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Abstract. This paper deals with the spatial structure of zero
azimuthal wave number ULF oscillations in a 1-D inhomo-
geneous multi-component plasma when a finite ion gyrofre-
quency is taken into account. Such oscillations may occur in
the terrestrial magnetosphere as Pc1-3 waves or in the mag-
netosphere of the planet Mercury. The wave field was found
to have a sharp peak on some magnetic surfaces, an analogy
of the Alfvén (field line) resonance in one-fluid MHD theory.
The resonance can only take place for waves with frequen-
cies in the intervalsω<ωch or �0<ω<ωcp, whereωch and
ωcp are heavy and light ions gyrofrequencies, and�0 is a
kind of hybrid frequency. Contrary to ordinary Alfvén res-
onance, the wave resonance under consideration takes place
even at the zero azimuthal wave number. The radial com-
ponent of the wave electric field has a pole-type singularity,
while the azimuthal component is finite but has a branching
point singularity on the resonance surface. The later singu-
larity can disappear at some frequencies. In the region adja-
cent to the resonant surface the mode is standing across the
magnetic shells.

Keywords. Magnetospheric physics (MHD waves and in-
stabilities; Planetary magnetospheres) – Space plasma
physics (kinetic and MHD theory)

1 Introduction

This paper is devoted to the study of resonant excitation of ul-
tra low frequency (ULF) waves in an inhomogeneous multi-
component plasma. Alfv́en resonances, also called field line
resonances, are one of the key physical processes in the mag-
netosphere of the Earth (Tamao, 1965; Hasegawa and Chen,
1974; Southwood, 1974) and other planets (Khurana, 1993;
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Glassmeier et al., 1999, 2004; Othmer et al., 1999). Treat-
ment of this phenomenon in a one-dimensional inhomoge-
neous model of the magnetosphere, using a one-fluid MHD
plasma model, is as follows. A fast magnetosonic (FMS)
wave propagates into the inhomogeneous magnetosphere and
reflects from a particular magnetic surface. The superposi-
tion of ingoing and outgoing waves forms a standing wave
pattern in the FMS transparent region. However, part of
the FMS energy penetrates through this boundary (resem-
bling the tunneling effect in quantum mechanics) and ex-
cites the Alfv́en wave close to a surface, where the wave fre-
quency equals the local Alfvén frequency�=vAk‖, where
vA=B/

√
4πρ is the Alfvén velocity,B the equilibrium mag-

netic field, andρ the background plasma density. The az-
imuthal and radial components of the wave electric field ex-
hibits a logarithmic or pole-type singularity at the resonance
surface, respectively. All of the FMS wave energy is ab-
sorbed near this Alfv́en resonance surface. A more detailed
theoretical analysis indicates that axisymmetric oscillations
with azimuthal wave numbersm=0 cannot experience this
Alfv én resonance.

However, this standard theoretical treatment of the Alfvén
resonance, based on a one-fluid MHD plasma model, as-
sumes the wave frequencyω to be infinitely small compared
to the thermal ion gyrofrequencyωci . If the ratioω/ωci is
finite, the resonant excitation of Alfvén waves via coupling
to FMS waves is possible even for the special casem=0 (e.g.
Leonovich et al., 1983; Timofeev, 1992; Glassmeier et al.,
2003). This is due to the fact that at finite gyrofrequencies
and assuming a vanishing electric field along the background
magnetic field, the MHD wave dispersion relation becomes
(e.g. Swanson, 1989, Eq. 2.16):

(
ω2

c2
ε⊥ − k2

‖

)(
ω2

c2
ε⊥ − k2

‖
− k2

⊥

)
=
ω4

c4
η2 , (1)
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wherek‖, andk⊥ are the wave vector components parallel
and transverse to the ambient magnetic field,ε⊥ is the diag-
onal element of the dielectric tensor, andη its off-diagonal
element proportional to the ratioω/ωci . The effect of heavy
ions on ULF waves has been recently studied by Kim and
Lee (2004).

