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Abstract. We consider the field-aligned acceleration of en- beams of ions and electrons that are commonly observed on
ergetic ions and electrons which takes place on auroral fielchuroral field lines in planetary magnetospheres.

lines due to their interaction with time-varying density cav-
ities stimulated by the strong oscillating field-aligned cur-
rents of kinetic Alf\en waves. It is shown that when the

field-aligned current density of these waves increases, suc
that the electron drift speed exceeds the electron thermal
speed, ion acoustic perturbations cease to propagate along

the field lines and instead form purely-growing density per-1  |ntroduction
turbations. The rarefactions in these perturbations are found

to grow rapidly to form density cavities, limited by the pres- |t js now well established that charged particles are acceler-
sure Of the bipolar e|eCtl’iC f|eldS Wh|Ch occur W|th|n them ated by a number Of Speciﬁc processes in planetary magneto_
The time scale for growth and decay of the cavities is muchspheres, contributing to the hot plasma populations that they
shorter than the period of the kinetic Ala waves. Ener-  contain, as well as to auroral precipitation and the generation
getic particles traversing these growing and decaying cavitiegf electromagnetic emissions. Such processes include the
will be accelerated by their time-varying field-aligned elec- conversion of magnetic energy in the current sheets down-
tric fields in a process that is modelled as a series of discret@iream from reconnection sites on the magnetopause and in
random perturbations. The evolution of the particle distribu-he magnetic tail, field-aligned acceleration by large-scale
tion function is thus determined by the Fokker-Planck equa-parallel electric fields in regions of strong field-aligned cur-
tion, with an energy diffusion coefficient that is proportional rent, resonant interactions with electromagnetic waves ex-
to the square of the particle charge, but is independent oited in the plasma, and stochastic acceleration due to plasma
the mass and energy. Steady-state solutions for the distribyyrpulence. Regions of particular importance for particle
tion funCtiOI’lS Of the accelerated particles are Obtained fOI‘ th%cce|erati0n are those Containing Strong background f|e|d_
case of an arbitrary energetic particle population incident ongligned electric currents, which map into the auroral iono-
a scattering layer of finite length along the field lines, ShOW'sphere at the Earth. Observations by spacecraft, such as
ing how the reflected and transmitted distributions depenq:reja, FAST, and Polar, at altitudes ranging from 2000 km
on the typical “random walk” energy change of the particlesto 12 000 km, have shown that these regions are character-
within the layer compared to their initial energy. When this jzed by specific features, in particular (a) low background
typical energy change is large compared to the initial energyplasma density such that the conditian, <wg, is satis-

the reflected population is broadly spread in energy aboutied, wheraw,, is the electron plasma frequency angl, the

a mean which is comparable with the initial energy, while gjectron cyclotron frequency, (b) non-isothermal plasma sat-
the transmitted population has the form of a strongly acceler1sfying 7,>T;, as indicated by the existence of ion acoustic
ated field-aligned beam. We suggest that these processes afgves which only propagate under this condition (Jayasree
responsible for the occurrence of accelerated field-alignect 5., 2003), and (c) the presence of kinetic Alfvwaves
with wave vectors nearly perpendicular to the ambient mag-
Correspondence tov. G. Misonova netic field and with small spatial scales across the field, typi-
(vermi@mts-nn.ru) cally ki c¢/wp.~1 (Genot et al., 1999, 2000). Kinetic Alwn
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tended regions containing bi-directional distributions of ac-
celerated ions and electrons have also been observed in the
outer parts of Jupiter's magnetosphere, in this case at ener-
gies from a few 10 s of keV to a few MeV (Lanzerotti et
al., 1993; Staines et al., 1996).

_ In this paper we thus consider the processes that are re-
<> Acceferation sponsible for the field-aligned acceleration of charged par-
region ticles in association with kinetic Alen waves and den-
sity cavities, according to the following scheme. First, the
field-aligned currents that occur in kinetic Aéa waves are
shown to provide conditions for the instability of small-scale
density variations along the magnetic field lines. Develop-
ment of the instability leads to the formation of small-scale
transient density cavities with intense time-varying electric
fields. Charged particle interaction with these cavities then
changes the particle energy, and can provide an effective dif-
fusive acceleration of the particles along the field lines. In

Fig. 1. Sketch of the energetic particle acceleration layer on auro-this paper each of these topics is discussed in turn. In Sect. 2
ral field lines, associated with growing and decaying density cav-it is shown that the field-aligned currents of kinetic Adfv
iies along the field direction that are stimulated by the varying waves can become very large if they propagate nearly per-
field-aligned currents of kinetic Alen waves propagating near- pendicular to the field lines, and that under such circum-
perpendicular to the magnetic fieRly. The latter waves are in-  stances the plasma will become unstable to the formation
dicated by the propagation vector of density cavities which arise out of acoustic perturbations
propagating along the field lines, as sketched in Fig. 1. Fol-
lowing the earlier works of Bespalov and Misonova (2001,
waves are associated with instabilities in regions where fIE|d-2002), in Sect. 3 we then consider the acceleration of Charged
aligned currents vary strongly across the field lines (Ko-particles through their interaction with the time-varying elec-
zlovsky and Lyatsky, 1997; Wu and Seyler, 2003), and haverric fields of such growing and decaying cavities, modelling
been studied intensively, both experimentally and theoretithe interaction as a series of discrete random perturbations
cally (Louarn et al., 1994; Carlson et al., 1998; Chaston etthat can be described by the Fokker-Planck equation. So-
al., 1999, 2003, 2004; Stasiewicz et al., 2000; Wygant efjutions for the particle distribution function are obtained for
al., 2000; Paschmann et al., 2002; Wu and Chao, 2004)he case in which a steady source of particles, ions or elec-
These studies have shown that the kinetic Aifwvaves are  trons, is incident upon a scattering layer of finite width, it
accompanied by spikes in the electric field directed both paryeing shown that the transmitted population forms an accel-
allel and perpendicular to the ambient magnetic field and aserated field-aligned beam under appropriate circumstances.
sociated decreases in plasma density with/n~50% and e thus suggest that these processes are responsible for the
transverse scales of the orderef/w), (Louarnetal., 1994;  accelerated field-aligned populations of ions and electrons
Chaston etal., 1999; Genot et al., 1999; Wu and Chao, 2004)xhich have been observed on auroral field lines in both the
The region on auroral field lines containing kinetic &fv  terrestrial and Jovian magnetospheres.
waves and density cavities with strong electric fields evi-
dently plays a major role in the acceleration of charged parti-
cles. The physical nature of the acceleration processes are @ Formation of density cavities in regions of strong
great importance in magnetosphere physics and have been field-aligned current
intensively studied in the literature (Wu and Chao, 2004;
Genot et al.,, 2004; Chaston et al., 2004). Observations2.1 Field-aligned currents in kinetic Alén waves
e.g. from the Freja and FAST spacecraft, have shown that
electrons and ions are accelerated along the field lines to erFhe essential initial feature of the system proposed here is
ergies of~1-10 keV (e.g. Khotyaintsev et al., 2000; Chas- the existence of large-amplitude kinetic Aéfw waves on
ton et al., 2000; Wygant et al., 2002). The accelerated elechigh-latitude auroral field lines and their associated oscil-
trons form counter-streaming (bi-directional) beams directedating field-aligned electric currents. As we will see in the
almost along the auroral field lines, while the acceleratedsections below, if these currents are of sufficient amplitude,
ions form broader distributions (Chaston et al., 2004). Ev-they lead to the growth of density cavities along the auro-
idence exists that similar wave processes may also operate iral field lines. We thus begin by examining the properties of
Jupiter's middle magnetosphere (Saur et al., 2003), which ikinetic Alfvén waves, and consider a plane sinusoidal wave
connected magnetically to the Jovian main auroral oval. Ex—~ expi (wt—k.r), which propagates at angbewith respect
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to a background magnetic fielB= (0, 0, Bg), such that
k=k (sin6, 0, cost) = (k,, O, k;). The wave fields (indi-
cated in the following by a tilde) are correspondingly given
by E= (Ex, 0, EZ) and B= (O, By, O), related by Fara-
day’s law. The current density in the wave is given in terms
of the wave magnetic field by Anépe’s law,

