameters Thys, in tandem with phenomenology, mathematical mod-
over these ranges implies that the substorm magnitude simg|s have been developed. Global MHD models solve the fun-
ply scales linearly with the solar wind power input at the time qamental physical equations of large-scale plasma dynam-
of substorm onset. ics in a realistic magnetospheric geometry but do not ade-
Keywords. lonosphere (Modeling and forcasting) — Mag- duately capture processes on the kinetic scale that can cou-
netosphere physics (Solar wind-magnetosphere interactiongle to the large scale. Consequently, they have had limited
Storms and substorms) success in reproducing substorm behaviour @aeder and
Maynard 2001, and other papers in that issue). Furthermore,
their behaviour can be almost as difficult to understand as the
real system and the very long simulations or statistical en-
sembles that would be necessary to analyse their non-linear
Cc%ynamics are impractical due to the large computational ex-

of events observed in the aurorakasofy 1964, much of pense. Intermediate complexity models have been designed

the focus in the literature has been on the phenomenology o at are less computationally expensive and which arguably

the substorm. From this, a picture has developed in WhiChtry to improve the representation of kinetic-scale processes

the substorm has three distinct phases: growth, expansiogiﬁsg?g'::% t; sfrrr?pﬁflijgjt?r:er?g,n:;[o;h;h:r)i(gzr:asoemg];d;(rgglmed
and recovery Akasofuy 1964 McPherron et a).1973. In et al. 1992 1994 Horton and Doxas1998 Klimas et al.

Correspondence tdS. K. Morley 2004). The dynamics of these models can be analysed statis-
(steven.morley@newcastle.edu.au) tically but is complicated by the number of free parameters.

1 Introduction

Since the introduction of the substorm concept as a sequen
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2428 S. K. Morley et al.: Statistical comparison of substorm magnitude

Consequently, it is also desirable to derive a minimal sub-the statistical location of the auroral ovddqvis and Sug-
storm model which captures the essential properties of subiura, 1966. The AL index is the 1-min averaged time series
storms with a minimal number of parameters, such that itsformed by the lower envelope of ti#¢ component measure-
dynamical properties can be more completely analysed andhents from all stations (i.e. the most negative disturbance),
understood. which is induced by westward electrojet equivalent currents.

Based on principles developed Freeman and Farrugia The AL index consists of two primary components — the
(1995 1999 and consistent with the 3-phase substorm phe-DP1 component arising from the unloading process of the
nomenology, a Minimal Substorm Model (MSM) has been substorm and the DP2 component that is directly-driven by
developed with just three mathematical rules and one freghe solar wind (e.gSun et al.1998. Thus we write:
parameterKreeman and Morley2004 hereafter F and M).

This model is the first to explain the timing of substorms, by AL=AL1+HAL 2 @
reproducing the probability distribution of waiting times be- where AL; and AL are the DP1 and DP2 components of
tween substorms observed Bprovsky et al.(1993. The AL, respectively.

model focusses on the dynamics of the whole system, with-

out explicitly adopting any of the instabilities proposed to 2.1 The directly-driven component — AL

cause substorm onset.

In this paper we present a synthetic AL index comprised The directly-driven component of the AL index comes from
of two parts (directly-driven and loading-unloading) derived the DP2 current systeniN{shida and Kokubun1971) asso-
from basic physical considerations and empirical relation-ciated with the typically two-cell ionospheric convection cy-
ships. The loading-unloading component of the syntheticclé of Dungey(196]). Remembering that the AL index is
index is here driven by the MSM. Thus we can test the derived from the northward magnetic perturbatioil mea-
MSM further by comparing the probability distributions of Sured on the ground, we first use the Biot-Savart law to relate
substorm sizes from the model and from observation. Thehis to an eastward equivalent current to get:
observed distribution is of substorm magnetic bay magni—AH:gJe )
tudes measured banskanen et a{2002 using the IL index
(Kallio et al,, 2000, a local AL index derived from the IM-  whereJ, is the height-integrated eastward ionospheric equiv-
AGE magnetometer networkiljanen and Hikkinen 1997 alent current density above the magnetometer locatiorgand
(http://www.ava.fmi.fi/image Here, we repeat their analysis is a geometrical factor that depends on the horizontal varia-
using the synthetic AL index and compare the results. tion of J, in the vicinity. For exampleg=p/2 for an infinite

plane current sheet.
In the approximation of a vertical magnetic field and uni-
2 Method form ionospheric conductivity, the equivalent current is equal

to the Hall currentfFukushimal969
Tanskanen et a(2002 hereafter TEA) identified substorms