In the terrestrial magnetosphere, finiteω/ωci effects can
be important for Pc1-2 or Pi1 pulsations, especially if the
magnetosphere is enriched with heavy (oxygen) ions, as may
occur during substorm activity. These effects can also play
an essential role in ULF wave phenomena in other magne-
tospheres. Indeed, in Mariner 10 data, Russell (1989) found
magnetic pulsations in the magnetosphere of the planet Mer-
cury with a period of about 2 s. This period is only a bit larger
than the cyclotron period of hydrogen ions and less than the
cyclotron period of sodium ions, which are abundant in this
magnetosphere (Ip, 1986; Cheng et al., 1987; Killen and Ip,
1999). Othmer et al. (1999) interpreted the micropulsation
observed by Russell (1989) as the analog of a field line reso-
nance in the multi-component plasma of the Hermean mag-
netosphere.

The aim of this paper is to study in detail the spatial struc-
ture of ULF waves with a zero azimuthal wave number in
a one-dimensional inhomogeneous, multi-component space
plasma with a finite ratioω/ωci . In Sect. 2 we derive the
governing wave equations while in Sect. 3 we suggest a pos-
sible solution in the WKB-approximation. Section 4 is de-
voted to a more detailed study of resonance conditions in
multi-component plasmas. The main results of our study are
presented in Sect. 5.

2 The wave equation

We investigate a box model of the magnetosphere where field
lines are straight and parallel. The model is one-dimensional
and inhomogeneous, all equilibrium parameters depend only
on one coordinate,x, imitating the radial coordinate in the
magnetosphere. The coordinatey is directed in the azimuthal
direction, while thez coordinate is directed along the am-
bient magnetic field lines. A cold plasma is assumed, that
is the plasma pressure is zero. The plasma is composed of
electrons, light ions (protons), and heavy ions.

From Maxwell equations we obtain the equation for the
electric fieldE of the wave with frequencyω:

ω2

c2
ε̂E = ∇ × ∇ × E, (2)

where the dielectric tensor elements

ε̂ =

 ε⊥ −iη 0
iη ε⊥ 0
0 0 ε‖



in the ULF range (ω�ωce) become (e.g. Glassmeier et al.,
2003):

ε‖ = −∞,

ε⊥ =

∑
i

ω2
pi

ω2
ci − ω2

,

η =
ω2
pe

ωωce
−

∑
i

ωci

ω

ω2
pi

ω2
ci − ω2

.

Hereωp andωc are the plasma and cyclotron frequencies of
electrons (index “e”) and ions (index “i”), respectively. The
infinite value of the dielectric tensor longitudinal element im-
plies a vanishingly small value for the longitudinal electric
field component of the wave. Note that in cases where the
wave frequency is much lower than the gyrofrequency of any
ion fraction the dielectric tensor transverse elements take the
form

ε⊥ =
c2

v2
A

, η =

∑
i

ω

ωci

c2

v2
iA

,

whereviA=B/
√

4πρi is the Alfvén velocity determined by
theith ion component.

We assume that the tensor elementsε⊥ andη depend only
on the radial coordinatex. The wave field is assumed to vary
in they andz directions aseikyy+ikzz, whereky is the analog
of the azimuthal wave numberm for the box model.

With these definitions we obtain from Eq. (2):

c2

ω2
(ε⊥Ex − iηEy) = iky

(
dEy

dx
− ikyEx

)
+ k2

zEx, (3)

c2

ω2
(iηEx + ε⊥Ey) =

d

dx

(
ikyEx −

dEy

dx

)
+ k2

zEy . (4)

Let us designate

K =
ω2

c2
ε⊥ − k2

z .

In the ω�ωci range, this value takes the form
K=(ω/vA)

2
−k2

z . Outside the Earth’s plasmapause,K
is increasing with distance from the Earth because the
Alfv én velocity is a monotonically decreasing function
of x. We will suppose the same behavior ofK in our
multi-component model, that isK ′>0, where the prime
denotes differentiation with respect tox. Moreover, we will
assume that it becomes constant forx→±∞.