woj ~curl B, @)

since the displacement current density may be neglecte
when the Alfién speedV, is much less than the speed of
light, as assumed here. The field-aligned current density
is thus given by

(2)

where we note that the component of the current density
is simply related through djj=—i k-j=0. The value ok,

is given by the dispersion relation for kinetic Aéfm waves
(Streltsov and Lotko, 1995; Lysak and Lotko, 1996)

| |

wherevr, is the electron thermal speed, assumed small com
pared withV4, andwp g is the hybrid gyrofrequency equal to
the geometric mean of the ion and electron gyrofrequencie
wp;andwp,, respectively, i.e.

Mojz = _ikxéy s

1+ (kvae/a)BH)z
1+ (ke Va/wpn)?

2 2,2
w kZ Vi,

©)

(4)

Setting k, =k, cotf, Eq. (3) becomes a quadratic equation
for kf for a wave of given angular frequenayand propa-
gation angled. The root of physical interest ha&§20 for

all 6, with |k, | increasing monotonically from zero &0

to infinity at0=x/2. In relation to Eq. (2), this implies that
the field-aligned current density increases monotonically
with 6 for a wave of given magnetic amplitude, such that the

2
Wpy = WB{WRe -

waves of interest here with large field-aligned current den-

2315

line, here we consider acoustic perturbations whose spatial
and temporal scales are both small in comparison with the
kinetic Alfvén wave. In this case we can treat the kinetic
Alfv én wave current density as an effective constant in the
analysis.

The quasi-hydrodynamic equations governing the acoustic
perturbations are as follows (e.g. Dungey, 1958). The conti-
nuity equation is

®)

where p=m;N;+m.N, is the mass density of the
plasma, andu is the centre-of-mass velocity given by
(mj+m.) u=m;v;+m.v.. In these expressions the ion and
electron masses are; andm,, respectively, their number
densities ar&v; andN,, and their individual bulk speeds are
v; andv,. The momentum equation can then be written as

d (pu)
at

where F is the force per unit volume on the plasma, the

dyadic tensor(uu),, =uiu;, p;=e (N;—N,) is the charge

density (assuming singly-charged ions), wheis the mag-

nitude of the electron chargg¢=e (N;v;—N,v,) is the cur-

rent density, and the elements of the mechanical stress tensor

dr)—f—i—div(p u) =0,

+div(puu) =F =—-divS + p,E + j x B, (6)

§ are given by

(Nim; + Nom,) m;m, «
e2N; N, (m; + m.)?

Lk —e(Ni = N)ug][ji — e (N; = Np)up] (78)

where P is the sum of the ion and electron pressures, each
assumed isotropic in their individual rest frames. Assuming
thatm;>me, Nim;>>N,m,, and|j| > |p,u|, we then have
the approximate form that will be used in subsequent calcu-
lations

Sk

Skt = Pé +

ne
e2N,

1~ P8 + JkJi (7b)

sity, are those propagating near-perpendicularly to the back- we now consider one-dimensional acoustic perturbations

ground magnetic field. Of course in practi¢e,| cannot in-
crease indefinitely, but is limited to a value of the order of
~wpe/c (Genotetal., 1999, 2000), whetg,=/e2N /&,m,

is the electron plasma frequency. For large| Eq. (3)
givesk,~w/vr,, such that the corresponding limitation on
the propagation angle is tar (wpevr. /o c). From Eq. (2),
the limiting field-aligned current density for waves of given
amplitude‘éy is then given b){,u(,fz g‘éy’w,,e/c.

2.2 Condition for instability of the field-aligned current
leading to density cavity formation

We now consider the stability of the regions of strong field-
aligned current in the kinetic Al&n waves to the formation

of small-scale density cavities. We note that although the

current densityj. in principle varies along the field lines as
cos(wt—k;z+¢), whereg is the phase on a particular field

www.ann-geophys.net/24/2313/2006/

that vary in thez direction along the background field, with
particle velocity perturbations that occur also only in the
direction. From Egs. (6) and (7) the force per unit volume on
the plasma then only hagzaomponent, given by

(7 ).

0z
where we have used the second approximate form of Eq. (7)
and Gauss’s law (d#=p,/s,) in Eq. (6). We further as-
sume that in the initial stages of development the plasma re-
mains quasi-neutral wittv;~N,=N, such that the electric
field term can be neglected, and thatremains constant at
the valuej, determined by the kinetic Alen wave. We then

()

-2
me -]Z
e2N,

80EZ2
2

~

F )

oN
0z’

me];2 y P

N2 TN ©)
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where we have also assumed that the plasma pressure obegsd

the polytropic law(P/NY) =const in the perturbations. It N 5 5 N7 N2
can be seen that if the current density is small such that thd Y %) 9. (N u?) — V2 | — + ), (14
pressure term dominates, théh and (N /dz) will be of dt 9z 9z \yN)~ N

opposite sign. If we then consider some perturbation of the . g .
; N S where we have again neglected the electric field term in

density away from its initial value, the direction of the force Eq. (14). We have also put

will be away from the peaks of the perturbation, and towards 9 ' P

the troughs, thus returning the plasma to the initial condition.P T NY

If, however, the current density is sufficiently large that the © — “87¢ N

first term dominates in Eq. (9), i.e. if

(15)
5 where subscript ¢” indicates initial unperturbed quanti-
25y e“PN (10) ties, again assuming that the pressure perturbations obey the
‘ me polytropic law(P/N?) =const (noting that Eq. 15 becomes
then F, and (9N /9z) will be of the same sign, such that F=«sTeoN for y=1), and thatl,,>T;,, such that the ion
an initial perturbation will grow, leading to the formation Sound waves are not strongly Landau damped by the ions.
of density cavities in the plasma. The instability condition From Eg. (11) we also have
given in Eq. (10) is essentially such that the electron speed
along the field lines associated with the field-aligned cur-N,Zh =
rentv, should exceed the electron thermal speed For
a given field-aligned current densijy, Eq. (10) can also be  where j, is the current density of the kinetic An wave,
regarded as a condition that the background plasma densifiaken to be essentially a constant on the time scale of the ion

