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Abstract. It is shown that the left-hand (or ion-type) sense some cases, the registered fields cannot be fitted by a plane
of polarization can appear in the field interference pattern ofwave field pattern, but probably correspond to the interfer-
two plane electron whistler waves. Moreover, it is demon- ence structure of several plane waves (Southwood and Kivel-
strated that the ion-type polarized wave electric fields canson, 1984; Lundin, 1983; Lefeuvre et al., 1985). Moreover,
be accompanied by the presence at the same observati@n unsuitable modelling of the fields’ structure can lead to a
point of electron-type polarized wave magnetic fields. Thereduced accuracy in the determination of the waves’ arriving
registration of ion-type polarized fields with frequencies be- directions (Moriyama et al., 1979) and to ambiguities in the
tween the highest ion gyrofrequency and the electron gy-nterpretation of the physical nature of the registered wave
rofrequency in a cold, overdense plasma is a sufficient inphenomena (Manninen and Turunen, 1999, 2000).

dication for the existence of an interference wave pattern, The direction-finding technique, using the multi-com-
which can typically occur near artificial or natural reflect- ponent measurements of a wave magnetic field and the re-
ing magnetospheric plasma regions, inside waveguides (as isonstruction of its polarization plane, is based on the essen-
helicon discharges, for example), in fields resonantly emit-tial assumption that the recorded wave field has a plane wave
ted by beams of charged particles or, in principle, in somestructure, at least in the cases when the recovered polariza-
self-sustained, nonlinear wave field structures. A compartion plane reveals its steady-state nature during the data pro-
ison with the conventional spectral matrix data processingcessing session. In other more complex cases, the structure
approach is also presented in order to facilitate the calculaof the wave field can be reconstructed assuming that the reg-
tions of the analyzed polarization parameters. istration of noncorrelated plane wave field constituents is per-

Key words. lonosphere (wave propagation) Radio scienceformed. In this case, the technique, which consists in recov-

(waves in plasma) Space plasma physics (general or miscefling the so-called wave distribgtion function, can bg used
laneous) (Storey and Lefeuvre, 1974). It is shown further that in the

electron whistler frequency band (which extends over more
than three orders of magnitude in a dense, cold plasma that is
typical of the surrounding Earth’s plasma), the trivial, neces-
sary condition for applying both techniques, which is that the

sense of polarization of the reconstructed wave field should

The analysis of the polarization characteristics of wave fieIdsDe of electron type, can be complemented by the following

ba_sed on muIU-compc_ment f|eld_r¢_ag|strat|ons can be an Ef'nontrivial sufficient condition: the revelation of the ion sense
ficient tool to determine the origin of the received wave

) . . ... . . of polarization in the data is the indication that a coherent
signals, as well as the location of their natural or artificial

) interference pattern of electron whistler plane waves is reg-
sources in space or on the Earth’s surface (Olson and Sam b P 9

. istered. If the latter situation is realized, then the orientation
Zor\:\,/ 1d979i Lle felug\gg et ﬂ'{hl%z;nl‘et?rtﬁr at?ld Sn;|rth, tligtgelof the polarization planes does not correspond to the wave
awaca et al., )- € same Me, the Correct INEIL,q 1ors directions.

pretation of the multi-component field data recorded at a sin- C .
Actually, we show in this paper that the ion-type polar-

gle observation point cannot be performed without additional, " . :

assumptions on the actual space-time structure of the regiﬁgat'on can appear In the natural interference pattern of two

tered wave fields. For example, it was pointed out that inelectron-type polanized waves of the same frequency, but
' with different projections of their polarization ellipses on the

Correspondence toC. Krafft plane orthogonal to the ambient magnetic field (it is assumed
(Catherine.Krafft@Ipgp.u-psud.fr) that each wave has a fixed polarization plane). Moreover, it

1 Introduction
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is found that the wave interference pattern can reveal at thgle plane wave or to any steady-state superposition of plane
same observation point opposite senses of polarization fowaves) and complex amplitudeég, (r), namely:

the electric and the magnetic fields. This result is shown ana- 1

lytically for the case of field interference patterns of two long K (¢) = _H(;) exp(—iwt) + c.c.

trains of whistler wave packets (incident and reflected), reg-

istered in the region where they overlap (near the so-called - —Zamhm(t) exp(—iwt) + c.c., (1)
reflecting region). This result allows one to justify the possi- 2

bility to observe very unusual polarization features of wave
fields of the electron whistler frequency range in a space
plasma where the plane wave approximation is convention-
ally accepted.