ExpressingEx from Eq. (3) and substituting it into Eq. (4),
we yield the equation for the azimuthal component of the
electric field:

E′′
y − k2

y

ω2

c2

ε′
⊥
E′
y

K(K − k2
y)

+

[
K − k2

y −
ω4

c4

η2

K
−

ky
ω4

c4

ηε′
⊥

K(K − k2
y)

+ ky
ω2

c2

η′

K

]
Ey = 0. (5)
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Fig. 1. The wave vector radial component squared,k2
x .

In a homogeneous plasma this equation reduces to the dis-
persion relation (1). Forω�ωci , Eq. (5) reduces to Eq. (2)
from Southwood (1974).

For axisymmetric oscillations withky=0 Eq. (5) reduces
to

E′′
y +

[
K −

ω4

c4

η2

K

]
Ey = 0. (6)

It is this equation that we would like to discuss here. It was
already discussed in a more general way by Glassmeier et
al. (2003). Note that for the special caseη=0 it reduces to
the box model analog of Dungey’s (1954) decoupled toroidal
electric field equation.

The electric field radial component is expressed through
the azimuthal component as

Ex =
ω2

c2

iηEy

K
. (7)

As a boundary condition we use the boundedness of the
functionEy asx→±∞.

3 The structure of the wave field

Equation (6) can be solved within the WKB approximation.
Let us designate

U = K(x)−
ω4

c4

η2(x)

K(x)
.

Then the radial component of the wave vector is determined
by the equality

kx =
√
U. (8)

The variation ofk2
x with x is schematically displayed in

Fig. 1.
Near the pointsx0, x1, andx2 the WKB approximation

cannot be used askx approaches infinity at the singular turn-
ing pointx0 and becomes zero at the regular turning points
x1,2. Transparent regions are determined by the condition

Fig. 2. The regions where the solutions of the wave equation have
been determined.

k2
x>0. They are located between the pointsx1 andx0 as well

as atx>x2.
We now introduce intersecting regions I-VII with respect

to the radial coordinate (Fig. 2). Regions I, III, V, VII are
located far enough away from the turning points where the
WKB ansatz is applicable. In regions II, IV, VI it is possible
to use the linear expansion of the functionK(x). With this
assumption Eq. (6) reduces to an Airy differential equation
in regions II and VI. These regions intersect with regions I,
III and V, VII, respectively. In region IV, left (right) from
the pointx0, Eq. (6) is reduced to a Bessel differential equa-
tion (modified Bessel equation) of the 1st order. This region
intersects with regions III and V.

Matching solutions in the intersecting regions, we find the
full solution of the original differential equation. The only
undetermined parameter is the constanta, representing the
wave amplitude of theEy component. We shall present solu-
tions only in regions II-VI, omitting intermediate mathemat-
ical details in the Appendix. For region II we find:

Ey = a Ai

(
x1 − x

λ1

)
. (9)

In region III we have:

Ey =
a

√
kx

(U ′

1)
1/6

√
π

sin

[∫ x

x1

kx(x
′)dx′

+
iπ

4

]
. (10)

The solution in region IV forx<x0 yields

Ey = −a(U ′

1)
1/6√x0 − x

[
cosϕ · J1

(
2

√
x0 − x

λ0

)
+ sinϕ · Y1

(
2

√
x0 − x

λ0

)]
, (11)

while in the same region, but forx>x0 we have:

Ey = a(U ′

1)
1/6√x − x0

[
e−iϕ · I1

(
2

√
x0 − x

λ0

)
+

2

π
sinϕ · K1

(
2

√
x0 − x

λ0

)]
. (12)

The region V solution reads:

Ey =
1

√
|kx |

a
√
π
(U ′

1)
1/6
[

1

2
exp

(
−iϕ +

∫ x

x0

|kx |dx
′

)
+ sinϕ exp

(
−

∫ x

x0

|kx |dx
′

)]
. (13)
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And finally for region VI we obtain:

Ey = a

(
U ′

1

U ′

2

)1/6 [
2 sinϕe−ψAi

(
x2 − x

λ2

)
+

1

2
eψ−iϕBi

(
x2 − x

λ2

)]
. (14)