_mel? (16)
Y eZKBTeo ’

is sufficiently low. Using the cold ion approximatidp>T;, sound waves, as indicated above, and

we haveP~N«gT,, wherexp is Boltzmann’s constant, such

that the condition given by Eq. (10) becomés: N,;,, where yipTe,

the threshold density is Vso = m; (17)

me_fzz . (11) is the ion sound (acoustic) speed wher:0 (see later).

y e?cpT, A typical numerically computed solution of Eqgs. (13)
The corresponding condition on the amplitude of the kineticand (14) is shown in Fig. 2. In this case we have taken
Alfv én wave which drives the current is given by Eq. (2)  (Nim/N,) =1.05, such that the instability threshold Eq. (10)
is slightly exceeded, and consider initial density and velocity

2 _
Nth_

’Bﬁ‘ Bch Wpe 2 perturbations given bw (z, 0)/N,=1-0.063 cogrz/d8s)
1o > E = (kx_c) 12) andu, (z, 0)/Vs,=0.001cogrz/3s), such that one wave-

) ) o length of the perturbation corresponds (ty§s) =2. For
We pointed out in Sect. 2.1 above that for kinetic &fv  gemonstration purposes we have also assumed for simplic-
waves of given angular frequenay |k.| monotonically in- vy that =1, corresponding to the isothermal approxima-
creases from zero for field-aligned propagation, to a maxi+jon, though the results are not sensitively dependent on this
mum value of~w),/c for nearly field-perpendicular propa- cpoice (the actual value of is determined by the relation
gation (Genot et al., 1999, 2000). Thus, waves whose aMpetween the characteristic time scale of the process consid-
plitude satisfie%B}Z, >,y P will exceed the threshold field ered and the time scale for heat conduction in the medium).

strengthB,;, if they propagate sufficiently perpendicular to In Figs. 2a and b we show the normalised density and ve-
the magnetic field lines. It can be seen from Eq. (12) thatlocity plotted versugz/$s) at the initial time (blue curves),
instability is favoured in regions of low background plasma and also at normalised timeg;, /85) =0.6 (green), and 0.9
density. In fact, the processes considered here preferentiallffed). It can be seen that the initial negative perturbation in
take place in regions of comparatively rarefied plasma, wherdhe density grows strongly to produce a density cavity on the

Wpe <WBe- order of unit normalised time, associated with modest plasma
velocities away from the cavity centre.
2.3 Time scale for density cavity growth We now examine Egs. (13) and (14) to elucidate this be-

haviour. If we differentiate Eq. (14) with respect p ne-
We now consider the development of the ion acoustic (ionglect the second term on the LHS containiegy and em-

sound Wa.Ve) |nStab|l|ty in .mOI‘e deta” Putt”ﬂ@fN m; in p|oy Eq (13)’ we obtain the fo”owing equatibn governing
Egs. (5) and (6), the one-dimensional continuity and momen+he density

tum equations become ,
32N 3% ( Nv N
v 3 — ~V§, ( + —’h> : (18)

~VE — | ——
4 = = 2 N 2 —
” + 3z (N uy) =0, (13) or s yNY 1 N
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We first consider linear perturbations, and thus write 115
N=N,+N-~. Substituting into Eqg. (18) and retaining linear 1t
terms only, we find the following wave equation

PN~ N \?\ 32N~

——~rV 1-(— —. 19
312 So ( (No) 972 (19)

Assuming plane sinusoidal wavesexpi (wst—ksz), we

thus have the ion sound wave dispersion equation

0z 04 06 0B 1

Nin 2 . , . ,
ws ~ Vgoks [1— N . (20) 4 08 06 04 02

o

,91|n -

It can thus be seen that as the current density in the kinetic

Alfv én wave grows, such that, increases slowly towards 015
N,, the phase speed of the ion sound waves decreases from
Vs, towards zero. More specifically, sinég;, is a slowly-
varying function of time, but is almost independent of posi- neer
tion z along the field lines, the solutions of Eq. (19) are such 0
that the angular frequeneys of a wave decreases with time Ll
as the current increases, while the wave-nuntkeemains Vo
nearly constant. For that part of the kinetic Adfvwave cy-

cle in which N, >N, (as in Fig. 2), however, Eq. (19) then 0I5
implies instability, with purely growing density perturbations ozl
whose growth rate is given by

IR

a1t

025 I I L I L L L L
-1 08 08 04 02 nz 04 0B 08 1

Jf"\n er

Nth 2
¥s & Vsoks -1 (21)
N,

It can be seen that the largest growth rate corresponds to
the largest value ofg, or equivalently, the smallest wave- 1
length. Prior to instability, it can be seen from Eq. (20) that
the largest value ofg corresponds to the maximum angu- osr
lar frequencywg of the ion sound waves, which is limited to E,
ws<wp; in the linear regime, where,; is the ion plasma E,,
frequency ¢pi=+/e¢2N /e,m;). The limit on the wave vector os)
is thus given by

Wi
ks < P

(22)

V. 15 T . .
So % 08 06 04 02

02 04 06 08 1
which also limits the growth rate given by Eq. (21), since as
we have just indicated, the value lgf remains constant dur-
ing the evolution of the wave as the current density changes
The time scale for growth of the density cavities near

threshold can be estimated directly from Eq. ('18). Wg firstre initial conditions arev (z. 0)/N,=1-0.063 cos(wz/85) and
assume thawv,, grows only sIowI)_/ compared with the time 1 (z, 0)/Vs,=0.001cosrz/85). Each parameter is plotted ver-
scale for growth of the perturbations, such that we may putsys(;/s) at three times, corresponding s, /8s) equal to zero
N &~ N,. Then writingd/dt—1/ts andd/dz—1/3s, where  (blue lines), 0.6 (green), and 0.9 (red). The plots sk@ythe nor-
3s is the spatial scale of the perturbations along the field asnalised plasma densitV/N,), (b) the normalised plasma veloc-
in Fig. 2, and retaining only the dominant second term on theity (#;/Vs,), and(c) the normalised electric fieltE;/E,,), where

0
&5

Fig. 2. Formation of a density cavity as determined by numerical
integration of Eqgs. (13) and (14), wittiV,;, /N,) =1.05 andy =1.

RHS of Eq. (18) forN <N,,, we obtain E.o= <mi V§0/2€35>- The latter parameter has been determined
N 8 from Eq. (28) with the neglect of the first (time-derivative) term on

TR —— . (23) the RHS, and where the last term on the RHS becomes logarithmic
No Vso wheny=1.