from the IL index using certain selection criteria (discussed/e= + X1 Ex 3)

in Sect.3.1) and measured substorm size by the peak magniWhereEH is the height-integrated Hall conductivity arj
tude of the IL index during the substorm so identified. Thus, is the northward component of the electric field. Fhaigns
in order to compare best their substorm size distribution Withrefer to the northern/southern hemisphere. '

that of the MSM, it is desirable to create a synthetic IL index The electric field at any point in the ionosphere can be ex-

from the minimal substorm model and analyse it in the SaME assed in terms of the total electric potential diapx(>0)

way as TEA. This section explains the method for creating,qqqciated with the convection pattern (which measures the
the synthetic IL index. F and M give full details of the MSM, total rate of magnetic flux transport)

with justifications and limitations.
The IL index is a local magnetic index derived from the E,=f Vmax 4)
IMAGE magnetometer network, which mimics the global

AL index in the 17:30-04:00 MLT sectoK@uristie et al. : ) ;
. . i S . assumed ionospheric convection patterna and¢ are the
1996 Kallio et al,, 2000. It comprises a latitudinal chain of . I . ; )
dial, latitudinal and azimuthal coordinates, respectively.

magnetometers and thus is less prone to measurement erro;g% . . ! ) .

in the magnetic bay magnitude caused by variations in the or example, from the ionospheric convection solution given

latitude of the auroral electrojet. Thus, in what follows, we In Freeman et al1997) andFreemar(2003 we have

shall use IL and AL interchangeably, but remembering the 1 & ) cosh(m (x — x2))

local time restriction, where necessary. =7 Cosh Z: mepm SIN(me) Sinh(m (x1 — x2)) ®)
The AL and other Auroral Electrojet (AE) indices are de- m=1

rived from the northwardi ) component of the geomagnetic wherex=log, (tan(r/4—1/2)) and the equation applies to

field vector measured at 12 reference stations situated underwuroral latitudes between the region 1 current systera-af

Here f is a factor that depends on position X, ¢) and the
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and the region 2 current systemxatxs. In this model of  Unlike their quadratic relationship, this equation has a real
the Dungey(1961) paradigm, the locus=x; is co-located potential drop for any solar wind input, but, unlike their lin-
with the region 1 current, the convection reversal boundarygear relationship, passes through the origin (thus neglecting
and the boundary between open and closed geomagnetic fiekhy contribution to the transpolar voltage from viscous in-
lines, commonly referred to as the polar cap boundayy. teraction). Through the amplification-limitation procedure
is the coefficient of a Fourier series expansion of the electricof Eq. (9), Vimax Saturates at about 200—250kV for a high
potential distribution around the polar cap boundary such thatmagnetic field strength (depending on the solar wind veloc-
1 ity), in agreement with observation (eRussell et a].200Z;
n==3 for m=1 cm=0for m>1 (6)  Hairston et al.2003, theoretical predictiorH{ill et al., 1976
. . . . ) and MHD modelling (se&iscoe et a).2004 for a review).
for the simplest ionospheric convect|_0n pat_tern_ In this CaS€rhe commonly-used linear relationship does not display this
the transport of plasma and magnetic flux into the polar C@saturation characteristic to the same extent and for similar

across the dayside polar cap boundary is balanced by thSalues of the solar wind variables predicts polar cap voltages
plasma and flux transport out of the polar cap across th%f over 300 kV.

nightside polar cap boundary, such that the polar cap does Combinina Eas 3) (4) and (L0). we get
not expand. This may be appropriate to the late expansion 9Eas-d). (). @) 0. weg
phase of the substorm when the peak AL magnitude is realAL2=AH= =% fg¥ g Vmax=—a Vmax(Par) (11)

ized (Lockwood and Cowley1999. Typically, the axis of wherea has the same sign at conjugate points in both hemi-

symmetry of the 2—cell convection patterq IS opserved to bespheres by construction and is expected to be positive by the
at an angler/12<¢,<m/6 counter-clockwise with respect

h idniah idi honiemi and G requirement that Ak0O. To synthesize the AL index, we
to the noon—midnight meri an (e.l@qo oniemi and Lreen- ote that the relevant contributing magnetometers are local-
wald, 1996. Thus we may writeb=¢ +¢;, where¢ is the

| ival FMLT 0 d OMLT ized in latitude but distributed in MLTO{avis and Sugiura
angular equivalent o ang =0 corresponds to *1966. Thus,a would be evaluated at the typical latitude