The following definitions and abbreviations have been used
in the above expressions: Ai and Bi are Airy func-
tions, J1 and Y1 denote Bessel functions, while I1 and
K1 are modified Bessel functions,U ′

1,2 are the deriva-
tives dU/dx taken at the pointsx1, x2 (both are posi-
tive), K ′

0≡dU(x0)/dx, λ1,2=(U
′

1,2)
−1/3, λ0=c

4K ′

0/ω
4η2,

ϕ=
∫ x0
x1
kxdx, andψ=

∫ x2
x0

|kx |dx.
Let us discuss the principal conclusions following from

this solution. First of all, is there an analogy to the Alfvén
resonance of MHD theory in this solution, that is, does the
solution contain a singularity of the wave field? To answer
this question, let us write the asymptotic of the expression
(11) near the pointx0 (in the regionx<x0), where the func-
tionK(ω, x) goes to zero:

Ey ' a

√
λ0

π
(U ′

1)
1/6

[
sinϕ ·

(
1 + 2

x0 − x

λ0

× ln

√
x0 − x

λ0

)
+O

(
x0 − x

λ0

)]
. (15)

We see that the wave amplitude is finite near this point, but
has a branching-point singularity. This behavior is strikingly
different from the corresponding behavior for the ordinary
Alfv én resonance, where theEy component is infinite, ex-
hibiting the logarithmic singularity on the resonance surface.
However, as is seen from Eq. (7), the radial component of the
electric field has a pole-type singularity

Ex ∝ (x0 − x)−1 (16)

because the denominatorK can be expressed as
K'K ′

0(x−x0). This resembles the ordinary Alfvén
resonance case.

But there are further differences. Note the factor sinϕ in
Eq. (15). It means that under the condition∫ x0

x1

kxdx = πn, (17)

wheren is integer, this branching singularity disappears. Be-
cause all the valuesx1, x0, kx depend onω, Eq. (17) repre-
sents a kind of a quantization condition for the frequencyω.
If this condition is satisfied, the leading term in expression
(15) becomesx0−x; this terms cancels out in Eq. (7), and
the pole-type singularity (16) disappears, too.

Yet another interesting feature can be found when we con-
sider the time-averaged Poynting flux (e.g. Landau and Lif-
shitz, 1960)

〈S〉 =
c

8π
Re[E × b∗

] (18)

through the resonance surface (hereb is magnetic field of
the oscillation, asterisk means the complex conjugate). As is
well known in the MHD case, the vector〈S〉 is directed to-
ward the resonant surface atx>x0, and it is zero atx<x0,
that is energy flows toward the resonance from the side
of the FMS transparent region and is completely absorbed
at this surface. In our case, taking thex-component of
Eq. (18), expressing the magnetic field from the equation
(iω/c)b=∇×E, and expressing the electric field near the
resonance from Eqs. (11, 12), we find that

〈Sx〉 = 0

atx<x0, and

〈Sx〉 = −
c2a2

8π2ω
(U ′

1)
1/3 sin2 ϕ

atx>x0. It resembles the situation in the MHD case, with an
important difference: when sinϕ=0, that is condition (17) is
satisfied, the Poynting flux throughx0 is zero, that is absorp-
tion of energy is absent. Of course, it is not unexpected, be-
cause there is no resonance in this case, as we already know.

Then, it follows from Eq. (10) that the wave is standing
across magnetic shells in the transparent regionx1<x<x0.
This is a rather unexpected behavior because the transparent
region is bounded with regular and singular turning points. It
is important to note that this standing wave pattern appears
at any wave frequency, and thus is it not associated with
any quantization condition of the frequencyω or any other
value. In theω/ωci=0 case an oscillatory structure arises
when the field line curvature (Leonovich and Mazur, 1993;
Klimushkin, 1998) or the magnetic field shear (Klimushkin
and Mager, 2004) are taken into account, but in these cases
the wave is travelling rather than standing across magnetic
shells.