This approximation is in accord with the results of numerical
investigations, such as those shown in Fig. 2. Again, Eq. (23)

www.ann-geophys.net/24/2313/2006/ Ann. Geophys., 24, 23378-2006
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implies that the fastest growing perturbations are those withcavity ~e¢ E,85 can be by a significant factor, depending on
the shortest scale lengtlig along the field. From Eq. (22) the depth of the density depression in the cavity.

this is limited by The ultimate depth of the density cavity is limited by the
1 v growth of the electric field pressure term in Egs. (6) and (8),
8s ~ . > 250 , (24) as earlier neglected. From Eq. (6), cavity growth ceases when
N Wpi -
.. 80E? N mej2
giving > g 2N, j”_n , (29)
N 1

Ty > AP (25) whereN, i, is the equilibrium electron density within the
o @pi cavity. Settingd/dz—1/8s in Eq. (28) and retaining only

The growth of the density cavities is eventually terminated bythe leading (first) term in the potential gradient we find

the growth of the electric field term in Eq. (6), which has been V2 /N2

neglected above in Egs. (14) and (18). The electric field can|g | ~ —S2 (_0> ) (30)

be determined by consideration of the electron fluid equa- 2e8s \ Ne

tions equivalent to Egs. (5) and (6). For one-dimensionaISubstitutmg Eq. (30) into Eq. (29), and using Eq. (16) for
perturbations along the field, the momentum equation is with N,,~N, near threshold then yields

v v P
m,N, (8_:z ¥ e 86’1) = —eN,E, — 5 ¢ (26) M ~ 1— Vso 23 ~ 1‘ _Vezo i (31)
Z < N, 2 \ Sswp; 2 \Sswpe .

where is the electron bulk velocity along the field, . o
Vez y 9 The minimum electron density is thus about one-halivgf

B _ Y av—1 - L .
and the electron pressure B=kpT, (Ne /No ) (Or " for the minimum cavity size given by Eq. (24), and decreases
Pe=kpTeoN, for y=1) similarly to Eq. (15) above. We also  for cavities of larger size as;~/°. Neglect of the electric
recall that the current carried by the electrons along the fieldie|d pressure in Eq. (14), as assumed earlier in this section,

lines associated with the kinetic An waves is constant on s thus a valid approximation for densities somewhat larger
the time scale of the acoustic instability, so that the continu-than, this in the cavity-formation process.

ity condition becomeg, =—eN.v..~const. Employing this The results derived in this section thus show that the field-

in the second term on the LHS, we have aligned currents of kinetic Alfen waves of sufficient ampli-
e _ VRN, _ _ me2aN, tude propagating nearly perpendicular. to _the mfa_gnetic field

MeVez 5, = ~MeN, 5 = ~2N3 oz 27) can provide the conditions for a density instability to take

place in the plasma. This instability then leads to the for-
mation of small-scale density cavities along the field lines,
where we have used Eq. (16), assuming tNat~N, near ~ Which possess strong field-aligned electric fields. Charged
the threshold of instability, and also Eq. (17). Substituting particles which pass through these cavities then undergo

Eq. (27) and the expression féy into Eq. (26) then gives changes in energy that can lead to significant overall accel-
erations of the particles along the field lines. Examination of

these energy changes is the goal of next section of the paper.

2 2 2
~ YiBTe 8 (No\S _ iV, 0 (N,
2 09z \ N, - 2 0z \ N, ’

Me 0Ve;

E,=———
¢ e Ot

miv3 o (N2 2 (NP o o .
—— 20 2] 4+ — , (28) 3 Energetic particle interaction with time-varying den-
2 9z \\Ne v =D AN sity cavities

where we note that the second term on the RHS effectively,
corresponds to the gradient of the scalar potential of the elec="
tric field. The electric field corresponding to the numeri-
cally computed solution in Fig. 2a is shown in Fig. 2c. Here
the electric field has been normalised(to; V2 /2ess), the
first term on the RHS of Eq. (28) has been neglected, an
the second term within the bracket on the RHS become
2log(N./N,) wheny=1, as assumed in this case. It can
be seen that the electric field is bipolar in form, accelerating
the electrons on entry to the cavity, and decelerating them o
exit. Since Eg. (16) at the threshold of instability,~N,
impliesm; V2 ~m,vZ,,, wherev,., is the unperturbed elec- 22

tron bulk velocity associated with the field-aligned current, it §¢ = ¢ / E; (z, t(2)) dz, (32)
can also be seen that the change in the electron energy in the

1 Energetic particle interaction with an individual density
cavity

We now consider the interaction of high-energy particles
ith the density cavities analysed in Sect. 2, and the nature
f the accelerated distributions thereby produced. In this sub-
ection we first estimate the change in the particle kinetic en-
ergy along the field lineés which occurs when such a parti-
cle interacts with one growing cavity as the current rises. In
rbeneral this is given by

<1
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wheregq is the particle charge (positive or negativé), is particle interactions with a set of cavities along the magnetic
given by Eq. (28)t (z) is determined by the particle equation field lines, as illustrated schematically in Fig. 1. As we have
of motion, and the integral is taken over the density cavity shown in Sect. 2, the time scale for growth of individual cav-
in the direction of particle motion. Here we consider par- ities (Eg. 23) is much shorter than the period of the kinetic
ticles whose speed along the field lines is much larger tharAlfv én waves, and the time scale for their subsequent decay
those in the background plasma, such thean be taken to is probably comparable. Considering, therefore, that ener-
be constant in the integral. In this case integration of the secgetic particles can interact with either growing or decaying
ond (spatial gradient) term in Eq. (28) over the whole cavity cavities when the field-aligned current exceeds the threshold,
clearly goes to zero, such that the only term in the electricwe assume that the change in particle kinetic energy which
field to produce a net effect is the first, involving the partial occurs in the interaction with one cavity4sSe or —§e with
time derivative of the electron bulk velocity. Thus, the ac- equal probability, depending on whether the density cavities
celeration process discussed here requires time-dependenaye growing or decaying and the direction of particle motion
of the cavities produced through the time-varying currentsalong the field. As above, we assume that the particles’ en-
of the kinetic Alfven waves, and will not occur for quasi- ergye significantly exceeds the change in energy in a single
steady cavities driven by quasi-steady currents. Substitutingavity interaction, such thats>3s. We also assume that the
the time-derivative term from Eq. (28) into Eq. (32), and writ- velocity of the cavities can be neglected, and that the length
ing 9/0t—1/tg then yields of the density cavities along the fieldls, is much less than

the distance between themh, such that the particles can be
, (33) taken to experience a series of discrete random perturbations.

In this case the interaction of the particles with the density
where the sign oBe depends on the sign of the charge cavities can be described by the Fokker-Planck equation. For
and the direction of the energetic particle motion across thesimplicity we restrict our attention to the steady-state case
cavity. For a growing cavity in which the current-carrying only, such that the Fokker-Planck equation can be written as
electron speed increases as the density falls, the electric field
given by the first term in Eq. (28) is in the same direction as&% - o <D€g> , (35)
the field-aligned current, accelerating energetic electrons thatvz| 9z de de
move across the layer in same sense as the current-caryingnere 1 is the particle distribution function, and
electrons, and retarding those moving in the opposite direc-
tion. For ions, the sense is reversed. For decaying cavities,, (3¢ d¢) (36)
for which the electric field is directed opposite to the field- ~° — 2d
aligned current, the opposite_signs are a_ppropriate. S_ettingsthe energy diffusion coefficient. From Eg. (34) this may be
v~ (N,/N,) ve, from the continuity equation and substitut- estimated as
ing from Eq. (24) forrg then yields

~ :I:M meds Ve
Ts

de

2mem; V3 N, \*
gl No\? o~ (5) =5 \(%) ) (37)
de =~ —mg |Vezo| Vso | — e 2d N,

e N,

lq] N\ 2 independent of the particle energy, where the angle bracket
~ 4+ q 2 o .. T ..
~ 7«/memi Vso N, indicates an average over the ensemble of density cavities.

e . . . .