In the laboratory plasmas’ devices, where the structure o
the wave fields essentially differs from that of plane waves,
due to the inherent reflection from the walls, the polanzatlon
of the wave fields is known to be much more complex. Actu
ally, both types of field polarizations have been evidenced
in the interference pattern of guided whistler waves, even
in the case when the helicity of the radiating antenna was = —/([K(t), K(t + i)]’ n) dt, 2)
adjusted for the excitation of electron-type polarized waves 20
only (Chen and Boswell, 1997).

The paper is organized as follows. In Sect. 2, we presentvhere the notation$, ] and (,) indicate vector and scalar
a strict, general analysis that shows the possibility to reg{roducts and the bracketsindicate time averaging over.
ister ion-type field polarization in the interference pattern P > 0 corresponds to the right-hand sense of rotation of
of two plane waves of electron sense of polarization; then K (1) aroundn, which corresponds to the counterclockwise
the domains of characteristic parameters where each sense&nse of rotation of its projection onto the oriented plane nor-
of polarization can be observed in the interference patterrmal ton.
are determined. In Sect. 3, considering the field pattern Under overdense, cold plasma conditions (i.e. when the
which results from the steady-state interference of an inci-electron plasma frequenay, is greater than the electron gy-
dent and a reflected whistler wave propagating in an inhomovofrequencyw,.), typical of the Earth’s magnetosphere, only
geneous plasma with a density gradient orthogonal to the amelectron whistler plane waves can propagate in the frequency
bient magnetic field, we show that the electric and the magintervaloy < o < o, (wy is the proton gyrofrequency),
netic fields can reveal at the same observation point oppositwith electric and magnetic field vectors rotating in the same
senses of rotation around the magnetic field lines. The analsense as the electrons gyrate around the magnetic field lines
ysis of the interference pattern’s characteristic features fofelectron-type polarization witt? > 0). Nevertheless, we
the case of two noncorrelated sources of plane waves is predemonstrate here that the ion-type polarization (i.e. when
sented in Appendix A. The relations between the calculatedP? < 0) can be registered in the interference pattern of two
polarization parameters and the conventional spectral matriplane electron whistler waves; let us mention that nothing of
elements are presented in Appendix B. In Sect. 4, we discus#e kind can be observed in the case of a completely non-
the preferential conditions of observation and the typical pa-correlated set of plane waves. Then, the registration of ion-
rameters of the field interference patterns of electron whistletype polarized waves in the electron whistler frequency band
waves in the Earth’s plasmasphere. is a sufficient indication for the appearance of interferences

in the wave pattern, which typically can occur near artifi-

cial or natural reflecting surfaces or inhomogeneous magne-
2 Polarization characteristics of the electromagnetic tospheric plasma regions, inside waveguides, in fields reso-

field nantly emitted by beams of charged patrticles or, in principle,

in some self-sustained nonlinear wave field structures (com-
One of the conventional approaches to the analysis of multipare to Lundin, et al., 1996, for a hot plasma). In these cases,
component wave field data consists in calculating the elethe complex amplitudes of the constituents of the total reg-
ments of the so-called spectral matrix, i.e. in determiningistered wave field are linked together through the physical
time correlations between the quasi-monochromatic wavemechanisms of reflection, wave-particle interaction or other
field components. This approach is described briefly in Ap-probable nonlinear processes.
pendix B where the characteristic polarization parameters In addition to the sense of polarization, it is worth esti-
under discussion in this section are expressed using the spemating the field intensity¥ localized in the plane orthogo-

whereK can represent the electric or magnetic components
E and B of the electromagnetic wave field.

The sign of the parametd?r represents the sense of ro-

{atlon (or sense of polarization) of the field around the unit

ectorn directed, for example, along the ambient magnetic
ield Bg

(K0, Kt + =], m))
2w

tral matrix elements. nal ton
Let us write the wave fiel& (r) as a sum of several quasi-
monochromatic wave field constituents of frequencwith ~ W = ((K(1) —n (K(t), n), K(t) —n (K(1), n)))

constant complex polarization vectars (a,, refers to a sin- = {(((K(), n],[K(2), n])). 3)
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Let us consider in (1) the sum of two plane waves and in-Thus, some real values gfexist which satisfy the inequality
troduce the relative amplitude and phaseé of both con-  co¢ > p1p»/ |p12l?. However, one can see that, accord-
stituents, i.ek; = ojexp(is;) andhy = ohyexp(is). The ing to (11), the interference of two plane waves of the same
short averaging tim& in (2) is assumed to be sufficiently plasma mode and sense of polarization, arriving along the
small so that andé can be considered as constant within same direction (so that; = Ba, whereg is a complex
this time interval (but with the wave frequency verifying number), cannot reveal the inverse sense of polarization in
wT > 1). Sinceo; and§; vary typically from one shorttime the resulting wave field pattern.