As can be seen from Eq. (14), the asymptotic behavior of
theEy component in the region(x−x2)/λ2�1, that is in the
transparent regionx>x2 immediately adjacent to the point
x2, is described by the expression

Ey '
a

√
π

(
U ′

1

U ′

2

)1/6(
λ2

x − x2

)1/4

×

[
2e−ψ sinϕ sin

(∫ x

x2

kxdx
′
+
π

4

)
+

1

2
eψ−iϕ cos

(∫ x

x2

kxdx
′
+
π

4

)]
. (19)

This describes the superposition of two standing waves with
very different (e−2ψ times) amplitudes. It also can be rep-
resented as a superposition of a wave traveling towards the
point x2 and a wave reflected there. The amplitude of the
outgoing wave is a bit smaller than that of the ingoing wave,
due to absorption of part of the wave energy at the resonance
point. This is not an unusual behavior, and it also charac-
terizes the wave field structure in a one-fluid MHD approx-
imation. There is an essential difference, however: when
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sinϕ=0, that is, at the very condition (17) leading to the dis-
appearance of the singularities (15) and (16), the first (small
amplitude) standing wave disappears, which means that in-
going and outgoing waves have the same amplitudes. In this
case, no absorption of energy into the resonance occurs.

From an observational point of view it is interesting to
know the change in the polarization of the wave field as a
function of position. For the special caseky=0 one can eas-
ily derive the following expression for the electric field po-
larization from Eq. (7):

Ex

Ey
=
ω2

c2

iη

K
. (20)

A nonzero and finite value of this ratio implies an elliptic
polarization, while the casesEx/Ey=0 andEx/Ey→∞ de-
scribe linear polarization. Thus, at the resonance surface
x=x0 the wave exhibits a linear polarization, because at this
positionK=0. The sign of the polarization changes across
this surface, which corresponds to a change in the phase of
the wave by 180◦. Again, the same behavior is a property
of the MHD Alfvén resonance (Hasegawa and Chen, 1974;
Southwood, 1974). But there are some important differences.
In the present case the change in the sign of the ratioEx/Ey
is not connected with the change in the sign of the deriva-
tive dEy/dx, as inω/ωci=0 case. Another difference is the
dependence ofEx/Ey on theky value in the MHD case.

4 Resonance frequencies in a multi-component plasma

Othmer et al. (1999) have discussed in detail resonance prob-
lems in a multi-component plasma. They proposed that reso-
nant mode coupling should preferentially occur at the cross-
over frequency

�2
CR =

(
1 +

nh

np

)−1

·

(
ω2
ch +

nh

np
ω2
cp

)
, (21)

determined by the condition

η(ω = �CR) = 0. (22)

Heren denotes the number density and indicesp andh stand
for light ions (protons) and heavy ions.

For this special case the dielectric tensor is a purely diago-
nal tensor much as in the MHD case. Thus, at the cross-over
frequency�CR there exists a strictly guided mode similar
to the MHD Alfvén mode. Coupling into this mode should
be very effective, as the energy coupled into this mode is not
re-radiated away from the resonant magnetic shell due to off-
angle energy transport.

Here, we can also discuss such resonant mode coupling
effects using the theoretical framework outlined above. Let
us consider the resonance condition

K(ω, x) ≡
ω2

c2
ε⊥(ω, x)− k2

z = 0. (23)

And let� be a solution of this equation. The position of the
resonance surface is determined as a solution of the equa-
tionω=�(x) with respect to the radial coordinate. The wave
vector can be decomposed into a transverse and longitudinal
component,k⊥ and k‖, respectively withk2

=k2
⊥
+k2

‖
(here

k2
⊥
≡k2

x+k
2
y , k‖≡kz). In addition to condition (23), we re-

quire the longitudinal propagation conditionk2
‖
≥0, as for

k2
‖
<0 the wave structure along the ambient magnetic field

would be evanescent. Note that, although near the resonance
pointk⊥�k‖, the value of the wave vector’s transverse com-
ponentk⊥ does not enter into the resonance conditionK=0.
Furthermore, the valueη, the off-diagonal components of the
dielectric tensor, does not enter into the condition (23).