- ilé]l L i (N, 2 5y 'tl)'gwrilt?érnog:cmg the spatial variabfe=D,.z, Eq. (35) can
P \W,) 59

L . o af* 021~

which is expected to be comparable with the kinetic energy -7 = 7 >
. : . 0& oe

associated with the bulk motion of the plasma electrons, and

significantly smaller than the energy of the particle consid-where f™ and f~ are the distribution functions for particles

ered. We note that the magnitude of these energy exchangesoving in the positive and negatiyalirections, respectively.

are independent of the mass and sign of charge of the eneontinuity ate=0 then requires that

getic particles, assuming singly-charged particles, and also

(38)

of their energy. [ leco= o (39a)
3.2 Determination of the energetic particle distribution and
function f~ aft
BL = _8L . (39b)
& &
Having estimated the change in energetic particle kinetic en- e=0 ¢=0

ergy along the field which occurs in the interaction with a sin- We further assume that the density cavities are confined to a
gle density cavity§e, we now consider the result of random layer of lengthZ along the field lines in the region<G <L,
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or equivalently &&<h, whereh=D,.L, and that magneto- 1 7 , , L &2
spheric particles with distribution functiofj (¢) are inci- = JE / de' (fo (') + 8" (¢')) exp %) (443)
dent on the layer a§=0. Steady-state solutions as deter- 0

mined here are then appropriate, provided that the inciden(&nd
distribution is essentially unchanging on the time scale re-

quired for particles to pass through the scattering layer. It is 1 x &2
readily shown that a solution of Eq. (38) fgr" (¢, ¢) is —/ds’ ¢ g (¢)exp| ———
iy w ut q. (38) fgr (&, ) i (h_s)g/zo 8 ( ) p( 4(h—§)>
a (e —¢)
e &= /exp(——/) , (40) 1 7 o2
JE—E& 4¢E —¢&) — @/‘de/e/ (fa(S/)—ng(S/))eXp(_E)’ (44b)
valid for any values of the constanisé’, ande’. Fore’>0 0

it is evident that this represents a steady-state solution in , . . : _
) . . - which are the equations from whigit andg~ may be de-
which a source of mono-energetic particles of initial energy . .
termined for giveny,.

o o R L
e=e’ moving in the+£ direction is present &§=¢', and The calculations of*+ andg~ are somewhat lengthy, such

spreads increasingly in energy with increasing distance fro : . ) :
the source fof =&, It is also evident that for’ <0, the solu- rTIhat the details are given in Sect. Al of the Appendix. The

tion in Eq. (40) goes to zero at all energieg att’. Here we results are

require a solution of Eq. (38) in whicfi™ reduces tof, (¢) ® [l / 2 .2

até = 0, and hence take gt (e) = E /da’ Lg(a) exp i (45)
T (8/2 _ 82) 4h

1 r —¢)? °
e &= 2J7E |:(/ de’ f, (¢') exp<—%> and
0

00 N2 _ 1 T , , g2 — g2
(oo m sl
0

o , cos ee c [ee! +sin gg’ S [eg’ (46)
where the first integral on the RHS givés(e) at£=0, and o o o o )

the second, containing an arbitrary function of enesgye),

gives zero in this limit. The latter function represents parti- given by Egs. (A12b) and (A19b), respectively, where the
cles moving in the positivé direction that have undergone fynctionsC (z) and$ (z) are the cosine and sine Fresnel in-
previous reflections. As can be seen from Eq. (41), Eq. (40) igegrals defined by Eq. (A18). The general solution of our
the Green function for the diffusion equation obeyedfdy.  proplem for an arbitrary incident particle distribution is thus
Similarly, for the diffusion equation obeyed by~ (Eq. 38), given by Egs. (41) and (43), taken together with Egs. (45)

the corresponding solution is and (46).
b (e — 8/)2 To determine the distribution functions of the particles that
(e &) = —= exp(—/—) , (42) are transmitted throughyt (¢)) and reflected fromfz (¢))
NG 4 -8 the layer, we thus substitute Eqgs. (45) and (46) into Eqs. (41)

valid for £ <&’. In this case, the required solutions are thoseand (43), respectively. The details of the calculations are

for which f~=0 até=h, since we assume for simplicity that given in Sect. A2 of the Appendix, with the results
no flux moving in the—¢ direction is incident on the layer fre)=ft(e £=h)

from the regiore >h. We therefore set 00 5
de’ f, (¢') | ex (e —#) erf e’
e lolE) |\ &Pl =, 2h

1
e+ 8’)2 [ [ee’

[ (& &) sz
1 [ (e +)°
= d - 743
N L/ e'g (8)exp< 4(h—é)>i| (43) oo

for some arbitrary function of energy™ (¢). If we now ap-

O\

—_

ply the boundary conditions at=0 given by Egs. (39a) and and
(39b) we find fR (8) — f— (8, é— — O)

I V2 [ Ve (24 e?)
Wf des <8)9Xp<‘m> T Y ey e )
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given by Egs. (A25b) and (A29b). The functions e#f and f(e)/fo
erfi (z) are the error function and the error function of imag-  *°
inary argument, respectively, defined by Eq. (A24).

To illustrate these results we choose for simplicity an ini-
tial distribution functionf, (¢) in which the parallel energy o1
of the particles is mono-energetic at eneggyi.e.

Jo (&) = foeod (e — &) . (49)
Substituting Eq. (49) into Egs. (47) and (48), the transmitted -
and reflected distribution functions can be written as 00001 o
2 /.2 kW
fT (8) = l ( 80 )exp _8_0 8_2 + 1 0.00: .| .. 10 100 10006/60
fo v 2m \N2h 4h \ &2
f(€)/fo
x | ex 8—33 erf( S [ £ B
P\2nz NS
2
ES € & I
+exp|—22= ] erfi (—” —) , 50 01
. ( h 80) V2hY\ & ) ( )
and 0.01