. Many st_ud|es have shoyvn goo_d correlation between Varsf the contributing AL stations and at the ML®'] giving
ious functions of solar wind variables and the transpolar

| Reiff L (198 found the hiah the minimum AL. From Eq.J), this equation is evaluated at
voltage Vmax. Reiff et al. (1981 found the highest cor- o Ap magnetometer station giving the minimum AL value.
relations were between a modified form of thdunction

P It and Ak 197 dli drati Generally, this may not be the location whereitself is a
(Perreault an . asof 8. and linear or quadratic pow- minimum, in that AL, is expected to minimise just prior to
ers of Vpax Using emu unitsPerreault and Akasofde-

d MLT (i.e.¢p=m/2), wh AL will likely minimi
fined e=L3 (vB?/4r) sin*(6/2), wherev is the solar wind ann (1-e.9=x/2), whereas Ak will likely minimise

. / . . ... inthe DP1 electrojet region around midnight MLT. Empiri-
speedpB is the magnitude of the interplanetary magnetic field cally, AL comes mostly from magnetometers located in the

(_IMF), 0 is the IMF clo_cl_< angle, and is a Igngth sca_lle €S- 10:00-06:00 MLT sectorllen and Kroeh) 1975.
Emated to be Rp. Defininge="P Aeff and using Stunitswe 1 oo nirast to synthesize the IL index, we should remem-
ave a power input per unit area ber that it is compiled from a magnetometer network that is
p— (uBZ/;m) sirt0/2) @) distributed in latitude and localized in MLT. Thgs,vyould
be evaluated at the typical MLTp() of the contributing IL
wherepyg is the permeability of free space, and an effective stations (which varies with Universal Time) and at the lat-
areaAeff:4nL(2) (Koskinen and TanskaneR002. Applying itude A giving the minimum IL. Furthermorep’ should be

theReiff et al. modification,P becomes restricted only to the range 17:30-04:00 MLT for which IL is
2 . valid as a suitable alternative to AL (Kauristie et al., 1996).
Par= (UBal/“O) sin'(6/2) (8) For simplicity, in what follows we shall assumeto be
whereB,; is an amplified-limited form of the IMF magnitude constant in time and find the value efthat yields the best
B given by agreement between the probability distributions of modelled
and observed substorm magnetic bay magnitudes. In order to

By [NT] = min (B[n'l’], 60[nT]) (9) aid the interpretation of this value of let us first estimate its

F likely bounds. Since the substorm magnetic bay magnitude is
where we take the amplification factérto be 7 Reiff et al, equal to the minimum value of the synthetic IL index during

1981). This is thought to represent the effects of IMF com- the expansion phase it is reasonable to assume that: (a) the

pression in the dayside magnetosheath on the solar wingontributing station is between 20:29 MLT and 01:15MLT

power input,P. (the +1 standard deviation limits of the probability distribu-

We have determined a polynomial equation ¥ay that  tion of onset MLT for the TEA substorms) and)at 70 (the

lies between the linear and quadratic relations found empiri-nost common magnetic latitude of the minimum IL for the

cally by Reiff et al: TEA substorms); (b) the polar cap boundary is at the same
magnetic latitude, in order that the contributing station is at

Vinaxlk V]:2W+1.4n PluW m*Z] (10) the latitude where the eastward equivalent current minimises

www.ann-geophys.net/25/2427/2007/ Ann. Geophys., 25, 2322007
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in the AL, model; and (c) the height-integrated Hall conduc- ring current enhancement, and plasmoid ejection (including
tivity ¥y =15 Siemens, as measured in the midnight MLT associated plasma sheet heatiegla et al. 1997). To a first
sector during the expansion phase of an individual substornapproximation, Joule heating can be considered to account
(Coumans et al.2004 and comparable to the conductivity for one third of the total energy budgé&dmide and Baumjo-
measured for a statistical ensemble of 28 isolated substormisann 1993 Tanskanen et 3l2002. If we make a further
when averaged over the ensemble and over the whole sulassumption that Joule heating is equally divided between the
storm region Gjerloev and Hoffman2000. Let us also as- northern and southern hemispheres therl/6.

sume that: (d) the simple convection pattern associated with  Thus we now re-express Ed.3) as

Egs. ) and 6) with ¢,=7/12 and with the region 2 current

system at a magnetic latitude of%%e) the Hall current layer Bp?