Defining a longitudinal refraction indexN2
‖
=k2

‖
c2/ω2 we

can study the dependence of this refraction index on the wave
frequency. For a plasma with two ion fractions, protons (in-
dexp) and heavy ions (indexh), the expression for the lon-
gitudinal refraction index becomes

N2
‖

=
ω2
pp

ω2
cp −�2

+
ω2
ph

ω2
ch −�2

. (24)

The dependenceN2
‖
(�) is shown in Fig. 3 and indicates that

N2
‖
→−∞, if �→ωch, andN2

‖
→+∞, if �→ωcp. In the

frequency interval between the light and heavy ion gyrofre-
quencies there is a frequency�0, which corresponds to the
valueN2

‖
=0. It equals

�2
0 =

(
1 +

nh

np

mp

mh

)−1

·

(
ω2
ch +

nh

np

mp

mh
ω2
cp

)
,

wherenh,p are concentrations of heavy and light ions, and
mh,p are their masses. As seen from Fig. 3,N2

‖
>0 only if

�<ωch or �0<�<ωcp. Thus, resonance only occurs for
waves with frequencies lying in these two allowed intervals.
Waves in the first interval are usual ion-cyclotron waves,
which become Alfv́en waves in the limitω/ωch→0. As for
the waves in the second range, they do not have an analogy
in an electron-proton plasma. The smaller the fraction is of
heavy ionsnh/np, the closer the parallel cutoff frequency�0
to the heavy ion gyrofrequency, and the narrower the forbid-
den rangeωch<�<�0. In the limitnh/np→0, both allowed
intervals are merged.

For the Hermean magnetosphere, according to estimates
by Ip (1986) and Cheng et al. (1987), the sodium ions are
abundant with 0.1<nNa/np<1 andmNa/mH=23; hence,
the first term in this expression is only slightly different from
unity. Note that the frequency of the pulsation registered by
Mariner 10 in the Hermean magnetosphere (Russell, 1989)
falls into the second range. As Othmer et al. (1999) argued
that the cross-over frequency is a preferred frequency for res-
onant mode coupling, we need to compare both, the cross-
over frequency�CR and the parallel cutoff frequency�0.
For Hermean conditions 0.1<nNa/np<1 andmNa/mH=23
the cross-over frequency is always larger than the parallel

www.ann-geophys.net/24/1077/2006/ Ann. Geophys., 24, 1077–1084, 2006



1082 D. Klimushkin et al.: Alfv́en resonance withm=0 in a multi-component plasma atω∼ωc

Fig. 3. The longitudinal refraction index as a function of wave fre-
quency.

cutoff frequency. Thus, identification of�CR as a preferred
frequency for resonant mode coupling is not contradicted by
our present results.

The terrestrial magnetosphere is enriched with oxygen
ions during substorms. According to Wedeken et al. (1984),
nO/np ∼ 1/15, which implies�0∼0.1ωcp. Near the geo-
magnetic equator, the proton gyrofrequency can be estimated
asωcp∼0.2 s−1, that is, some Pc3 pulsations (periods from
10 to 45 s) fall into the second interval,�0<�<ωcp, that is
the range where one accounts for the finite gyrofrequency
effects.

5 Conclusions

This work is concerned with the axisymmetric ULF os-
cillations in a one- dimensional, inhomogeneous, multi-
component plasma with a finite ratio of wave frequency and
ion gyrofrequency. Such conditions will occur in the mag-
netosphere of Mercury, and in the terrestrial magnetosphere,
if it is enriched with oxygen ions due to substorm activity.
Even in the case ofky=0, this finite ratio leads to a wave res-
onance that, to some extent, resembles the classical Alfvén
resonance. The following picture emerges from our study: a
wave propagating across magnetic field lines in the inhomo-
geneous plasma reflects at some boundary. The superposition
of ingoing and outgoing waves forms a standing wave, but
part of the energy percolates deeper into the magnetosphere
and excites a mode sharply localized near the resonance sur-
face at the special positionx0, determined by the relation
(ω2/c2)ε⊥(x0)−k

2
‖
=0. As in the case of the classical Alfvén

resonance, the radial component of the wave electric field
exhibits a singularityEx∝(x−x0)

−1. The resonantly gener-
ated wave acts back on the generating wave, resulting in a
small difference between the ingoing and outgoing waves’
amplitudes, that is part of the wave energy is absorbed in the
resonance surface.