0.001

si 2 2
fR (6) _ EL eXp(—E—O (8_2 + 1)) . (51) 0.0001

o 4 (i_g T 1) 4h \ &2
From Egs. (50) and (51) it can thus be seen that the form oo 0oL 01 L 10 100 100"
of the parallel energy distribution, relative to the initial en- ¢y,
ergy ¢,, depends on the dimensionless raii@h/s,, where 10

as abovéi=D, L=(8¢)? L/2d. The interpretation of this pa-
rameter becomes clear if we consider that the “random walk”
change in parallel energy of the particle aftecavity in- i !
teractions isAe~/n 8¢. For a particle traversing the scat-
tering layer of widthL with cavities separated by distance [ h
d along the field, as above, the number of interactions is -
n~L/d, so that a measure of the change in particle energy oo
is Ae~/L/d 8¢=+/2h. Thus, parametey/2h/¢, is the ra-
tio of the typical energy change due to cavity interactions
for particles traversing the layer, compared with the initial .
energy. Some results are shown in Fig. 3, where we plot oo 001 01 1 10 100 1000
the normalised distribution fur!ctlons of .transm|tted (solid Fig. 3. Plots of the normalised field-aligned distribution functions
lines) r?md reflected (dashed lines) part.|cles ver@,@o) of energetic particles transmitted through (solid line) and reflected
for various values ofv/2i/e,. The vertical dotted lines  from (dashed line) a layer of transient plasma cavities. The in-
show the parallel energy of the incident particlegs,) =1.  cident population is assumed mono-energetic at initial enesgy
In Fig. 3a we show results for a “thin” layer in which and the normalised distribution function is plotted agai@agt,),
Ae/e,=+/2h/e,=0.3. The transmitted distribution takes the with the initial energy being marked by the vertical dotted line.
form of a beam which is somewhat spread about the initialPlot (a) is for a “thin” layer in which the typical change in parti-
energy, with “tails” that extend to higher and lower ener- cle energy is small compared with the initial energy, specifically for
gies. The reflected distribution is relatively weak and broadly v 2/¢0=0.3. Plot (b) is for a layer of intermediate thickness in
spread at low energies. Results for an intermediate laye}'Nich the typical change in particle energy is comparable with the
with Ae/=+/2h/¢,=1 are shown in Fig. 3b. The distribu- Initial energy, specifically fo@/gf’:l' Plot(c) is for a "thick
tions have now broadened in energy, and the flux of reﬂ(_:‘C,[(?;Ig‘yer in WhICh _th_g typical change_ in particle energy is large com-
- L . . ared with the initial energy, specifically faf2h /e,=100.
particles has significantly increased. In Fig. 3c we then sho
results for a “thick” layer withAe/¢,=+/2h /¢,=100. Here
the reflected distribution peaks ne@avys,) ~1, but is very
broadly spread in energy. The transmitted distribution is also

[

0.0001 ¢

€/eo
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broadly spread, but peaks near+/2h, such that it forms a  with the scattering layer, Eq. (57) provides a measure of the
broad and strongly accelerated particle beam along the fieldnisotropy of the particle distribution along and across the
lines. The number of cavity interactions required to producefield. This ratio increases in proportion to the square root of
these distributions is readily estimated from the above arguthe width of the layel., and in direct proportion to the typ-

2
ment asn~ («/Zh/so) (¢,/8¢)%. If we take, for example,
8e/e,~0.1, thenn is approximately~10, ~100 and~10°

ical energy exchange with a single cavity. The latter is
proportional to the modulus of the particle charge (Eq. 34),
but otherwise depends only on the properties of the cavities

for Ae/e,=+/2h/e,=0.3, 1,and 100 in Figs. 3a, b, and ¢, re- themselves. Thus, singly-charged ions and electrons are ac-

spectively. Rough estimates indicate that values up16°

celerated along the field to the same energies as each other

may be realistic in the terrestrial magnetosphere, with eveRyjithin the acceleration layer.

larger values being possible at Jupiter and Saturn.

For the reflected distribution we substitute Eq. (51) into

We finally calculate the average parallel energy of the par-gq, (52) and reverse the order of integration to find

ticles in the transmitted and reflected distributions for the

“thick” layer case, for whichAe/g,=+/2h/&,>>1, whereg,

is the average energy of the incident population. In general,

the average energy is given by

Jefdd  [eY?fde
[fd3 — [eY2fde’

§= (52)

From Eq. (47) the transmitted distribution can be written as

1 (2 +¢7)
Jr(e) = T O/dE Jo (€)eXP(—T>

(exp(i—i) erf (\/g) +exp(—i—z/> erfi (Jg)) ,
(53)

where for small argument

ex ee’ erf ee! + ex —88/ erfi ee’
P\ 2n 2h P\ V 2n
N 4 Jeg’
TV

Substituting Eq. (54) into Eq. (53) we thus find

(54)

2

2 e 12
fr (&) ~ g exp(—jh) / de' Ve f, (') exp(—zh), (55)

0

and so substituting into Eq. (52) we have

- Zode e exp(—%) _ Zﬁ
7

Er A
[ de exp(—%)
0

(56)

which is thus in conformity with the simple “random walk”

gds/ Ve f, (¢) ({ de (szis/z) exp(— & ZthE’ )>>

ER =

(58)

gdg/ \/57]00 (&) ({ de (52_3_-5/2) eXp<_ (Ezzhg/z)>)

Fore'?/4h<1 we then have

]od £ ex —(82+8/2) ~}In ﬂ
¢ (e2+ &) P 4h ) g2
0
and
o0
1 (e2+¢?) p
/ds (82 +¢7?) exp(— ah 2
0

so that substituting into Eq. (58) we have

ER X

{ds’ Ve'f, (¢') In (j—';)

B

I ACH)
de N

o —3

[as' Vo1, (€)

1 (4h 5, (4
~ = |n(_—2) 0<>O—%8—0|n<_—2> . (59)
T £ [ de’ L& T €
) ae e

The average energy of the reflected population is thus gener-
ally of the same order as the energy of the initial distribution.

4 Discussion and summary

In this paper we have shown how charged particles can

estimateAs~+/2h made above within a factor of order unity. pe significantly accelerated along magnetic field lines due

Settingh=D, L=(8¢)? L/2d in Eq. (56) thus yields

ETN 2 |Lde
5% VrxVds,’

(57)

to their interaction with transient density cavities that are
formed in regions of strong varying field-aligned currents
associated with kinetic Alfén waves. It has been shown
that if the field-aligned currents associated with these waves

wherede is given by Eq. (34). Since the field-perpendicular become sufficiently large, such that the electron drift along

energy of the particles remainse, during the interaction

Ann. Geophys., 24, 2312329 2006
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plasma becomes unstable to the formation of density cavarated by distance along the field lines (wherd>>és).