interval to the other, distribution functiors(o;, §;) can be When both constituents have the same sense of polariza-
built for a large set of short successive intervBldelonging  tion, i.e. pip2 > 0, P and p, (as well asP and p;) have

to the total field registration duratidfy; (see also Appendix opposite signs in thép, o) domainG . described by

A); such functions can be used to calculate the mean values

of P andW, which is equivalent to a direct time averaging 2 &rCC0$—s2+/7) < ¢ < 7 + 52 arccosszv/r),

over the period’y. r = p1p2/ |p12l?® > 0, s2 = sign(py), (12)
Calculating the polarization parameté#& according to ) ] o )
Eq. (2), one obtains where the notation sigip») indicates the sign o, and
1 o_ <0 <04,
P =2 (0f) (p1+0? p2+ 20 | pral cosp), (@) *
2 o+ = (—52C0Sp £ ,/COF @ —r) Pz (13)
where
1 7 Whenpips < 0 (i.e.r < 0), P and p»> have opposite signs
<012> = ?/hl(t)h’{(t)dt (5) in the domainG _ defined by (here_ < 0)
0 O0<¢p=<27,0<o0 <o04. (14)
and
Outside the domains5_ and G4, the sense of polar-
¢ =8 +v, cosv = Re(p12/[p12)), ization cannot be modified, i.eP has the same sign
sinv = —Im(p12/ | p12l), aspa (sign(P) = s2).
pj=ilaj.afl,n), j=12 pip=i(as a3l n).(6) Thus, we proved that even in the case when two wave con-

_ stituents have the same sense of polarization, their resultant
The notationsc*, Re(x) and Im(x) correspond to the com-  jnterference pattern can reveal the opposite sense of field ro-
plex conjugate value of and to the real and the imaginary tatjon when the relative phases and amplitudes of waves sat-
parts ofx, respectively; is the imaginary unit. In the same sty the conditions (12) and (13). However, the eccentricity
manner, one can find that of the resultant field’s polarization ellipse, which can be esti-
mated by the calculation of the so-called circular polarization

1/ 2 2
V=3 <al> (b1 + 0% bz + 20 |b12] CoSly + £)), (") level paramete€ P (see also Appendix B)

where P
CPL=— (15)
cose = Re(p12b1,/ | p12bial), W
sine = Im(p12b3,/ | p12b12l), can essentially differ from those of the constituents.

2 j=12 b= (la1.nl [aznl). (8)

Let us consider the case when electromagnetic fields of bot
waves rotate in the same sense aromridBg i.e. p1p2 > 0.

P can change its sign if the equatidh(c) = 0 possesses
real rootso at least in some domain a@f. Let us show
that the corresponding necessary condition, nameK/gos
pip2/ |p12|2, can be satisfied for some valuesg@fi.e. let

us prove thatpio|? > p1p». Using the substitutions

bj= |[aj, n)
ﬁ Whistler waves’ interference pattern near a reflecting
surface

Let us consider the steady-state field interference pattern
formed by the overlapping of incident and reflected waves
propagating through an inhomogeneous background plasma
layer with a density gradie¥n, orthogonal to the uniform
ambient magnetic fiel®g, in the case when a long incident
t =iay, s =iap, q =[ay, nl, p=Ilaz nl, (9)  whistler wave pulse penetrates the more dense regions from
the rarefied ones; the propagation is limited to the plane de-
fined by the vector&n, and Bg. Let us assume that over-
t,p)* = (p,t)=(s,q), [p,ql=—n (a1,as],n),(10) dense plasma conditions are satisfied (hg.> ) so that

) the local dispersion of whistler waves can be described by
one obtains conventional formulas for the refractive indak