is at a height of 110 km above the Earth (r=6370+110 km);AL 1;=——W; S(t—1;) (15)
and(f)g=p0/2. Then we get:<2.3x10-22TV-L, Thus, ¢

for P=8x10"®Wm~2 (i.e. corresponding to a solar wind 53 The minimal substorm model

speed of 400 kms' and a southward IMF of 5nT) we have

Vmax=94kV and Alo>-212nT. Equation (5) represents the unloading component for a sin-

gle isolated substorm. In order to create a sequence of sub-
storms, we use the F&M MSM (see alsoeeman and Far-
The unloading component of the AL index comes from the "Ugia 1995 1999. The model predicts the onset timeand

DP1 current systemNjshida and Kokuburil971) associated ~ total energyW; of theith substorm based on just three math-
with the substorm current wedg®¢Pherron et a).1973. ematical rules and an empirical solar wind power input

Using a superposed epoch analysis of the AE indices for an In the MSM, the total energy released in each substorm,
ensemble of isolated substormveimer(1994 showed that Wi, is given by

the average AL curves, from substorm onset at tim@ to

the end of the recovery phase, fitted the function Wi=Aest DP(1;) (16)

2.2 The Unloading Component — AL

— (AL)=c+br exp(pt) (12) whereAeg is the effective area of the magnetopause for so-

where the time constanp=—2.221T% for substorms of lar wind power input (see Se@.1). Defining Ae=Lj and
medium intensity an¢) denotes the ensemble average. FromUsing emu units Perreault and Akasof(1978 estimated
the symmetry of the AU and AL indicesyeimer(1994) ar- Lo=7Rg. Converting into the Sl units we use here, we have
gued that the: andb terms represented the ensemble aver-Aefi=47 L§ (seeKoskinen and Tanskane@003). Conse-
ages of the directly-driven componentfand the unloading  duently, thePerreault and Akasof(d978 estimate would
component Aly, respectively. Thus, the contribution to AL~ 9iVe Acft=1967 R7. However, Koskinen and Tanskanen

from theith substorm of the ensemble is (2002 have suggested that, though the coupling efficiency
may vary, an increased value of abdut=10R fitted better
ALyi=—b;S(t—1;) for >4 (13)  with their observations, which would givée=4007 R2

wherer; is the substorm onset time and we have assumed that ?iig'?g totrt]he MSM t[ulttesdglv? by F a}_rf1_d ('jVII’. I _sthguld be
each substorm has the same functional féfm)=r exp(pt) noted that In the present study, the ampiied-imited power

but variable amplitud; inpu_t, P4, has been used in rule 1 to Qetermine the energy
The amplitudeb; can be expressed in terms of the total flux into the magnetosphere_ be<_:ause itis t_houghtto represent
Joule heating energy dissipated in the northern hemispherg1e effects (.Jf IMF compression in the dayside magneto_sheath
ionosphereW,; using an empirical linear relationship de- on energy input through m_emgngtopqu;e r_econnecﬁtmrf(
duced byAhn et al.(1983 between hemispheric Joule heat- etal, .198])' However, ampllf|cat|on-l|m|tat|on has not been
ing and the AL index. Integrating EqL®) from time =t to used in rule 2 to dete_rmlne the magnetospheric ground state
t=o0 using this relationship we have because we view this state to depend on the magnetotail
boundary condition where the magnetosheath conditions are

o more similar to those of the IMF (i.e. we ugein Eq. 16).
Wii=—a AL dt (14) . .
f D is a constant equal to the substorm recurrence period for
ab; constantP. F&M derived the value oD=2.69 h by compar-
:F ing an observed probability distribution of substorm waiting
times with that of the MSM driven by real solar wind data,
wherea=3x10°WnT-1, but without applying the amplification-limitation procedure

Joule heating represents only a fractipmf the total en-  described previously. Implementing the procedure, and re-
ergy released by unloading;. The energy is distributed doing the analysis as before, yields a slightly higher best-fit
among four main sinks: Joule heating, particle precipitation,value of D=2.73 h.

Ann. Geophys., 25, 2422437, 2007 www.ann-geophys.net/25/2427/2007/
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Fig. 1. An example section of the simulated AL index. The directly driven component has been inverted and plotted to represent the AU
index. The horizontal black dot-dashed line marks-#1®0 nT threshold level; the vertical red dotted lines mark substorm onsets that are
counted after grouping and application of the threshot1(07, 760, 1615, 2092) min); the vertical blue dashed lines mark substorm onsets
that are excluded£(276, 1693) min). See text for further details.