ities. For kinetic Alfi\en waves of a given amplitude, the General expressions for the distributions of the transmitted
field-aligned current density increases monotonically withand reflected particles have been derived (Egs. 50 and 51),
the angle of propagation relative to the background field, scand have been illustrated for the case of a mono-energetic
that the instability will generally be associated with waves particle source. The typical change in energy of a parti-
propagating nearly perpendicular to the background field. ltcle traversing the layer is given by the “random walk” for-
has been shown that as the field-aligned current density imula Ae~+/L/d 8¢, and the nature of the results depends
the wave increases towards the threshold, the phase speet whether this is large or small compared with the initial
of ion sound waves propagating along the field direction de-energy of the particles,. WhenAes<¢,, the transmitted dis-
creases towards zero. When the instability threshold is extribution is weakly-scattered about the initial energy, and the
ceeded, however, these waves become purely growing demeflected population is weak and broadly-spread at low ener-
sity perturbations along the field, the rarefactions of whichgies. WhenAe>>¢,, however, the transmitted population is
develop rapidly into density cavities. The initial time scale strongly accelerated along the field to peak at an energy of
for cavity growth is comparable t&/ Vs, (Eq. 23), where  ~Ag, which thus increases as the square root of the length
35 is the perturbation scale length along the field lines andL of the scattering layer and in proportion to the change in
Vs, is the sound speed for zero field-aligned current densityparallel energysde| for the interaction with an individual cav-
and is thus shortest for the smallest cavities along the fieldity. We recall that the latter is proportional to the particle
However,dg is limited to ~Vs,/w,i, Wherew,,; is the ion  charge, but otherwise depends only on the cavity properties
plasma frequency, so the minimum time scale is limited to(Eq. 33), such that singly-charged ions and electrons are ac-
ww;il (Eq. 25). The cavities have an associated parallel eleceelerated along the field to the same energies. Under these
tric field which is approximately bipolar in form (Eqg. 28), circumstances, then, the transmitted particles form a highly
and such that the current-carrying electrons are accelerateghisotropic field-aligned beam along the field lines. The re-
along the field as they enter the cavity and retarded as thejlected particles are also broadly spread in energy, but have an
leave. The existence of such cavities on auroral field lines hasaverage energy which is comparable with the initial energy.
been reported, for example, in data from the FAST spacecrafOf course, the geometry of the calculation presented here is
(Carlson et al., 1998; Chaston et al., 1999). The growth of thesimplistic. If the initial population corresponds to magneto-
cavities is eventually limited by the pressure of this electric spheric particles incident on the top of a scattering layer, as
field, such that the density depletion is limited to a factor of illustrated in Fig. 1, then the transmitted population is that
about one-half for cavities with the minimum scale length of which emerges underneath, directed towards the ionosphere,
~Vso/w,i, the depletion factor then decreasing8§§/3 for which then contributes to the auroral particle precipitation.
larger spatial scales (Eq. 31). However, the particles that are mirrored by the strongly in-

. . : S ._creasing magnetic field underneath the layer will then pass
We then considered the interaction of individual energetlcb(,ick through the layer and be further accelerated along the

particles with these cavities. Clearly, the “electrostatic” elec'field emerging into the magnetosphere as a strongly field-
tric field as_somated with the cavities pro duces no net eﬁe.CtaIigned beam. We suggest that such particles correspond to
on the particle energy, such that there is no net acceleratio

the field-aligned beams of accelerated particles that are com-
if such particles interact with quasi-steady cavities formed 9 P

. : monly observed on auroral field lines in planetary magneto-
in regions of strong but steady currents. However, WhenSpheres
the cavity properties are changing with time, a net acceler- We note that while for simplicity the present work has

ation is found to be present which is proportional to the ratebeen based on analytic solutions of a simplified Fokker-

Planck equation, important results on related problems have

4 . . Been obtained by other authors using numerical methods
energetic particle energy, depending upon whether the cavi;

i . d . d on the direction in whi h(e.g., Isliker et al., 2000, 2001; Arzner et al., 2006). In future
I€S are growing or decaying, and on the direction In WhICh o1 \ve intend to employ such methods to extend the study

the energetic particles traverse the cavities. The change 'Bresented here to cases where a Fokker-Planck approach is
energy is proportional to the charge of the energetic particlehot applicable, and to non-steady situations

butd|s Ilndtependent of |ts”ma:fs a}[m; eger%)g such that both ions In summary, therefore, the results obtained in the present
and electrons are equally affected (Eq. 33). study are as follows. We have

Overall, these interactions can be treated as a series of (a) shown that the strong field-aligned currents associated
discrete random perturbations that can be described by theith kinetic Alfvén waves can stimulate the formation of
Fokker-Planck equation (Egs. 35 and 37). Appropriate solu-density cavities on auroral field lines;
tions have been derived for the case in which a steady source (b) evaluated the main characteristics of the varying den-
of particles is incident upon a scattering layer of length  sity cavities, namely their characteristic time scale, their spa-
along the field, within which the parallel energy of the par- tial scale along the field lines, the electric field that occurs
ticles is changed randomly b¥ée at discrete events sep- within them, and the limiting depletion within the cavities;
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(c) determined the change in energy that takes place whefield-aligned electric currents, that is the existence of density
an energetic ion or electron interacts with an individual cavities with strong electric fields in association with kinetic
time-varying cavity; Alfv én waves (Louarn et al., 1994; Chaston et al., 1999), and

(d) solved the Fokker-Planck equation for the steady-statéhe correlation of the latter phenomena with accelerated par-
distribution functions of energetic particles interacting with ticle fluxes (Wu and Chao, 2004; Genot et al., 2004). How-
an ensemble of growing and decaying cavities within a layerever, existing data do not as yet permit a detailed compari-
of finite length along the field lines, and have shown thatson to be undertaken of the actual characteristics of density
under appropriate circumstances the transmitted populatiocavities and accelerated particle fluxes with analytical results
will form a field-aligned beam. such as those derived here. The physical nature of transient

We finally emphasise that the model of auroral field- density cavities and their role in the formation of accelerated
aligned particle acceleration proposed here conforms withelectron and ion fluxes in real magnetospheric conditions is
the principal features observed in regions containing stronga topic of continuing interest for future studies.

Appendix A

Al Determination of the functions™ (¢) andg™ (s)

In this Appendix we determine the functiop$ (¢) andg™ (¢) in terms of £, (&) from the boundary conditions at=0 given
by Eq. (44) which we reproduce here as

1 /O<O B 8/2 1 ® , 8/2
——— | dé'g (d)exp(——) = —/de (fo(e) +g* (8/))exp(——>, (Ala)
— 4(h —
V(h E)O (h—§) J?O 4
and
1 i ! — !/ 8/2 1 i /AN / —+ / 8/2
—(h_s)?’/z/ds ¢ & () e 50— ) - W/de ¢ (o) = (D) e~ 5 ) (ALb)
0 0
To do this, we first write
fo (&) = e gt (e) =gt e dz~ () = g~ et A2
fole)=fo(e)expl -7 ). & () =g  (e)exp| — | . andg™ () =g~ (e)exp| — -] . (A2)
so that Eq. (A1) becomes
1 r ) om— (] 8/2§ . 1 i / ~ I ~+ ( 8/2 (h—f)
N O/de 3 (s)exp<——4h(h_§)> = —EO/ds (fo (¢) + & (e)) ex|0<——4hg : (A3a)
and
1 i [ARAPE N OV 5/25 1 r I 3 / st (o 5/2(1”_%‘)
(h_g)3/2'/d8 g g~ (¢') exp “ma-5) " @fds € (fo (e)—g* (e )) exp| ——4 |- (A3b)
0 0

We now use the integral expressions

2 o0
exp(—Z—ﬁ) = %\/g/dx exp(—ﬂxz) cos(ax) (Ada)
0

and
o exp _O‘_Z —ﬂ\/E /Oodxxexp(—ﬂx2> sin(ax) (A4D)
a8 ) ~ V% ’
0
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and settingr=¢’, B=h& /(h—§&), andx=¢/2h, we find

g2 (h—§) £k £’
exp( ah 4¢_ - s/ S Ty °°S<E) (A%2)

and

, 2h-6\ 1 &2 ] £2% o'
£ exp(— ahE = a7 0 5)3/2 /de gexp T s sin ( Zh) (A5b)
0

Substituting these into the RHS of Eq. (A3) and reversing the order of integration yields

