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Abstract. For many lakes the nonlinear transfer of en- Key words. Oceanography: general (limnology; numerical
ergy from basin-scale internal waves to short-period motionsmodeling) — Oceanography: physical (internal and inertial
such as solitary internal waves (SIW) and wave trains, theirwaves)

successive interaction with lake boundaries, as well as over-
turning and breaking are important mechanisms for an en-

hanced mixing of the turbule_nt benthic bounda_ry Iayer: In1 Introduction
the present paper, the evolution of plane SIWs in a variable

depth channel, typical of a lake of variable depth, is consid-yterna| waves play an important role in water dynamics of

ered, with the basis being the Reynolds equations. The Vel atified lakes. They intensify the momentum and energy

tical fluid stratification, wave amplitudes z_ind bottom param-gansport, enhance the turbulence and water mixing through
eters are taken close to those observed in Lake Constancege water column, and in turn, facilitate the ventilation of

typical mountain lake. The problem is solved numerically. 5 thermocline, as well as energize the vertical diffusion of
Three different scenarios of a wave evolution over Va.”a.bIerygen, nitratE, hydrogen sulfide and other chemical ele-

bottom topography are examined. It is found that the ba-ments between near-surface and near-bottom waters (Eckert
sic parameter controlling the mechanism of wave evolutionet al., 2000). The last process has a very important influ-
is the ratio of the wave amplitude to the distance from theence on the environment and biological productivity of lakes
metalimnion to the bottond. At sites with a gentle sloping  and prevents many ecological disasters (Vinni et al., 2000).
bottom, wheres is small, propagating (weak or strong) inter- This is why internal waves in lakes have been studied exten-
nal waves adjust to the local ambient conditions and preservgjyely over the past century and their description has received
their form. No secondary waves or wave trains arise duringconsiderable attention in the literature (for detailed reviews
wave propagation from the deep part to the shallow water. see, for instance, Hutter, 1984a, b, 1986; Grimshaw, 1986;
If the amplitude of the propagating waves is comparableStocker and Hutter, 1987).
with the distance between the metalimnion and the top of the |t is a common belief, that the energy influx to the lakes’
underwater obstacleq ~ 1), nonlinear dispersion plays a depth is supplied by wind acting on the free surface. It drives
key role. A wave approaching the bottom feature splits intothe surface water and generates internal waves in the form of
a sequence of secondary waves (solitary internal waves anglasin-scale standing waves (Mortimer, 1952; Mortimer and
an attached oscillating wave tail). The energy of the SIWsHorn, 1982; Hutter, 1991) or propagating nonlinear waves
above the underwater obstacle is transmitted in parts fronfFarmer, 1978). After storms, internal waves in lakes may
the first baroclinic mode, to the higher modes. take the form of an internal surge or packets of internal soli-
Most crucially, when the internal wave propagates fromtons, generated by the nonlinear steepening of a basin-scale
the deep part of a basin to the shallow boundary, a breakindinite-amplitude wave (Hunkins and Fliegel, 1973; Thorpe
event can arise. The cumulative effects of the nonlinearityet al., 1972; Thorpe, 1977; Farmer, 1978; Wiegand and
lead to a steepening and overturning of the rear wave fac€armack, 1986). Since these solitons are much shorter in
over the inclined bottom and to the formation of a turbulent length than the wind-induced initial large-scale thermocline
jet propagating upslope. Some time later, after the breakinglisplacements, their generation results in a transfer of energy
event, a new stable stratification is formed at the site of wavewithin the internal wave field from large to small scales.

destruction. The breaking criterion of ISWs is discussed. Considerable progress has been made recently in the math-
ematical modeling of this mechanism of generation (e.g. Hol-
Correspondence tov. I. Vlasenko lan and Simons, 1978; Hutter, 1983, 1984a, b; Stoker et al.,