Substituting Eq. 16) into Eq. (L5) and summing over all Wind spacecraft between 1 January 1995 and 1 July 1998

substorms, we get (see F and M for details). Only sections of solar wind
N data that were unbroken for 100 h or more were used, of

AL1(1)=— ZkP(ti)H(t—ti)S(t—ti) (17) which there were 37. An example section of the modelled
= AL index is shown in Fig.1 for k=5.19x10°m?TJ 1,

where H is the Heaviside step function and the pa- 4=1-45x 10TV~ and D=2.73h. The substorm onset
rameterk=pp2AegD/a. Taking f=1/6, p=—2.22 L, times are marked by the vertical doftted and dashed lines at
Lo=7Rg, D=2.73h, anda=3x10WT-1, we have t=[107, 276 760, 1615 1693 2092 min. Like the real AL
k=5.2x10"5m2T JL. Neglecting contributions from time series, the m_odel yields a complica_ted time ;eries with
neighbouring substorms, the peak Almagnitude oc- substorm magnetic bays of W|der—vary.|ng magm_tude and
curs at r—;= — 1/p where Aly,=kP/(pe). For structure. In t_he model, substorm onset is also typlcally pre-
P=8x10-Wm~2, which corresponds to a solar wind ceded by an interval of about an hour during which the DP2
speed of 400 kms and a southward IMF of 5nT, we find component of AU and-AL is relatively enhanced, similar to
that AL;,=—250nT. the growth phase signature observed in real auroral magnetic
records McPherron et a).1973.

2.4 The Synthetic AL
3.1 Substorm identification

Substituting Eqgs.1(7) and (1) into Eqg. L), we get the fol- ] ) o _ _
substorm from their IL data: A substorm was defined as

a magnetic bay signature whose magnitude exceeds 100 nT
and for which the time elapsed between the peak of a sub-
storm and the onset of the following substorm must exceed
hrs, otherwise the substorms are grouped and treated as a
ingle event. Through 1997 and 1999 they identified827
admissible” substorms. The probability distribution of the

N
AL ())=—k Y P(t) H(1—1;) S(t—t;)—aVimax(Pa (1))~ (18)

i=1
Thus we have two free parameters in the AL modelvhich
scales the amplitude of the unloading DP1 component; an
a, which scales the amplitude of the directly-driven DP2

; —12T\/—1
component. We have estimated:2.3x10~"TV™" and MLT of substorm onset was approximately Gaussian with

_ —5 2T -1 T
k_.5:2X10 mTJ ’.bUt '.t IS |mportz_ant fo remember that mean =22.9 MLT and standard deviatien=2.4h. Assum-
this is a rough approximation. Thus, in the subsequent anal-

; lore th d fit of del Its ing that this distribution reflects the substorm detection ef-
ysis, we explore the goodness-ol-iit ot our model resulls 0g o ey ysing the local IL index, with perfect detection at
the observations for a range {f, k} parameter space.

the mean MLT, and that substorms are uniformly distributed
in UT, then the total number of substorms is estimated to
3 Analysis and results be 24V, /(0 +/27)=3321, and the average substorm waiting
time is inferred to be 5.3 h. This is similar to the mean sub-
Following the above method, a synthetic AL index was storm waiting time of 5.7 h found independentlyBgrovsky
generated using solar wind measurements from the NASAet al.(1993 for 1001 substorm pairs in 1982—-1983.

www.ann-geophys.net/25/2427/2007/ Ann. Geophys., 25, 2322007
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Fig. 2. Substorm magnitude (upper panel) and Joule dissipation energy (lower panel) histograms derived from the synthetic AL index for
the model set of substorms. The histograms are binned by every 100 nT in substorm magnitude and by¥8/#éryia Joule dissipation
energy. Compare to Fig. 5 of TEA.

We have applied the same threshold and grouping criterid8.2 Substorm bay magnitudes
as TEA to the substorms contained in the synthetic AL in-

dex. In the example shown in Fid, the substorm onsets For each substorm identified under the TEA criteria, the peak
identified in this way can be seen at time£107, 760, 1615,  magnitude of the simulated AL index was found, and the

2092) min, marked by the vertical red dotted lines. The subota| energy dissipated by Joule heating was calculated us-
storm ar=276 min has a peak magnitude below the thresholding the first line of Eq. {4) with the upper integration limit

starts 78 min after the previous onset and is therefore groupeg ny after the onset. In the case of multiple substorms being
with the substorm at=1615min. Using the threshold and grouped, the end time is 3h after the onset of the last sub-
grouping criteria the number of “admissible” substorms is storm in the group. Figur@ shows the occurrence distribu-
718 in 5258 data hours, corresponding to an average sukjon of these substorm magnitudes and Joule dissipation en-
storm occurrence rate of approximately 7.3 h. ergy for the same choice of the model free parameierk)