P12l = p1p2 = (&, P)(s, ) = (1, 9)(s, p) , w?
= (I, 5). [P, ¢]) = |(la1. az]. n)* = 0. a1y N0 = o — @) (16)

as well as the relations
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Fig. 1. Whistler dispersion curve in the plage, , k;), at a fixed frequency < w./2. The so-called electromagnetic and quasi-electrostatic
dispersion branches are labelled ‘1’ and ‘2", respectively; corresponding waves are represented by their wavivkgtark.1) and
ko(k 2, k;2) and their angleg; andd, with respect to the ambient magnetic fidg (see also Eq. 22), respectively. Group velocity vectors

are indicated as,1 andv,,. The resonance cone is represented by

is directed alondBg, corresponds tg = 1; waves are not propagatin
to the conversion of an incident electromagnetic whistler (branch
parallel wave numberg,; = k2, in the presence of a gradient of pl

the polarization coefficients?, o0 anda,

o ]|cost| — w,
T welcost| —w’
. w Sing
af = —sign(cosd)

we |COSE| — w’

ay = a2cosd — alsing = —sign(coss) , 17)
of the electric and magnetic fields and B

E = %aEE exp(—iwt +ik -r) + c.c.,

E = Aexpis), ap = {—a2,i, —al}, (18)
B = %aBB exp(—iwt +ik-r) + c.c.,

B =NE, agp = {—icosO, —ay, i Sind}, (29)

the group velocity components, andv, along and across
By, respectively,

(14 cof 0 — 2w |cosh| Jw,)

Pz =€ N cosf ’
sind(|cosf| — 2w/w,)
= , 20
Vel =¢ N |cost| (20)

and the spectral energy density(Shafranov, 1967; Lundin,
1979)

_A(N%0?) 1+ ad) |EP?
B 167w

wc|cosd|  |BI?

" (wc |cosf| — w) 81

U . (21)

w

a dashed oblique line. The reflecting surface, where the groug,velocity
glpr> 1 (g = 4w50?/w2c?k2). The reflection a = 1 corresponds

‘1’) to a quasi-electrostatic whistler (branch ‘2’) with conservation of the

asma density acByss

where 6 is the angle between the wave vecthrand

Bg (which is directed along the-axis); E andB are the com-
plex spectral amplitudes of the electric and magnetic wave
fields, respectively.

One can express all the above parameters with the help
of the parallel refractive inde¥, = ck,/w (which is con-
stant in the case of spatial gradients orthogonal to the am-
bient magnetic field) using the relations (see, for example,
Lundin et al., 1994):

|costy 2| = fA12,

2
2 w
Alo== 12 /1—¢|, g=4-L2—, 22
12= [ Q] q o2 N2 (22)
where f = w/w. and
1<A)<2< Ay, A1+ Az = A14,
(A1 —1D(Ap—1) = 1. (23)

The quasi-potential regime of propagatian « 1) corre-
sponds to the wave dispersion branch labeled ‘2’ on the dis-
persion curvek,(k, , w) where the frequency is fixed (see
Fig. 1). The two plane waves corresponding to branches ‘1’
and ‘2’ can propagate simultaneously only for frequeneies
less thanw,./2, (more precisely, only for frequencies verify-
ing w/w. < 1/A1 = [1 — /T —¢ql/2 withg < 1); plane
waves are not propagating fgr> 1. The wave propagating
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n n two planes which cross each other along the magnetic field
2 3406 A
1 line Bo||n at an angles; the wave vectorg » and the angles
A kl 01,2 verify cosb1 2 = k1.2-n/k12 < O (see also Fig. 2 for the
H definition of the anglegy, 62 andu). Then the magnetic field
m, polarization vectorg g1 2 lying on the planes orthogonal to
n the corresponding1 2 are given by (see also Eq. 17)

My e2 ag1 = i(n3SiNf1 — m1 COSH1 + i 1my), (25)

n=n . . .

3 n, ap2 = i(n3sinfy — n1COSH2 + iayomy), (26)
: - . - with

Fig. 2. Definition of the parameters governing the polarization co-

efficients _of the. incident and reflected p!ane waves: t_he plane_ofml = n1COSi + naSinu, mo = npcospu — nysinu, (27)

the two-dimensional antenna used for signal registration contains

the unit vectorseq, np, mq1, andmy ((nq1, np) = (mq, my) = 0, where the unit vectora; andns lie on a plane orthogonal

(n1,m1) = cosp), and its oriented normat = n3 is parallel to  to the unit vectoms = n. The corresponding parameters

the ambient magnetic fiel#8o; the wave vector&; andk; of the pi, bj and|p1o| (see Egs. 6 and 8) can be written as
L N . j» Oj P12 gs.
incident and reflected waves are situated in the planes formed by

the unit vectorsez, mq andng, n1, respectively, withk1, n3) = pj = —2a,;c088;, b; = Olfj + co2 0;, pip2 >0, (28)
k1 cosf1 and(ko, n3) = kp c0sSHp; u represents the angle between 2 5
these planes. |p12l? = [(ctr1 COSB + a2 COSO1)? COS