(vasiliy@mechanik.tu-darmstadt.de) 1987; Hodges et al., 2000; Wang et al., 2000). At the same
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time surprisingly little works were devoted to the clarification expect that the basic part of the internal wave energy is trans-
of the problem of how internal wave energy is transferredferred to the small-scale motions, turbulence and mixing in
along a spectrum from large to small scales. nearshore regions where the water depth is small. Under con-
From theoretical studies it is known that wind stresses,ditions of variable bottom topography, the shoaling of such
applied to the free surface, excite the low-frequency basinwaves and their transformation, as well as overturning and
scale internal (Kelvin and Poindgrwaves which, accord- breaking over sloping boundaries lead to the loss of most
ing to the dispersion relation, have a discrete spectrum obf their energy (e.g. Helfrich and Melville, 1986, Helfrich,
wavelengths. In situ measurements, nevertheless, show tha892; Michalet and Ivey, 1999; Grue et al., 2000; Vlasenko
the internal wave field in lakes has a continuous spectrunand Hutter, 2001, 2002). In the past, such processes of lake
ranging from low-frequency basin-scale to the maximum dynamics were rather poorly theoretically investigated. This
buoyancy-frequency waves (Thorpe et al., 1996; Hodges eis the case because the commonly used models exploit the
al., 2000; Saggio and Imberger, 1998, 2001). Moreover, achydrostatic pressure approximation. They are obviously not
cording to experimental data, basin-scale internal waves exappropriate for strong, nonhydrostatic effects, such as non-
cited by wind, attenuate remarkably quicker than predictedinear steepening of internal waves, their fission, and subse-
by models. As was found by Stevens at al. (1996) on thequent disintegration into a sequence of solitary waves, the
basis of almost 3 years of measurements at Kootenay Lakstrong interaction of waves with bottom topography, as well
(British Columbia, Canada), over 80% of the potential en-as overturning, breaking and successive water mixing. These
ergy of the basin-scale internal waves is lost in long, narrowprocesses provide a flux path from the wind to the turbulent
lakes in one internal wave period. On the other hand, threebenthic boundary layer. To take all of these effects into ac-
dimensional numerical models of the nonlinear shallow wa-count in any reasonable form, some efforts were undertaken
ter equations are fraught with implicit numerical diffusion (even in the framework of the hydrostatic approach) to pa-
that basin wide internal oscillations are damped out beforearameterise the nonhydrostatic effects of the evolution, propa-
they may even have developed. Considerable computationaation and dissipation of internal solitary waves (Horn et al.,
expertise is needed to overcome these difficulties (Wang and999). This is one of the possible ways; we suggest an alter-
Hutter, 2000, 2001, 2002; Umlauf et al., 1999). native approach, which incorporates all the effects of strong
There are several reasons for the decay of internal wavesonlinearity, as well as nonhydrostaticity.
in stratified lakes. One of the more probable sources is dissi- In the present study, we apply the mathematical numeri-
pation due to the viscosity in layers with large velocity shearscal model developed on the basis of the Reynolds equations
(basically in the bottom boundary layer and metalimnion, in the Boussinesqg approximation, to examine the influence
where baroclinic modes are changed dramatically). Suclof the bottom topography and nonlinearity of the wave pro-
sites are also potential places for the development of sheatesses on the mechanism of the energy transfer from the
(Kelvin-Helmholtz) instabilities, which can also extract en- large- to the small-scale motions and even farther — to tur-
ergy from the mean flow to the small-scale motions. Thebulence and mixing, as extreme situations. The model takes
importance of the dissipative mechanism of internal wave atinto account nonhydrostatic pressure, continuous fluid strat-
tenuation in lakes was discussed, for instance, by Imbergeification, full nonlinearity (without implementing the com-
and Ivey (1991). Estimations of the energy decay by the vis-monly used assumption of weak nonlinearity) and variable
cous effects performed by Monismith (1985) had shown thatbottom topography. We shall concentrate on identifying
it is possible to lose the potential energy to heat in a timethe mechanism of energy transfer from large-scale internal
comparable with the wave period. waves to short scales. As an example for the model appli-
Another possible mechanism of the energy transfer from acation, topographic features from Lake Constance are used.
background wave field to the small-scale motions can be nonSeveral different scenarios of the nonlinear wave evolution
linear steepening and disintegration of long internal wavesover the bottom topography are investigated. They indicate
to packets of short-period waves and solitons. Manifestapossible important sinks of wave energy from the large scale
tion of such strong nonlinearity of internal waves in lakes motions to the small scales and to turbulence. Even though
was reported by Hunkins and Fliegel (1973), Thorpe (1977),they are obtained for the conditions of Lake Constance, these
Farmer (1978), Wiegand and Carmack (1986). results stand as examples but apply equally to many other
An important role in the wave-energy transfer along the lakes.
spectrum is played by the dynamical processes taking place
in nearshore regions. For instance, observations (Hamblin et
al., 1994) show significant transverse motions introduced by? Formulation of the model
the variations of the basin width. We speculate that constric-
tions and the sudden widening of the lake width are likely As was mentioned above, the process of disintegration and
places of degeneration of basin scale waves and transfer afissipation of basin-scale internal waves includes several
its energy to small-scale motions. successive stages. Here we examine the final stage of the
Finally, all waves that are generated in lakes must en-degeneration process at which the large-scale internal wave
counter inevitably a variable bottom topography and interactdue to the nonlinear steepening has already been transformed
with it simply because lakes are closed basins. So, one caimto a sequence of solitary internal waves (SIW) (Thorpe et
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al., 1972; Hunkins and Fliegel, 1973; Farmer, 1978; Saggiain which 8o and g are homogeneous background valygs,
and Imberger, 1998; Horn et al., 2001). We focus attentionandu are disposal parameters and is the horizontal step
on the ultimate fate of such waves when they encounter theize of the grid. For more details about this, we refer the
bottom topography. We consider shoaling and breaking ofreader to the original paper by Stacey and Zedel (1986).
solitary waves which is an important energy sink for the in-  We are only interested in baroclinic motions, and thus use
ternal wave field; both play a major role in the driving mixing the “rigid-lid” condition atz=0. In this case, at a free surface,

processes in stratified lakes. boundary conditions can be selected in the following form:
For short-period internal waves like solitons, the influence
of the Earth’s rotation is a secondary effect and will here be¥ =0, =0, p =0 @

neglected (Diebels et al., 1992). Therefore, one can use
2-D hydrodynamic model. With such prerequisites the two-
dimensional system of Reynolds equations in the Boussines
approximation, written in Cartesianz coordinates in which
the x-axis lies at the undisturbed free surface andztaeis

is vertical opposite to the direction of gravity, take the form

Fhe first condition says that the free surface is a streamline,
the last two express the vanishing of the shear stresses and
gero mass flux. The bottom line= —H (x), is a streamline

at which the “no-slip” condition and zero mass flux across
the boundary are imposed. This yields

o + J(@, V) = gox/p + (@n¥sz)xz + (@nVxx)xx V=0 ¥Y:=9:=0 p.=0, ®)
H(avV¥zo)ze + (@W¥r)xz wheren is the unit normal vector to the irregular bottom re-
o1 +J (o, ) = (knpy)x + (kypy); (1) lief. . B
. System (1) with boundary conditions (2), (3) was solved
for the stream functiony(x,z,1) (4 = ¥, w = —¥x,  pumerically. It was, however, useful to first perfornva

whereu, v are the horizontal and vertical velocity cOmpo- transformation of coordinates (= —z/H (x)), which trans-
nents) and vorticityw(x, z,7) (® = Vi + ¥z2). Here,  forms the physical domain with variable depth into a rectan-
p(x,z,1) is the water densityk, and k, are the coeffi-  gyjar computational area. This allowed us to use a rectangu-
cients of vertical and horizontal turbulent diffusian, and |5, grid in the development of a numerical scheme.
ay are the coefficients of vertical and horizontal eddy vis-  The splitting-up method (Marchuk, 1974) was applied for
cosity, J(a, b) = acb; — a;b, is the Jacobian operator and the finjte-difference approximation of the equations. The
the subscripted indices z, r denote partial derivatives with  yorticity transport equation is integrated in time by splitting
respect to the subscripted variable. . the temporal step into two semi-steps. The spatial derivatives
There is very little known about the appropriate parame-gre approximated by second order central finite differences.
terization of diffusivities of momentum and energy in lakes pt each temporal semi-step an implicit system of equations
(see, however, e.g. Hutter, 1986). We assumed one of th@ity a tridiagonal matrix is obtained that is solved using stan-
popular parametrizations of the coefficients of vertical tur- 45,q techniques. The stream function is then computed from
bulent exchange, andk, Richardson-number dependences pe vorticity by solving the Poisson equation= ¥, + -,
(Pakanowski and Philander, 1981), which was successfullyreyiously transformed with the use of thecoordinate. For
used in different applications for the oceanic problems, viz., jis solution a standard relaxation method is applied. Finally,

_ ao n the densityp is computed by using the same methodology as
= AxaRri, 0y for the vorticity.
ay In situ measurements and laboratory experiments suggest

kp,

v

a range of values for the adjustable parameters i the,,

ay, andk;, parameterizations. From a numerical point of view
the optimal parameter selection is one that simulates the ob-
N2(x,z,t)/u(x,z,1), if p, <O, servations best and provides the stability of the numerical
0, if p,>0. scheme during wave breaking.