This is considerably longer than the TEA mean waiting that was used in Figl. These distributions can be compared
time of 5.3h.  Applying a shorter grouping window than tg the upper and lower panels of Figs. 5 and 7 of TEA, which
stated in TEA decreases the average waiting time. In fact, inshow the equivalent observed distributions for isolated and
the original model time series (without grouping) 932 sub- stormtime substorms separately. The model distributions are
storm onsets occurred, corresponding to a mean substorigmilar to those presented by TEA, if the isolated and storm-
waiting time of 5.7 h. Inspection of the TEA data set shows time substorms are considered together. For example, the tail

that where substorms were of shorter duration, the groupingy the model distribution cannot be accounted for by isolated
criterion was not strictly applied. In many cases, this reduceds;hstorms alone.

the inter-substorm interval to about 1 hour. For example, re-
duc_lng the grouping window to 27 min (|._e. if onset occurs 33 Statistical tests
during the expansion phase of the previous substorm then

the substorms are grouped) gives 904 modelled substorms in ) ) o
5258 h, a mean inter-substorm interval of 5.8h. This com-T1ne null hypothesis that the observed and simulated distri-

pares much better to tH&orovsky et al.data set mean wait- Putions of substorm AL magnitude come from the same dis-
ing time of 5.7 h used to define thizparameter of the MSM, ~ tribution was tested over a range faf, k} values using two

In the subsequent analysis we adopt the TEA grouping cridifferent test statistics. Figur@shows contours of constant
terion, but also examine the effect of changing the groupingtESt statistic over thgz, k} parameter space for the two-sided

window on the distribution of substorm magnitudes. Kolmogorov—Smirnov (K-S) test (left panel) and the two-
sampley? test (right panel) (e.gConover 1999.

Ann. Geophys., 25, 2422437, 2007 www.ann-geophys.net/25/2427/2007/
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Fig. 3. Contour maps showing (on the left) the Kolmogorov-Smirnov test statistic and (on the righty thst statistic fofa,k} parameter
space. The thick red contours indicate the 5% significance level. The point of best fit is marked by a cross. The dashed blue line is the linear
equationk=sa— ped, for s=2x10’ m2 C~1, ped=-8x10"°>m2 T J "1, as described in Seat.1

The two-sample? test (e.gConover 1999 requires that  distribution measured by TEA is shown by the solid black
the data be sorted into bins and is more sensitive to differdine. The occurrence frequency of modelled magnitudes has
ences in the bins with low observed frequencies (i.e. thosédeen normalized to the number of substorms in the obser-
bins in the tail of the distribution). The data were binned in vational data set. The good agreement can be clearly seen.
100 nT intervals and neighbouring bins were joined whereFor comparison, the blue dashed line shows the distribution
the expected frequencies were less than five. At the optiof modelled substorm magnitudes using a 27 min grouping
mal values ofa and k (indicated by a cross in the figure) window (see Sec8.1). It can be seen that this distribution is
this resulted in 13 classes and hence 12 degrees of freesimilar to that obtained using the TEA grouping and thresh-
dom. The calculated value g?=8.06 is less than the corre- old criteria. The light blue dotted line shows the MSM sub-
spondingy 2=21.03 at the 5% significance level and allows storm magnitude distribution with no grouping applied.
us to accept the null hypothesis for the optimal values of
a=2.03x10"2 TV~ andk=4.22x10°m? T J 1.

The K-S test is based on the maximum difference be-
tween the cumulative distribution functions of the two . .
samples. Hence it is more sensitive to differences neaﬁl'1 Substorm magnetic bay magnitudes
the median of the distribution. For the optimal fit at
a=2.10x10"2TV~1 k=3.89x10°m? T J 1, the K-S pa-