However, there are many differences between the reso-
nance in theky 6=0, ω/ωci=0 case, on the one hand, and the
ky=0, ω/ωci 6=0 case, on the other hand. In the former case,

that is in the ordinary or classical Alfvén resonance, the az-
imuthal component of the electric field has a logarithmic sin-
gularity and infinite,Ey∝ ln (x−x0), while in the latter case
the azimuthal component is finite on the resonance surface,
but has a branching point singularity.

Moreover, for certain frequencies defined by Eq. (17) these
singularities inEy andEx can disappear. Then, the reso-
nance surface is immediately adjacent to the mode transpar-
ent region, where the wave vector radial component squared
is positive. The wave is standing across magnetic shells in
this region. There is no analogy of this transparent region
in the model with straight parallel field lines in the case
ω/ωci=0, where the very notion of the wave vector radial
component is applicable only in the fast magnetosonic mode
localization region.

Detailed consideration of the resonance condition shows
that resonance can occur for only waves with frequencies in
the rangesω<ωch or �0<ω<ωcp, whereωch andωcp are
gyrofrequencies of heavy and light ions, and�0 is a hybrid
frequency. Waves in the first interval are an analogy of ion-
cyclotron waves which convert into Alfvén waves in the limit
ω/ωch→0. Waves in the second interval do not have analo-
gies in the electron-proton plasma. The Hermean pulsation
event identified by Russell (1989) and some Pc3 pulsations
in the terrestrial magnetosphere fall into this range.

The box-model considered in the present paper is cer-
tainly oversimplified, as planetary magnetospheres are es-
sentially inhomogeneous along magnetic field lines. As for
the ordinary field-line resonance, the influence of the paral-
lel inhomogeneity was studied by, for example, Southwood
and Kivelson (1986), Chen and Cowley (1989), Leonovich
and Mazur (1989, 1993), and Fedorov et al. (1995). The
general result is that the wave field global structure quali-
tatively is the same as in the 1-D inhomogeneous case, at
least for small azimuthal wave numbers (for highm numbers,
see Leonovich and Mazur, 1993). As for multi-component
plasmas, essential differences can be expected due to gy-
rofrequency changes along the field line, so moving along a
field line we must intersect a point whereω=ωc, at least for
sodium ions. This can lead to changes in the parallel cutoff
frequency�0 along the field line; in particular, points with
�0=0 and�0→∞ can appear. A more detailed discussion
of this effect is the subject of future work.

Appendix A

Some details of the WKB solution

Here we present some details of the solution of Eq. (6).
First, we consider the region II, where this equation takes

the form

E′′
y + U ′

1 · (x − x1)Ey = 0.
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Its general solution is

Ey = a1
IIAi(ξ)+ a2

IIBi(ξ),

where ξ=−(x − x1)/λ1 and a1,2
II are indefinite constants.

The first term, Ai, is exponentially decaying to the left of the
pointx1, while the second one grows. The region II gradually
transforms into the region I without any reflecting surfaces.
So, the solution Bi does not satisfy the boundary conditions
|Ey(x→±∞)<∞|, and, consequently,a2

II=0. So, we ob-
tain the solution (9), wherea ≡ a1

II=0. Its asymptotic in the
intersection with the region III is

Ey =
a

√
π
ξ−1/4 sin

(
2

3
ξ2/3

+
π

4

)
. (A1)

The general solution in the region III is

Ey =
1

√
kx

(
a1
III expi

∫ x

x1

kxdx
′
+ a2

IIIC.C.

)
.