Several numerical experiments were performed to deter-
mine the values of the eddy viscosity and turbulent diffusiv-
ity parametersy,, ap, kp, @, p, Bo, B, no, n. Of course,
the intensity of the background mixing essentially depends
on the scales of the considered oceanic processes. They can
not be the same for the short-scale processes (like those con-
sidered here in the SIW) as for the large-scale oceanic cir-
culation considered by Jones (1973) or Pakanowski and Phi-
lander (1981). In the present study, the background mixing
coefficientsa,, k, are as small as in the above cited papers,
but fora, we took a 100 times smaller value.

It was found that by taking\r = 0.5s,Ax =2m, Az =
an = Bo~+ B(AX)? |0u/dx|, kn = wo+ n(Ax)?|0u/dx]|, 0.5m (in the deep part of the basim), = 2 - 104 m2s~1,

T AtaRiG a0
where the Richardson number is defined as

Ri(x,z,1) :{

Here,a;, andk, are dissipation parameters describing back-
ground turbulenceg,, o« and p are adjustable parame-
ters andN(x, z,t) is the local Brunt-\Aisala frequency
(N%(x,z,1) = —gp./p). These parameterisations for the
vertical turbulent kinematic viscosity and diffusivity increase
the coefficients:, andk, in regions with small values ak:.
In regions with vertical density inversions, the Richardson
number was taken to be 0.

For the coefficients of horizontal turbulent exchange
ki, we applied the following gradient-dependent parameteri-
sation:
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Fig. 1. Local bathymetric map of Lake Constance in the region of
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Fig. 2. Bottom profiles used in the model. Numbers 1-3 correspond
to cross sections 1-3 in Fig. 1.

To be closer to real lake conditions, we selected a region
of the Mainau Island in Lake Constance where a sill acts as
a constriction, (the bottom topography of the region under
study is shown in Fig. 1). Since Lake Constance is elongated
in one direction, one can assume that the lake’s axis is the
preferable direction of internal wave propagation. So, the
idea of this study is to investigate the evolution of an internal
wave propagating from the Obersee to thierlinger See

the Mainau Island. The contour interval equals 5m. Cross section%rough the constriction near the Mainau Island. Such waves

1-3 show the selected directions of 2-D wave propagation.

ap = 10°5m2s71 &, = 108m% L p=2, 0 =4, B =
104m?s L, B =1, uo = 10°m?s1, i = 1 the numeri-
cal scheme was stable even during the overturning of a wav

front. At the same time the selection of these parameters pro- _
propagating more closely to the northern coast of the lake

vided a long distance propagation of the SIW without essen
tial attenuation (500 wavelengths and more). Thisis in agree
ment with in situ observations, which show that SIW can

can encounter three qualitatively different typical profiles of
the bottom topography. For the cross sections 1-3 depicted
in Fig. 1 they are presented in Fig. 2.

Profile 1 (central part of the lake) is characterised by a
entle slope and smooth transition from the deep part of the
bersee to the Sill of Mainau{(80 m deep). Internal waves

(profile 2) encounter (in Sech-A) a higher sill (with its top
at about 50m below the surface), followed by a relatively

propagate several hundreds of kilometres from the source 0§trong increase in water depth.

generation without essential attenuation (Osborne and Burch

1980; Apel et al., 1985).

A qualitatively different profile is encountered by waves
propagating in direction 3 (we should also take into account

. I~ 0 ,
The essential (10 times) increase in the coefficients of the,Ihls possibility because almost 40% of the cross sedien

eddy viscosity and turbulent diffusivity does not introduce
in the model results with any remarkable distinction on the
initial stage of breaking, but after the breaking, the spot of
mixed water at large coefficients, k,, a, andk; was more
regular.

3 Initialization of the model

B can be described by such a bottom profile). This slope is
shorter and steeper in comparison to profiles 1 and 2. More-
over, contrary to the two first counterparts, it ends on the
shore. Presumably, the wave evolution here will essentially
differ from the dynamical processes in the other two pldces.
The fluid stratification used in this study is shown in Fig. 3
(Ollinger, 1999). Two profiles of the buoyancy frequency
presented here reflect typical vertical distributions for the
summer and autumn seasons. In summer, the density jump

The model is applied to the study of the interaction of soli- is more pronounced and lies above the similar autumn maxi-

tary internal waves with a variable bottom topography. It is mum. As a consequence, the maximum of the wave displace-
assumed that a plane wave of depression with amplityde  ments in this season is located closer to the free surface than
whose vertical structure is defined by the density profiles,

ropacates from the deep part of the lake to an underwate 1The reader is cautioned not to consider these profiles and
propag PP the two-dimensional strongly nonlinear processes derived by using

ridge or a slope region near the shore. The objective of OUR, o a5 realistic scenarios for the region close to the Mainau Island.

modeling efforts was to investigate how the process of evolu-the reader should regard the selection simply as typical for a moun-
tion of a solitary internal wave reacts to the variable bottomtainous lake from which qualitative results can be deduced. Itis not

topography. Moreover, an interest is in a possible classificaclaimed that the processes will quantitatively occur in the deduced
tion of bathymetric profiles into types of distinct behaviour. form in Lake Constance.
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Buoyancy frequency (51) large amplitude K-dV soliton will be modified, and a new
stationary solitary wave will be formed at the frontal side of
0 001 002 003 004 005 the wave field. The leading wave with larger phase speed
than the wave tail separates from the latter at a definite stage
of evolution (at the distance of 280 wavelengths from its
incept), and it propagates independently farther as a solitary
wave. Thus, the model is run until a leading wave separates
from the wave tail, and until a new stationary solution is
reached at the frontal side of the wave field. This wave is
then used as an initial condition for the problem of the inter-
‘ action of the intense ISW with the bottom topography.