+(COS81 COSH, + ax1022)2 Sin? 1] (29)

in the direction of increasing plasma density and correspondSimilarly, one can write the electric field polarization vectors
ing to a given branch should reflect (i.e. the perpendicularg;; ; of the same plane wave constituents as (see also Eq. 17)
component of its group velocity, should change its sign) . o . 0

wheng = 1 (i.e. cog)1» = 2f) and convert itself to the @1 =i(r3a;y +imay; +mp), (30)
other branch. In this case, the reflection modifies the propa-

gation angle, and f{hIS.IS the pnly possibility of |nvert!ng. the agy = i(n3a?2 + inlafz +n), (31)
sense of polarization in the interference pattern of incident
and reflected plane waves; indeed, the waves should neo that
essarily reveal different projections of their polarization el-

0 042
lipses on the plane orthogonal to the ambient magnetic field’/ = =200, bj =14 ()% p1p2>0, (32)
(see also Eq. 11). |p1al? = [(%91 + 0692)2 cos i
The sense of polarization can be changed only if the rela- 1+ 00 0% )2 sir? 33
tive amplitudes of the constituents (for the electric and the +(1+ o q0,5)7 S ,u]. (33)
magnetic wave fields one notes = op = |E2/E1| and Let us now consider the propagation in a common plane
o = op = |Bz/Bj1|, respectively) lies in the interval (see (i.e. . = O, n || Bo) of two plane waves corresponding to
also Eq. 13) the different branches ‘1’ and ‘2’, as mentioned above (see
_ P12 0 also Fig. 3 for a schematic representation of the waves’ re-
signr)(1—+~1-r) ’; =o0_<o0 flection). Then Eq. (29) becomes
0 P12 p12| A1
<o, =004++v1-r) ik (24)  |p12l = |cosbz| + [costy|, r =gq, =2 (34)
where the parameters p» and p12 have different values and thus, Eq. (24) can be written as
for electric and magnetic field components. When< ¢° 0 0
oro > o9, the sense of polarization cannot be inverted if 7~ = l<op<oy=4A1—-1 (35)

pip2 > 0. The parameters pp and p1p have to be cal- | grder to express the amplitude of the wave before and af-
culated for the two different cases corresponding to electriGey the reflection, let us use the energy flux conservation law
or to magnetic field registration: indeed, one should pay atyong the direction of the plasma density gradient, i.e. across
tention that in a magnetized plasma the polarization planes ofy,q magnetic fieldBo. The equality of the incident and the

magnetic and electric fields do not coincide, even for the casgefiected energy fluxes (see Eq. 21) at some perpendicular

of plane waves; near the resonance cdoesfl| = w/wc),  (je. acrossBo) distance from the reflecting surface provides
the electric field is alm(_)st_lmearly pola_rlzed and almost or- o following relation (the flux cross section parallelBg is
thogonal to the magnetic field polarization plane. the same for the incident and the reflected whistler beams)

In order to obtain expressions fef; andop, let us con-
sider the interference pattern of two waves propagating injvy 11| U1 = |vg12| Uz, (36)



1158 B. Lundin and C. Krafft: lon sense of polarization of the electron whistler wave field

Vn,

q>1

Reflecting surface

reflected ray beam
incident ray beam branch '2'

branch '1’

Fig. 3. Outlines of the reflection process showing the conversion of the quasi-longitudinal electromagnetic whistler branch ‘1’ (incident ray
beam) to the quasi-resonant electrostatic whistler branch ‘2’ (reflected ray beam), respectively, (see also Fig. 1); the existence of a plasme
density gradien¥n, across the ambient magnetic fidkg provides geometrical optics reflection of the incident ray beam at the reflecting
surface wherey = 1 (see also Eqg. 22). The region represented in gray is the interference zone between the incident and the reflected
waves. The distancaH represents the extension of the wave field interference pattern across the ambient magnetic field Athanelas

AS; = AL cos g are the cross sections of the incident ray beam aBg@nd transverse to the incident group veloaity, respectively.

leading to
B sind

op = | 2| = |22 (37)
B1 sinfy

Thus, it is impossible to satisfy the relatio? = 1 < o3

with

=

1- A2f2

1— A3f2 (“1)

1/4
OF ( ) < 1

The conditions (40) were analyzed numerically for different

Eq. (35): for the magnetic field components, the ion sense oparameterg and f (see Eq. 22). Figure 4a shows the con-
polarization cannot be observed in the wave interference pattours of constant levels efz as a function o and f in the
tern of the two plane whistler mode branches near the reflectvalidity range of Eq. (40).

ing surface. However, a similar conclusion is not obvious in

The corresponding relative phase should satisfy the in-

what concerns the electric field, due to the noncoincidenceequality (see Eq. 4)

of the polarization planes of electric (18) and magnetic (19)

wave field components.