4 Discussion

We have shown that the distribution of substorm magnetic
rameters=0.025, which is also less than the 5% signiﬁcancebfa.y magmt-udes derived fm”? the IL index by TEA IS npt SI9-
level (s=0.069), nificantly different to that d_erlve_d f_rom a synthetic AL index
based on the MSM and using similar substorm threshold and
The 5% significance level is marked in each plot by a grouping criteria.
heavy red line. At this level, the model distribution of sub- Apart from the single free parametd of the MSM,
storm magnitude is found to be drawn from the same distri-ynjch is fixed by the distribution of substorm waiting times
bution as the observed distribution for a wide range of Pa-(Freeman and Morley2004), two free parameters, andk,
rameterse andk, but there is a clear relationship between are ysed in the construction of the synthetic AL index, and
the two parameters. As thecontribution to AL from the  hence in the derivation of the substorm magnitudes. Param-
directly-driven component is scaled down, theontribu-  eter, scales the amplitude of the directly-drivénP2 com-
tion from unloading necessarily increases, thus preservingbonem and parametesscales the amplitude of the unloading
the substorm AL magnitude. Averaging the best fit param-p, p1 component. The relative importance of these parame-
eters of the two tests gives overall best fit parameters otgrs to the substorm AL magnitude can be understood from
k=4.05x10°m?T I anda=2.07x10 2TV~ Fig. 3, which shows how the similarity of the observed and
For these parameters, the model and observed distributionsmodelled distributions of substorm AL magnitude varies for
of substorm AL magnitude are shown in Fi§y. The obser-  different combinations of andk.
vational data includes both “isolated” and “stormtime” sub-  Considering the 5% significance level, highlighted in the
storms, as defined by TEA. The distribution of modelled sub-figure by the bold curve, the model is able to account for
storm AL magnitudes is shown by the solid red line and thethe observed distribution of substorm AL magnitudes over

www.ann-geophys.net/25/2427/2007/ Ann. Geophys., 25, 2322007



2434 S. K. Morley et al.: Statistical comparison of substorm magnitude

250 ]

%) L ]
& 200 Tanskanen et al. —
3 C 1
é 150 = TEA Criteria I
S _ ]
S q00k e T 27 min grouping B
o - ]
€ - No grouping ]
£ soF 0 | ]
z B E
oL \ e ‘ ]

500 1000 1500

Substorm Magnitude [nT]

Fig. 4. A histogram of substorm magnitude as measured using the IL index by TEA (thick black line) and using the synthetic AL index
derived from the minimal substorm model using the TEA grouping and threshold criteria (solid red line). For comparison the modelled
distributions using a shortened grouping criterion (dark blue dashed line) and no grouping criterion (light blue dotted line) are included. Note
that the x-axis starts at 100 nT.

an approximately linear region ¢&, k} space. This can be wind power input at the time of substorm onset such that
understood from Eq1@). Neglecting the effect of the TEA AL ,; [n'T]~48P (1;) [u Wm~2].
substorm grouping and of overlapping substorms, we have The range of parameterthat gives acceptable fits to the

that: observed distribution of substorm magnitudes at the 5% level
matches the expected range ef<2.3x 1012 TV~1given
AL pi~kS(=1/p) P(t;) + aVmax(Pai (ti =1/ p)) (19)  at the end of SecR.1, based on the bulk of the TEA sub-

storms. Interestingly, an acceptable fit is found even in the
absence of the directly-drived P2 component{=0). How-
ever, the best it is obtained for2.1x 1012 TV~ empha-
sizing the general necessity of a directly-driven component
of AL, for which there is other compelling evidence (e.qg.
(20) Weimer, 1994 Sun et al. 1998. The unloading component
also appears to be essential (ke.0), and so the substorm
cannot be explained by the linear directly-driven process
alone as has been claimeflka@sofy 1981). The range of
acceptablé also includes the value @&=5.2x10"°>m?2 T/J
estimated at the end of Se@t3, but the best fit value of
(marked by a cross) is lower than this estimate. This could
mean that our estimate of the partitioning of unloading en-

where AL,; is the peak value of-AL at the end of the-
substorm expansion phase at timel/p. In the approxima-
tion thatVinax=h P,; (h=constant) andP,; (t;—1/p))=P(t;)
then

k
AL )~ (ha——) P(t;)=dP(t;)
pe

whered=constant. Thus the model will yield the same dis-
tribution of AL,;, with equally good fit to the observed
distribution, for anyf{a, k} satisfying the linear equation
k=sa—ped, wheres=peh. In Fig. 3, we show this line for
s= — 2x10'm?C1, ped= — 8x10°°m?TJ 1, which is

; 121y/—1
a good fit to the 5% plateau f0r:$<a<2.4x1CT. TV™" " ergy (8) is too high, or that the coupling efficiencylg)
The approximation may b? justified as follows: (a) Erom 4is lower than believed. The former is more likely because
superposed epoch analysis of substorms, the IMF is pr‘_afkoskinen and Tanskanef2002 argue thatdes should, if

anything, be higher. Overall, the MSM explains the distribu-

erentially southward at substorm onset which, for a typi-
cal 5nT IMF and a solar wind speed of 400km/s, implies tion of substorm bay magnitudes for reasonable values of