= 40— p
\E/ . '\ Numerical runs were performed for every SIW listed
< 50 ’? above and every profile shown in Figs. 1 and 2, for both the
8‘ 11/ summer and autumn seasons. Below is the description of the
O 60— / three different scenarios of a wave evolution in the consid-
20 i 'l ered area, which are found for different bottom profiles.
80—
. 4 Results of numerical experiments
90—
100 i 4.1 SCENARIO 1: Wave adjustment

. i _ This scenario was found for profile 1 crossing the Sill of
Fig. 3. Buoyancy frequency profiles measured in Lake Constance, , _. . . .
. ; . Mainau at its centre. As was already mentioned above, this
during summer (1) and in autumn (2) (Ollinger, 1999). o .
profile is characterised by a gentle slope (by a weak change
of the bottom depth from 200 m in the deep part of the
in autumn. The last circumstance leads, in turn, to a conspicObersee to~80 m depth at the Sill of Mainau). Taking into

uous difference between the wave behaviour over the bottongccount that for the summer and for the autumn stratifica-
features in different seasons, as we shall soon see. tions the maximum of the SIW amplitude lies very far from

Amplitudes of internal waves measured in Lake Constancdh€ bottom (at the horizons 20 m and 35m, respectively), in-
usually lie in the range of-815 m. To recognise the influence ternal waves under conditions of a wegkly variable bottom
of the nonlinearity of a wave process on the mechanism of in-2re not destroyed and do not transform into a secondary wave

ternal wave transformation over variable bottom topographyPacket during their evolution. These SIWs (weak, or strong)
(dependence of the wave dynamics on the wave amplitudes§imply adjust permanently and passively to the local ambi-
four different incoming solitary internal waves of depression €Nt conditions (stratification and depth) by practically pre-
were taken as initial conditions for every season: serving their initial form. One example of such an adjust-
ment (for autumn stratification) is presented in Fig. 4. Its

e a, =2m —weakly nonlinear case; panels show the density amdand w velocity fields for in-
B . . _ . cident waves with an amplitude of 15m in the deep part of
* a, =5m —intermediate nonlinearity; the basin. The right panels represent the result of adjustment

of the solitary wave to the conditions of the Sill of Mainau
(depth of 80 m). No secondary SIWs or wave trains arise

The approach used here to obtain the initial fields @)  during wave propagation from the deep to the shallower part
for the incident wave in this paper was the same as that use@lf the water. The incoming wave preserves its initial form
by Vlasenko et al. (2000). At the initial stage we consideredas a solitary wave of deflection. The single evident qualita-
a basin with constant depth of 200 m (deep part of Lake Contive change only concerns the nonessential transformation of
stance). The numerical model was initialized by using thethe vertical structure of the horizontal and vertical velocities,
first-mode analytical solitary wave solution of the stratified according to the vertical profile of the first baroclinic mode
Korteweg-de Vries (K-dV) equation. Such initial fields rep- in shallow water. Quantitatively, the maxima of thendw
resent a stationary solitary wave solution in a weakly nonlin-Vvelocities become more pronounced as a consequence of the
ear, nonhydrostatic medium, but they do not satisfy systenfonservation of energy.

(1) for large amplitude solitary waves, for which the non-  Note that a possible reflection which can take place dur-
linear parameter lies outside the region of applicability of ing the interaction of the SIWs with the bottom topography
weakly nonlinear models. Once inserted in the numericaldoes not take place due to the small inclination of the bot-
scheme the strong, nonlinear wave will evolve in the basintom topography (the bottom angle is less thar?D.@ hus,

of constant depth. During this evolutional process the initialbackscattering of the wave is negligible, and (except for the

e a, = 10; 15m — strong nonlinearity.
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Fig. 4. The left column represents the initial solitary wave with amplitugle= 15 m in the deep part of the lake with depth of 200 m. The
right column displays the results of adjustment of the incident wave to the conditions of the shallower basin with depth of 80 rfa)Panels
and(d) show the density anomaly relative to the free surfage £1~3), panelg(b) and(e) show the fields of horizontal velocity(cm - s~ 1),

(c) and(f) those of the vertical velocity (mm - s~ 1).

losses due to friction) the wave conserves its energy duringhe same time, the maximum of the isopycnal deflection in
propagation. the centre of the incoming wave for such stratification (de-
So, it can be concluded that all characteristics of thefined from the standard boundary value problem for internal
medium and wave parameters change very slowly along prowaves) does not lie exactly in the pycnocline centre but be-
file 1, and therefore, the approximation of geometric opticslow it. In our case it was the horizan= —35m. Thus, the
(or the WKB approximation) can be used in this case, as weldistance between the maximum of the eigenfunction and the
as an approach based on the Korteweg de-Vries equation. top of the sill equals 15m. Taking into account that the am-
plitude of the incoming wavef, = 15m) is comparable with
4.2 SCENARIO 2: Wave transformation this distance, one should expect very strong effects of inter-
action. Figure 5 illustrates this fact (only the more interesting

Propagation of SIWs along Sect. 2, which crosses the localf@dments of the final stage of the evolution for 7, when
sill A-A (see Figs. 1 and 2) leads to another scenario of thdn® SIW approached the depth of 50m are presented here).

wave evolution. This more representative example of a wave! N€ time scald” used in Fig. 5 and henceforthig v, where

transformation over the silt-A is shown in Fig. 5. Autumn  * IS the wavelength andf is the nonlinear phase speed. In

stratification was used (see Fig. 3) for which the density jumpt€ Present case = 365s.

is located at about 20 m depth. So, the distance between the Conventionally, one can detect three stages of the SIW
pycnocline axis and the top of the sill was about 30 m. At evolution:
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Fig. 5. Evolution of the density field in autumn (stratification 2 in Fig. 3) over the underwater ridge (along the cross section 2 in Fig. 1). The
amplitude of the incoming wave is, = 15m. The density anomaly relative to the free surface is shown. The contour interval equals 0.2
kg -m~3, the time scalg’ equals 365 s. The leading solitary waves of depression are marked indnyehe letters A and B, the secondary
attached dispersive wave tail is shown by the segment C, the second mode internal waves by the segment B- Begficgsents the initial

stage of generation of second mode internal waves.

amplitude. The wave trough begins to propagate more
slowly in comparison to the wave periphery. This effect
leads to a steepening of the rear wave face; however,

e the first stage (prior toe = T,) is characterised by a
weak transformation of the propagating SIW and its ad-
justment to the ambient conditions over a slowly vari-

able depth. No dispersive effects are visible. This stage
is analogous to that described above;

during the time interval, < r < T, + 25T, the SIW

continues to propagate over a slightly inclined bottom,
but its vertical scope becomes comparable with the to-
tal water depth. This leads to an increase in the non-
linear effects. First, it concerns the nonlinear phase
speed, which, in fact, strongly depends on the wave

the frontal face becomes more and more gently sloping
(see Fig. 5b). Most likely, the SIW would be destroyed
further, if the water depth would continue to decrease,
but beyond the pointTop’ (see Fig. 5¢) the SIW leaves
the shallow water zone and propagates further into rela-
tively deep water. At this moment thdispersivé stage

of the wave evolution commences.