2 [ ()5 ) p(—%)

0

I S [ e o'e
= 4@@-0/&9 EXp( = $)> (! de (¢ )) COS(Zh))’ (A6a)
and
1 T ;. ~ , 5 , 2 h—
qn [ 4 () 5" <8>>exp<‘%f)>
0
1 i 82%' v -, ~ gle
= —4@(}’_5)3/2/5188 eXp(——%(h_g)) (/ (fu (8)—g+( ))sm<2h> da) (A6b)
0 0

If we then substitute these expressions into the RHS of Eq. (A3), and compare the integrands with those on the LHS, we find
the two relations

5= 1 i l 3 l = / ee’

g (&) = e 0/ de (fo (&) +&* (e )) cos(z) (A7a)
and

— 1 r N T4

8 (8) = m J de (f() (8 ) — g+ ({;‘ )) Sin <E> . (A?b)

Subtracting these expressions gives

Zodg/ gt () <sin (82—2/) + COS(Z/)) = Zda’ fo (€) (sin(i—i) — cos(%)) ) (A8)

We now use the identities (e.g. Gradshteyn and Ryzhik, 1980, their Eq. 3.751)

o) () = 5 [ ()

and

o) () 5 ] ()
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and substituting into Eq. (A8), reversing the order of integration, and comparing integrands, gives

O]Ode/ Ve'gt (e )sm(i) O/ds Ve'f, (e )cos< 2‘;) (A10)

Thus, the Fourier sine transform ofe’g* (s’) is equal to minus the Fourier cosine transform/f £, (s’). Performing the
inverse sine transform gives

* (o) = _Wlﬁ :de sin(%) ( 7 de' T T (¢ )cos,(zz’)) (A11)

0
Reversing the order of integration, and integrating over the trigonometric functions we finally find

- &e fo ( )
+ /
€ =2 O/ “ Ty (A12a)
or using Eq. (A2)
, Ve fo (¢') g% —¢”
gt (e) = - /d ( /2_82) exp o . (A12b)

0
To determinez~ (¢) we add together Egs. (A7a) and (A7b) to find

g (&)= % (st’ (fo (&) (cos(i—i) + sm(j)) +g" (¢) <cos<82—2/> - &n(i—i)))) . (A13)

In the second integral we write (e.g. Gradshteyn and Ryzhik, 1980, their Eq. 3.691)

({5 -o0(5)) =42 [ 0. oo

and also introducmg Eqg. (Al2a) and rearranging the order of integration yields
de’ cos ee’ sin ee’
8 f— —
84/— g 2n 2h
o o
1 / - / H " & COS ZXW)
nz—\/gfdg \/;fo(g)(/.dxan( )(/dS o2 _ //2)
0 0
r 2hx?
hf/de o (e (/ dx sin (Tx> (sin(z«/Zx) —exp(—zﬁx))) . (A15)
0
Now (e.g. Gradshteyn and Ryzhik, 1980, their Eq. 3.691)

Jor o (5t - 5 (o 5) (/) (5 ()

2
Z—; (cos(i—i) C (@) +sin<2—i> S( Z—Z)) , (A17)
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whereC (z) andS (z) are the cosine and sine Fresnel integrals defined by

V4 V4
2 2
C (2) z,/—/dt cos 2 andS (z) z,/—/dt sin 12 (A18)
T T
0 0

Substituting Eqgs. (A16) and (A17) into Eg. (A15), and the latter into Eq. (A13) then yields

(o) = 2\/_ (/ds fole )(C°S<%> C(@)ntsm(zi) S( %))) , (A19a)

or using Eq. (A2) we have finally

_ 1 r , , g2 —¢”? ee’ e’ ee’ ge’
g (&)= EWET (/ds fo (€ exp( 7 ) (cos<z> C(,/ Zh) +sm(2h) S( Z))) . (A19b)
0

A2 Determination of the transmitted and reflected distribution functions

We now wish to use the results of Sect. Al to calculate the distribution functions of the particles which are transmitted through
and reflected by the diffusive layer. From Eq. (41) the transmitted distribution function is

2 X /

et _ & ’ 3 ! _2
fre)=f e §=h= 2¢—€><|O< ) fds (fo( )exp(2h>+g (¢ )exp< 2h>> (A20)

0
Then substituting fog* (e) from Eq. (Al12a) and reversing the order of integration we have
o0 o0 o0
/ ~+ &€ / /7 / " “/? _88” A21
/ds gt (e )exp< 2h> - /da Ve fo (€) (/da o) exp( o >) . (A21)
0 0 0

We now use (e.g. Gradshteyn and Ryzhik, 1980, their Eq. 3.896)

" ® 2
exp(—?h ) = ,/% fdx exp(—%) cos( s”x) , (A22)
0

substitute into Eq. (A21) and rearrange the order of integration to find

7ds’g e )exp< ) \/E/ds Vel fi (¢ (/dx exp( ) (]Ods” CZOS i)_)))
_ \/% ng/ o (€)) (Zodx exp(—é—f) (sin(2ve') —exp(zﬁx)))
_ / & 1, () (em(_;_j) er (ﬁ) o5 ( et (f))) (n23)

where erf(z) is the error function, and erft) is the error function of imaginary argument (&tfi =erf(iz)/i), given by

Z Z
erf(z) = %/dt exp(—t2> and erfiiz) = %fdt exp<t2>. (A24)
0 0
Substituting Eq. (A23) into Eq. (A20) then gives the transmitted distribution function as

1 2 ® l / . /
fr(e) = mexp( Zh) fds fo (e )(exp(‘;l) erf (@) + ex p( 822) erfi ( %)) (A25a)
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or using Eq. (A2)

n2 ; n2 ;
fr(e) = 2«/_ /ds fo (exp(—%) erf <\/%> +exp(—%) erfi ( %)) (A25b)

Similarly, from Eq. (43) the reflected distribution function is

B 1 g2 r P ge’
frRE)=f (e, E=0) = T exp<—E> /da g (&) exp(—i) ) (A26)
0

Substituting from Eq. (A7a) and reversing the order of integration, we find

Zode/g (¢ )exp( 8;:) 4«/_/ fo(e)+38t (e )) (Zods exp(—%) 005(8;:))

i f o ()+g<))
Zfo (2 +¢7?) '

(A27)

We now substitute Eq. (A12a) f@grt (¢) and reverse the order of integration to find

[ / §+(5/) _2 T , Xy N " o

0/d8 (€2+8’2) - ; /dé‘ \/&‘_fo (8) (O/dé‘ (82"‘8”2) (8/2—8”2))
— 2 i /\/?f" 8/) i " 77 1 1
3 O/dg (2 +¢7?) (of de” ve <(€2+8//2) + (8/2—5”2)))

G \/?_
_!dgm<7 1). (A28)

Substituting Eq. (A28) into Eqg. (A27), and then into Eq. (A26) we thus find the reflected distribution function to be given by

V2 £ Vee fo (¢)
fr(e) = —exp( 4h> fda ( +8/2) , (A29a)
or using Eq. (A2)
V2 [ e () (% +¢%)
fr (S)ZE /da 2 +c?) exp| — 7 . (A29D)
0
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