2<P, <8 uWm~2. Plotting Eq. (0) over this range (not andk

shown), we find thatVmax is approximately proportional '

to P, with h~94 kV/SMWI‘n_Z (see end of Sec®.l)and 4.2 Energy input and output

hences= — 2x10°m?C~1. (b) Furthermore, the average

north-south component of the IMF changes relatively little TEA also investigated the relationship between energy in-
during the expansion phase (25% on average) and hence put and energy output over different phases of the substorm.
Py,(t; — 1/p) ~ Py(t;). (c) For these (and most) IMF con- They found that the best linear relationship was between the
ditions, we haveB<60/ F=8.6 nT, and henceé,;=P from energy input over the expansion phase and the energy output
Eqg. 9). Consequently, in this approximation, the two free over the same phase. F and M pointed out that, in the limit
parameters reduce to just one free parameétand the peak that the expansion phase duratier80 min) was short com-
amplitude of a substorm is simply proportional to the solar pared to the substorm recurrence time3f), the empirical
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Fig. 5. Joule heating dissipatior¥,, for modelled substorms as a function of solar wind energy inpiyt, during the expansion phase.
Compare to Fig. 6a ofanskanen et a(2002).

linear relationship was consistent with the assumption of theFinally noting that the solar wind energy input over the ex-
MSM that the total substorm energy loss is defined to be propansion phase is given b;,=Aef fél’ P, (t)dt, we find
portional to the solar wind power input at the time of sub- that

storm onset (see alddorley and Freemar2007).

' Usir_lg the synthetic AL index, we can explore th?s rela- W,= —ak < _Z) WmJF@Wm (24)
tionship further for non-zero expansion phase duration. Us- PAeff e

ing the best fit parameters afandk we integrate both the L : .

solar wind power input?,; and the ionospheric Joule heat- and approximating, (1)=P (t)=P (1;) during the expansion

ing power output derived from the synthetic AL over the ex- phgiel(se(:%_s((;.(zt.ll. OUZSéng theovzza:gues S%E';ated théﬁ;ﬂ
pansion phase of each substorm of the MSM. The expansioﬁ‘n L WeTIn Weh_h. W"a'.Jr .f ng__ F Win, Which is
phase is defined as the time from substorm orwset;] to In agreement W't, the gra |§nt oyn in Fg. ) ,
peak—AL (,=t; — 1/p). Figure5 shows the resulting rela- Thus also the linear relationship found by TEA is consis-
tionship between the modelled energy input and output dur{€Nt With that expected by the MSM and the synthetic AL in-
ing the expansion phase. It shows a linear dependence witf€X- Even though the substorm energy output is assumed by
slope~0.5, similar to the linear relationship found by TEA construction to be proportional to the solar wind power input

but with a slope of~0.3. The energy dissipated by Joule in the MSM, it is worth noting that the linear dependence is

heating can therefore be said to account for about half of sol0t @n obvious consequence. In the MSM, the energy output

lar wind energy input during the substorm expansion phasé]lepej‘ndS on a single point measurement of the solar \_N'nd at

in the model, compared to the 30% reported by TEA for iso- € ime of substorm onset, whereas in Faghe energy in-

lated substorms. This discrepancy could result from an overPUt intégrates measurements over the expansion phase. Thus
estimate of8 or an underestimate afefr. The former is more the Ilnegr dependence also stems from the ang coherence in

likely, as discussed in the previous section. solar wind parameters relative to the expansion phase dura-

The value of the gradient can be understood as follows{1on-

Similar to Eq. (4), the energy dissipated by Joule heating
in the northern hemisphere ionosphere during the expansioﬁ'3 Further work
phase is

eff

. Whilst the MSM is able tq account for.the statistica! c_iistri.bu—
W, = —a / ! AL dt 1) _t|c_:n of substorm_ magnetic bay magnitude and_ vyaltlng tlm.e,
0 it is worth restating the caveat of F and M that it is uncertain
Substituting for AL using Eq.18) and neglecting contribu- to what extent the MSM can predict these variables for indi-
tions from neighbouring substorms, we get vidual substorms. This is because (a) the solar wind power
) ) input driving the minimal model is estimated from single-
W, = ak / P)S(t)dt + aa / Vimax(Pa ()dt  (22) point measurements taken several hundreduRstream of
0 0 the earth and (b) the MSM is inherently non-linear as small
In the approximatioVmax=h Pa; and Py =P (see Secd.])  yncertainties in the driving variables can cause large uncer-
we get tainties in the simulated substorm onset time and magni-
Ip ! tude. Importantly, these are factors that are likely common
W,=ak / P(t;)S(t)dt+aah /
0 0

P
P(ndt (23) to most magnetospheric substorm models and so the question
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