e fort > T, 4+ 30T the rear steep face of the SIW, due
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Fig. 6. The resulting wave field at= 90T after the penetration of a 15m SIW behind the underwater sill (profile 2 in Fig. 1). Ra)els
show the density anomaly relative to the free surfage én’?’), panels(b) show the fields of horizontal velocity(cm - s~1), (c) those of
the vertical velocityw (mm - s—1). Letters A, B and C indicate the same wave fragments as in Fig. 5.

to dispersion, starts to transform and evolve into a sec-coming SIW, two newly-born solitary waves of depression
ondary oscillating wave tail. The result of such trans- are formed (positiond and B in Figs. 5 and 6). Their char-
formation is presented in Figs. 5f and 6. One shouldacteristics are very close to those of the Korteweg de-Vries
note, that the energy of the initial wave is transferred solitons. SolitonB is weaker tham, which is why it is wider
not only to the first baroclinic mode, but also to the and propagates more slowly than solitén

higher modes. Fragmer? in Fig. 5f with counter- In the above described mechanism of internal wave evo-

r\E]tion, wave reflection induced by bottom topography does

barocl|n|(_: mode waves. Such an effect of energy transs, play any essential role. This is understandable if one
fer to a high baroclinic mode was found experimentally

L ! . compares the scales of appreciable bottom changes (which is
In :—l|u;c)tem|ann al?d HL(thter (2001) and descrlbe;]d theo:leu'more than 10 km) with typical wavelengths, which are much
Cﬁ y yVas(;anho an Hlétter (3001)' Duet?(t € sfma € smaller ¢ ~150m). The waveliehaveslocally. Thus, the
phase speed the second mode wave packets ( ragme%y role of disintegration and fission of an incoming SIWs

D) set[:)arate;s eﬁectglelyl_r:rom the Ie??r;ng first n:pde is played by the nonlinearity of the wave process. The next
wave train (fragmenC). The reason of the generation example corroborate this statement.

of the second- and higher baroclinic modes is the sud- _ .
den change of the bottom topography on the top of the Figure 7, like Fig. 6, also represents the result of the pene-
sill (sharp edge). The initial stage of this second modetration of a SIW onto a sill (behind the Seet—A, as shown

generation is marked by the dashed I in Fig. 5d. in Fig. 1). All conditions in this run are kept the same as
for the case discussed above, with one exclusion: the ampli-

A last remark on the dispersivé stage of evolution: on tude of the incoming wave is 3 times smaller (5 m instead of
the frontal side of the wave field, instead of the single in- 15m). Therefore the fission of an incoming wave into sec-
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Fig. 7. The result of the penetration of a 5m SIW behind the underwates sillalong the cross section 2 (see Fig. 1). All designations are
the same as in Fig. 6.

ondary waves over the sill's top and behind is much weaker Such a situation prevails when the pycnocline in the deep
(compare Figs. 6 and 7). This is not surprising since in thepart of the basin is located below the top of the bottom to-
last case the nonlinear parameter is 3 times smaller. Undepography (isopycnals run against the bottom). A very strong
such conditions the weak propagating SIW does not changeffect of wave-bottom interaction must be expected during
so dramatically over the top of the sill, as it does for a strongthe shoaling of the internal wave. An incoming wave can
wave (see Fig. 5), and it is not destroyed. As a result, thebe completely destroyed after its overturning and breaking in
backscattered wave tail here is much weaker. a shallow water area. An example of such a destruction is
This fact of strong dependence of the efficiency of wavepresented in Fig. 8. The referenced time- 7, is defined
scattering upon the nonlinearity was checked for every wavehereafter as the moment of wave breaking when the horizon-
listed above both for summer as well as for autumn stratifi-tal velocity at any point exceeds the local phase speed.
cation. It was found that for very weak waves,(= 2 m), the
energy transfer from the incident wave to the wave tail does Due to the nonlinear effects, the frontal face of the propa-

not exceed 1%. gating wave becomes more gently sloping and, correspond-
ingly, the rear face becomes steeper (Fig. 8a). Such a change
4.3 SCENARIO 3: Wave breaking in the wave profile occurs due to a smaller propagation ve-

locity of a trough in comparison to the wave periphery and
The last series of numerical runs was performed for Sect. 3vas discussed in the previous section, when the evolution of
of Fig. 1; it is characterised by steep bottom topography andSIWs propagating along the cross section 2 was discussed.
very shallow water (5 m or less) near the Mainau Island. TheThe basic difference compared to those cases is that here,
bottom profile used in the model is depicted by the dashedhe incident wave does not penetrate into a deep-water re-
line in Fig. 2. gion after passing the top of the sill, but continues to prop-
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Fig. 8. Evolution of the density field during internal wave breaking near the lake boundary (along the cross section 3 in Fig. 1). The amplitude
of the incoming wave ig;,;, = 15m. The fluid stratification used is depicted by line 1 in Fig. 3. The density anomaly relative to the free
surface is shown. The contour interval equals ;2 m~3, the time scal&’ equals 83s. Segment-A represents a mixing zone with a

newly formed fluid stratification after wave breaking.

agate under the conditions of a narrowing waveguide. Thiswvhere the horizontal and vertical velocities during of an over-
circumstance leads to a progressive steepening of the reaurning event are presented (the left panels show the fields of
wave face, and at a definite stage of evolution, the rear waveensity andu and w velocities before overturning and the
front approaches ertical wall (baroclinic bore) and is sub- right panels — after overturning). Before breaking, the max-
sequently destroyed. imum of the horizontal velocity (30.1 cnT$) was located

at the free surface. During the overturning event, this maxi-
mum shifts from the free surface to the deep layers and to the
lateral boundary of the steep slope, where the value of the
maximum velocity increases right up to wave breaking. At

Figure 8 illustrates the process of overturning of a rear
steep front; it is shown at that moment of time when the top
of the propagating baroclinic bore outstrips the wave trough.