To match with Eq. (9), we note that atx'x1 k
2
x'U

′

1·(x−x1).
Correlating it with Eq. (A1) we find

a
1,2
III = ±

a
√
π

1

2i
e±iπ/4(2K ′

1)
1/6

and finally yield Eq. (10). In the intersection with region IV,
wherek2

x=−[λ0(x−x0)]
−1, the asymptotic is

Ey = [λ0(x − x0)]
1/4
(
a1
III e

iϕ−2i
√

−ζ

+ a2
III e

−iϕ+2i
√

−ζ
)
, (A2)

whereζ=(x−x0)/λ0 andϕ=
∫ x0
x1
kxdx.

In region IV, the equation takes the form

E′′
y −

Ey

λ0(x − x0)
= 0.

Its general solution atx<x0 is

Ey =
√

−ζ · [a1−

IV · J1(2
√

−ζ )+ a2−

IV · Y1(2
√

−ζ )].

The asymptotic at−ζ�1 is

Ey = −a1−

IV ζ −
1

π
a2−

IV (1 + 2ζ ln
√

−ζ ), (A3)

and at−ζ�1 the asymptotic is

Ey =
1

√
π
(−ζ )1/4

[
a1−

IV cos

(
2
√

−ζ −
3π

4

)
+ a2−

IV sin

(
2
√

−ζ −
3π

4

)]
. (A4)

The general solution in the region IV atx>x0 is

Ey =
√

−ζ [a1+

IV · I1(2
√
ζ )+ a2+

IV · K1(2
√
ζ )].

The asymptotic atζ�1 is

Ey = a1+

IV ζ +
1

2
a2+

IV (1 + 2ζ ln
√
ζ ), (A5)

and atζ � 1 the asymptotic is

Ey =
1

2
(ζ )1/4

[
1

√
π
a1+

IV e
2
√
ζ

+
√
πa2+

IV e
−2

√
ζ

]
. (A6)

The expressions (A3) and (A5) must be analytical contin-
uations of each other. The relation between the coefficients
with + and− upper indices can be established from the in-
denting thex=x0 singularity. It should be bypassed in the up-
per half-plane of thex-variable, which corresponds to small
absorption of the energy. It gives us relations

a1+

IV +
iπ

2
a2+

IV = −a1−

IV , a
2+

IV = −
2

π
a2−

IV .

Then, we compare Eq. (A4) with Eq. (A2) and find

a1−

IV = −a
√
λ0(U

′

1)
1/6 cosϕ,

a2−

IV = −a
√
λ0(U

′

1)
1/6 sinϕ,

and immediately yield Eqs. (11, 12).
In region V the solution of the Eq. (6) takes the form

Ey =
1

√
|kx |

[
a1
V exp

∫ x

x0

|kx |dx
′

+ a2
V exp(−

∫ x

x0

|kx |dx
′)

]
.

At x'x0 (in the intersection with region IV)
|kx |

2
=1/[λ0(x−x0)]. Correlating with Eq. (A6) after

some algebra we obtain the expressions for the coefficients
a

1,2
V and finally the solution Eq. (13). On the other hand,

near the pointx2, where|kx |
2
'U ′

2·(x−x2) the asymptotic is

Ey = [2K ′

2(x2 − x)]1/4 ·

[
a1
V exp

(
ψ +

2

3
θ3/2

)
+ a2

V exp

(
−ψ −

2

3
θ3/2

)]
, (A7)

whereθ=(x−x2)/λ2, ψ=
∫ x2
x0

|kx |dx.
Finally, we consider region VI, where Eq. (6) takes the

form

E′′
y + U ′

2 · (x − x2)Ey = 0.

Its general solution is

Ey = a1
V IAi(−θ)+ a2

V IBi(−θ).

Its asymptotic in the intersection with region V has the same
form as Eq. (A7) with the coefficients

a1
V I = 2a

(
U ′

1

U ′

2

)1/6

e−ψ sinϕ,

a2
V I =

a

2

(
U ′

1

U ′

2

)1/6

eψ−iϕ .

So, we have obtained the full solution in the WKB-
approximation.
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