In this situation, the heavier and denser water penetrates intﬂ1 . . "

. : e moment of breaking, the onshore fluid velocities (42.1 cm
the relatively light water layers and falls down to the wave s-1) exceed the wave phase speed (36.4ch.s
trough (Fig. 8c). Thus, we may conclude that the reason for P P ' '

wave breaking is the kinematic instability of the wave profile. The overturning event is also clearly seen from the anal-

This conclusion can be seen even more clearly in Fig. 9ysis of the evolution of thev-field (note the appearance of
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Fig. 11. The same as in Fig. 10 but 2905 s after the wave breaking.

the downward water fluxes after the wave overturning, indi- Comparison of Figs. 10 and 11 obviously shows the re-
cated by the curved arrow, in a zone where otherwise upwaraonstruction of the hydrophysical fields during 2075 s125
fluxes of water exist). the density field becomes more regular, the maximum hori-
zontal velocity decreases substantially (1.5-2 times) and the
vertical pulsations almost completely disappear (vertical cir-
culations remain only on the frontal side of the moving in-

The three lowermost panels in Fig. 8 represent the ulti-
mate fate of a solitary wave after its breaking. As seen from
the evolution of the density field, the water does not mix in- . . . .
stantaneously at the location of the overturned rear face. Thér usion and on its rt_aar_5|de)_. The average velocity of prop-
dense water, penetrating into the light layers, behaves as a%gatmn of thg density mltrusmn betweer= Tj, + 257" and
upstream propagating jet. In Fig. 10, this jet is presenteof =T, + 35T is 18cms™.
in greater detail. It is characterized by the upslope directed The above results concern the evolution and destruction
core, which is located as an intermediate layer between twmf a relatively large wave. Similar effects of overturning
boundary layers with opposite velocities and which is ex-and breaking also took place for all other considered waves.
posed by vertical oscillations. As for the basic features, the mechanisms of their evolution

It is obvious that zones of internal wave breaking are thedl® Very similar and exhibit the same characteristic stages:

potential places of enhanced energy dissipation and intensiv@onlltnea_r trans(;ot;matll((_)n, fo_rma;’;:onf ofa I:t)_arocl;n(;c bo_;e,_|ts
water mixing. Local coefficients of turbulent viscosity and f"e'f urnlng f";n di rea ;ng W:D 'et' orrpa lon Oh ensity in-

diffusivity in such places increase dramatically (by several ' USIon and 1ts dissipation. Deviation from such a scenario
orders of magnitude). This circumstance leads to a fast ats> only observed for small-amplitude waves. Let us consider

tenuation, dissipation and overmixing of water layers and tothese differences in more detail.

the formation of a local zone with a new stable vertical fluid  Figure 12 shows the evolution of a 2m amplitude SIW in
stratification. For instance, the horizontal pulsating streamthe slope-shelf area for summer stratification. Qualitatively,
described above and presented in Fig. 8e, after the time inthe processes of transformation of the small-amplitude wave
terval A+ = 25T, transforms into a more regular structure, at initial stages look very similar to those which were de-
almost without vertical density inversions (see fragmént  scribed for strong waves. At the beginning of the wave trans-
A in panel (f) of Fig. 8). The structure of the density field, formation, a SIW penetrates into a shallow-water zone with-
together with the patterns of horizontal and vertical speeds abut any visible changes in its form up to the depths where the
t = Tp + 35T, is shown in more detail in Fig. 11. pycnocline crosses the bottom surface (Figs. 12a and b). The
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Fig. 12. Interaction of small amplitude internal wawe,{ = 2 m) with lake boundary. All designations are the same as in Fig. 8, except the
time scale. Herel' = 330s. Thick arrows marked by letters A—D show the formation of an upsloping, propagating bolus.

essential nonlinear transformations arise&at7, — T, when This last circumstance leads to a slightly different scenario
the vertical scales of the isopycnal depressions and the pymf wave breaking, which is valid in the case of a weak non-
nocline thickness are comparable with the total water deptHinearity: the internal wave overturns and is destroyed only
(Figs. 12c). PositioM indicates the local isopycnal eleva- near the bottom, where a bottom boundary layer (BBL) ex-
tion which was formed due to the nonlinearity of the wave ists; the turbulent pulsating spot of overmixed water, which
process. arises after overturning, disappears rapidly due to the high
level of turbulent viscosity and diffusivity in the BBL. Be-
Position B shows the place of internal wave breaking. yond this the wave motion does not have stochastic character,
Note that the breaking process of the relatively weak wavegyyt rather it is deterministic.
is not so pronounced as it is for large-amplitude waves. A
relatively weak nonlinearity leads to the result that a small- At the same time the near-surface layers of the SIW, which
amplitude wave does not overturn over the whole depthwere not exposed to overturning, form a wave of elevation,
but only near the bottom. The local zone of overturning is which propagates upstream. Fragments of such waves are
marked by an ellipse in Fig. 12d. The near-surface isolineshown in the last two panels in Fig. 12 by the letters C and
do not reveal a tendency for overturning to occur. D. So, in the case of weakly-nonlinear waves rather than a



2100 V. I. Vlasenko and K. Hutter: Transformation and disintegration of strongly nonlinear internal waves

a similar to that described in the present paper. A study of the
1.6 v transformation of large-amplitude SIW of permanent form
i over a slope-shelf topography was considered for the con-
1.4 ditions observed in the Andaman and Sulu Seas. Over the
| range of examined parameters5§®& < y < 21.8° and
12 10m < a, < 80m), a breaking event arises whenever the
| condition (4) is satisfied. This condition gives the depen-
1 15im dence of the depth of the breaking point on the wave ampli-
| A tude and bottom steepness.
os- 4 >5m A - Autumn The breaking events obtained in the present series of nu-
T o - Summer merical runs are presented in Fig. 13. One should note the
| good agreement of results obtained for the lake with sim-
0.6 ilar data found for oceanic conditions for relatively large
1 waves &, > 5m). Points of breaking events for small-
04 | \ amplitude wavesd,, < 5m) lie above the breaking curve.
) B a, 0.8° This result can be connected with the different manifesta-
0.2+ a= H,-H. T~y +04 tions of the breaking mechanism for strong and weak waves.
1 Some remarks about this difference were mentioned above.
0t i T I ™ Of course, a definite discrepancy can also follow from the
0 5 10 15 20 y(deg)25 fact that the breaking criterion (4) was found for a flat in-

clined linear bottom topography, whereas the bottom profile
3 (Fig. 2) is not uniform and has a whole range of character-
Fig. 13. Breaking events obtained in the model. All designations jstjc angles of inclination. For instance, in autumn, the SIW
are presented inthe figu_re..The insert sketch explains the parameterii, amplitude of 15m is destroyed farther away from the
used for the breaking criterion. coastline than the other waves (with bottom inclination angle
of 1.5 instead of 3.4, see Fig. 13). Nevertheless, one should

o . state that the breaking criterion that is found for oceanic con-
turbulent pulsating jet, waves of elevation (daolused) are " : o
ditions can also be applied for the lakes if internal waves are

produced in the breaking area. This conclusion is in agree. ., elv stron & > 5m)
ment with results of numerous laboratory experiments on the y 9dm '
breaking of internal waves (e.g. Helfrich and Melville, 1986;

Helfrich, 1992). . . 5 Discussion and conclusions
The last remark concerning the difference between the

process of wave breaking for strong and weak waves hag,ensive winds applied at the free surface of a stratified lake

the consequence for the preaking criterion. Figure 13 rep'usually produce a baroclinic response (topographic waves
resents the breaking criterion, which was found by Vlasenko,,  internal seiches). This mechanism of energizing the wa-

and Hutter (2002) for oceanic conditions (stratification, bot- e column is likely the basic source of energy for baroclinic
tom inclinations and wave amplitudes). In this figure, the nqtions of many lakes. Different mechanisms are responsi-

normalized amplitude,, /(Hy, — H,) is plotted against the  pyq for the wave energy that is transformed into a spectrum
slope angley. The parametetd,, is the water depth at the o |arge- to short-scale motions. This transfer enhances

point of wave breaking (see insetin Fig. 13). The location of e \yater mixing, and the latter has an important influence
wave breaking, or the break point, is defined as the position,, the |akes’ environment (water quality, biological produc-
where the orbital velocities begin to surpass the phase spee(g,ity, distribution of pollutant and nutrient elements).
for the first time. Anot_her_ basic pa_lrameter controlling_ the It is known that due to dissipation in the bottom boundary
process of wave b_real_<|ng IS the ratio of the wave ampl'tUdelayer, excited long, internal waves can gradually lose their
Gm o H = Hy, W_h'Ch Is the Q|stance from the undisturbed energy. At the same time, surprisingly little is known about
isopycnal of maximum amphtude (located at dem) to the cascade mechanism of the nonlinear energy transfer from
the .b'ottom. TWS' we deflpe the \,/alﬂ% as an gndlsturbed large- to small-scale motions. A number of experimental data
p_osmon of the isopycnal line which h_as maximum dEzpres'obtained from laboratory and in situ measurements reveal the
siona,, at the- centr_e OT the wave (see msgt in Fig. 13). . importance of the nonlinear effects for the degeneration of
The following criterion of wave breaking was found in paqin_scale internal waves. An important role in this mecha-
(Vlasenko and Hutter, 2002): nism is played by the nonlinear steepening of the basin-scale
. am 0.8° waves, their disintegratiqn anq fi_ssiqn on a sequence of spli-
a= H,— H, = Y +0.4, (4) tary waves and successive dissipation QUrlng their shoaling
and breaking over inclined lake boundaries.
wherey is given in degrees. This criterion was obtained the- Unfortunately, the most popular of the existing mathemati-
oretically in the framework of the approach, which is very cal models describing internal wave dynamics cannot be used
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for the investigation of such processes. These models uswf nonlinearity is about unity. As a consequence, nonlinear
ally assume the hydrostatic approximation for the pressuralispersion starts to play a key role in the mechanism of the
and cannot be applied for the study of nonhydrostatic andvave evolution. Due to the strong nonlinearity, the frontal
strongly nonlinear effects, such as nonlinear steepening oface of the propagating wave becomes more gently sloping,
internal waves, their fission and disintegration into solitary but the rear face becomes steeper. The basic reason for such
waves, as well as the interaction with the bottom topographya transformation is that the propagation velocity of a wave’s
and the overturning and breaking. trough is smaller in comparison to the speed of the wave pe-
This paper has been devoted to the investigation of suchiphery. The increase in the rear face steepness can lead to
strongly nonlinear effects which occur during the propaga-overturning and breaking of the internal wave, according to
tion of internal waves in stratified lakes. For this purpose, we“the wave breakirignechanism. The conditions of their ori-
developed a numerical model, based on the Reynolds equayin are described below. If the internal wave is not destroyed
tions. The model is nonlinear, nonhydrostatic and accountsbove the ridge top and penetrates into the upcoming deep
for the real vertical fluid stratification, variable coefficients of water zone, it splits behind the obstacle into a sequence of
vertical and horizontal turbulent exchange and variable botsecondary waves. The leading waves of a scattered wave
tom topography. Due to computational limitations, the modelfield are the solitary internal waves arranged by the ampli-
is restricted to two spatial dimensions; it thus excludes the eftude scales, followed by a weak oscillating wave tail. It was
fects of the rotation of the Earth and other topographic effectsalso found that the energy of the incoming wave at the posi-
of three dimensionality. The basic goal of the numerical runstion of the underwater obstacle is transmitted not only to the
was to consider the interaction of solitary internal waves offirst baroclinic mode, but also to higher modes.
different amplitudes with the bottom topography and to ex- Wave breakings the more crucial case (and probably most
amine different possible scenarios of their nonlinear evolu-typical for many lakes), when the internal wave propagates
tion. As an example for the model application, topographicfrom the deep part of the basin into a shallow water zone,
profiles from Lake Constance were used with summer andvhere a breaking event of the internal wave can arise. The
autumn stratifications that are typical for this lake. We con-cumulative effects of the nonlinearity lead to a steepening
centrated on identifying the mechanism of the energy transand overturning of the rear wave face over the inclined bot-
fer from solitary internal waves into short-scale waves andtom. Just before breaking, the horizontal orbital velocity at
mixing, depending on the wave amplitude and bottom re-the site of instability exceeds the phase speed of the ISW.
lief. Three different shapes of the bottom topography wereThe top of the propagating baroclinic bore outstrips the wave
selected for investigation: trough, and at this site the heavier and denser water pene-

) - trates into the relatively light water layers and falls down to
o the gently sloping transition zone between deep ande wave trough.

shallow basins, which can model the transition between |, the following stages of evolution of the overturned hy-

two separate parts of many lakes; draulic jump, the water does not mix instantaneously at the
ﬁ)lace of the overturned rear wave face. The dense water be-
haves as an upstream propagating pulsating jet, penetrating
into the light layers. It is characterized by the upslope di-
« the steep bottom topography that represents a slopingected core which is located in the intermediate layers and
boundary of a lake. which is exposed by vertical oscillations.
Zones of internal wave breaking are the potential places of

Three different scenarios of the nonlinear wave evolutionenhanced energy dissipation and intensive water mixing. In-
over the described bottom features were examined. They carident internal waves are completely destroyed in such zones
respectively, be calledWave adjustmeft“ Wave transfor-  during the breaking event and give rise to a new stable verti-
matiori and “Wave breaking cal stratification at the site of destruction.

Wave adjustmerns peculiar to sites with a gentle sloping  The breaking criterion of ISWs over the sloping bottom
bottom where propagating waves (weak or strong) adjust per¢4), which was found by Vlasenko and Hutter (2002) was
manently to the local ambient conditions (stratification andalso tested for lakes conditions. Good agreement was ob-
bottom), thereby preserving their form. No secondary wavegained for relatively large waves, > 5m). The mecha-
or wave trains arise during the wave propagation from thenisms of overturning and breaking of small-amplitude waves
deep part to the shallow water. Wave backscattering is als¢a,, < 5m) into basic features goes through the same charac-
negligible due to the small inclination of the bottom topog- teristic stages (nonlinear transformation, formation of baro-
raphy, so the approximation of geometric optics or weakly clinic bore, its overturning and breaking, formation of den-
nonlinear theories, such as that based on the Korteweg desity intrusion and its dissipation). These results must be con-
Vries equation, are appropriate in such cases. trasted with scenarios for small-amplitude waves, where the

Wave transformatioriakes place in sites with underwa- breaking processes of relatively weak waves are not so pro-
ter ridges and banks in situations when the amplitude of thenounced as those for large-amplitude waves. A relatively
incoming waves is comparable to the distance between theeak nonlinearity leads to the fact that a small-amplitude
metalimnion and the top of the ridge, so that the parametewave does not overturn through the whole depth, but rather

e the underwater ridge, whose top is located 50 m beneat
a free surface;
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only near the bottom. The near-surface isolines do not reveatsrimshaw, R.: Theory of solitary waves in shallow fluids, in: En-
a tendency for overturning to occur. cyclopedia of Fluid Mechanics, (Ed) Cheremisinoff, N. P., Gulf

The turbulent pulsating spot of overmixed water, which  Publishing Company, Houston, 2, 3-25, 1986.

arises after overturning the weakly nonlinear waves, disapCrue: J.. Jensen, A, Rusas, P. O., and Sveen, J. K. Breaking and
broadening of internal solitary waves, J. Fluid Mech., 413, 181—

pears rapidly due to a high level of turbulent viscosity and 217, 2000.

diffusivity in the bottom boundary layer. At _the same time, Hamblin, P. F., Stevens, C. L., and Lawrence, G. A.: Observations
the near-surface fragments of the SIW, which were not ex- - mixing in stratified lake, in: Proceedings of Fourth Interna-

posed to overturning, form a wave of elevation that propa-  tjonal Symposium on Stratified Flows, Grenoble, 1994. Interna-
gates upstream. Thus, in the case of weakly-nonlinear waves, tional Association of Hydraulics Research, Grenoble, 1994.
instead of a turbulent pulsating jet, waves of elevation (orHelfrich, K. and Melville, W. K.: On nonlinear internal waves over
“bolused) are produced in the breaking area. This conclu- slope-shelf topography, J. Fluid Mech., 167, 285-308, 1986.
sion is in agreement with results of laboratory experimentsHelfrich, K.: Internal solitary wave breaking and run-up on a uni-
by Helfrich and Mellville (1986) and Helfrich (1992). form slope, J. Fluid Mech., 243, 133-154, 1992.

So, the results presented in this paper indicate possible imHodges, B. R., Imberger, J., Saggio, A., and Winters, K. B.:
portant sinks of wave energy from the large-scale motions Modeling basin-scale internal waves in stratified lake, Limnol.
to small-scales and to turbulence. Obtained for condition Oceanogr., 45, 1603-1620, 2000.

’ . ollan, E. and Simons, T. J.: Wind-induced changes of tempera-
adequate for Lake_ anStance' they can a'59 be app"e‘?' 10 ture and currents in Lake Constance, Arch. Meteorol. Geophys.
other lakes. We highlighted only a few possible scenarios gjokiim., A27, 333-373, 1978.

Of wave eVOIUtion in |akeS and tried to indicate the parame'Horn, D. A_’ |mberger’ J.’ and |Vey’ G. N.: Internal So”tary waves

ters controlling the process of wave evolution. Of course, to in lakes — a close problem for hydrostatic models, Proceedings
some extent, such a classification is a little bit conventional, of Aha Halikoa Hawaiian Workshop, January 19-22, University

and the real manifestation of internal wave dynamics can be of Hawaii, Manoa, 95-101, 1999.

more complicated and can also incorporate 3-D effects likeHorn, D. A., Imberger, J., and Ivey, G. N.: The degeneration of

refraction, influence of variable lake width or wave-wave in- large-scale interfacial gravity waves in lakes, J. Fluid Mech., 434,
teraction. Their influence on wave dynamics should also be 181-207,2001. . _

studied, which is why we plan to expand our model in this di- Hunkins, K. and Fliegel, M.: Internal undular surges in Seneca

. . . Lake: A natural occurance of solitons, J. Geoph. Res., 78, 539—
rection for long, narrow lakes. Future studies will also help 548 1973

us to answer some oth'er intgresting and important qu_estion,qutter’ K.: Stbmungsdynamische Untersuchungen itmizh- und
related to the water mixing in lakes due to the breaking of | ,ganersee. Ein Vergleich von Feldmessungen und Resultaten
internal waves (for instance, multiple wave breaking, distri-  theoretischer Modelle. Schweizerische Zeitschrift Hydro-
bution of energy dissipation, generation of secondary inter- |ogie, 45, 101-144, 1983.

nal waves from the spots of mixed water and so on). Nev-Hutter, K.: Hydrodynamics of lakes, CISM No. 286, Springer,
ertheless, we really believe that the results obtained above Berlin, 1984a.

can help to understand the basic features of nonlinear energyutter, K.: Mathematische Vorhersage von barotropen und barokli-

transfer from large- to small-scales in lakes and also can be Nen Prozessen imifich- und Luganersee, Vierteljahresschrift
useful in many practical applications der Naturforschenden Gesellschaft iirich, 129, 51-92, 1984b.

Hutter, K.: Hydrodynamic modeling of lakes, in: Encyclopedia of
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