For the interference pattern registered by a multi-
component electric field detector (actuglly; | is the modu-
lus of the electric field component transversé {9, one can
derive from Eq. (36) that

E>
Eq

sindy
sinéo

C0SHy
C0SsH1

= < (38)

OF =

However, the condition similar to Eq. (35) is now written as

0'92 P12 1—-+1-r)<op
<o = |21+ vIp), (39)
p2

which can be expressed using Egs. (32)—(33) a2 < 1

as

A 2 1—A 2

G% DA P50 oy <091 (40)
A1 1-Aof p2

_(pa+ o2 p2)

cosp < (42)
20f | p12l
i.e.forpy, p2 > 0:
+02
PLTOIEP2 _eosyl < 1, cosyp < 0. (43)
20f |p12l

Let us prove the inequality (42) ferg satisfying Eq. (40) at
least at one observation point located at some distanke
from the reflecting surface; then, we will have shown that the
electric field registered in the interference pattern of the two
whistlers can be ion-type polarized. In order to demonstrate
this, let us trace the variation of the mutual phase difference
as a function of the transverse distarc® from the reflect-

ing surface

. (ak.AR))

/1_
(k1o —ki1)AR = N

-1
. <\/A%f2(1 —A2f2) + \/A§f2(1 - A%fz)) , (44)
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@ o, (b)

Fig. 4. Contours of constant levels
in the (¢, f) regions compatible with
the appearance of the ion sense of po-
larization in the field interference pat-
tern of two plane whistlers, for different
parameters characteristic of the waves’
polarization: (a) electric field ratioo g

= |E2/E1| (see Eq. 41);(b) relative
plasma volumed; (see Eq. 45) filled
by ion-type polarized electric field£c)

o

0.2 0.4

o

0.2 0.4

kK AL absolute value of the circular polariza-
(©) I<CPL>| @ z )‘h tion level | (CPL) | averaged ori/er the
04 regions containing ion-type polarized
0.35 0.8 150 fields (see Eqg. 49{d) minimum thresh-
03 old (k;AL),, of the phasek; AL (see
‘ 0.6 Eqg. 51), wherek; is the parallel wave
0.25 100 number of the waves andL the cross
0.2 0.4 section of the whistler ray beam along
0.15 5 the ambient magnetic field. In all pic-
0.1 02| ¢ tures, the actual values of the param-
) 0.05 ‘ etersog, d;, |(CPL)| and &;AL),y
ol 0 0 have been set to zero fay, f) val-
0 0.2 0.4 0 01 02 03 04 ues where no ion-type field polarization
f f was revealed.

wherek, 1 2 are the perpendicular components of the wavesize 2b of the p-interval determined by Eq. (42), one has
vectorsk1 2. Then, the following consideration can be pro-

vided : let us consider some value®f satisfying the con- ® 5

ditions (40), for example, whep ~ 0.64 andf ~ 0.1, di= - = arcco$‘p1 +o pz‘ /20 | p12l). (45)
i.e. when(ki2 — k;1)AR ~ 6.2 (k,AR). Let us assume
for simplicity that the valug; ~ 0.64 is reached at the dis-
tanceAR = ARgg4 and that the plasma density is homoge-
neous beyond this limit. Then, &R > ARgg4, o keeps

Figure 4b shows the contours of the constant levels af a
function of f andgq in the validity range of Eq. (40). One can
. see that the highest values of the relative volumes filled by
a constant value, nameby; = (0g)o.64; however, the phase . o )
: . ion-type polarized electric fieldg{is always less than 50%)
difference (k12 — k1 1) AR continues to grow so that once . .
. . . correspond to the domain of low frequencig¢sand small
Eq. (42) should be satisfied, which should result in the ap- :
) L : arameterg, when one wave (here, the quasi-resonant wave
pearance of the ion sense of polarization in the mterferenct? i~ . . S
. abelled ‘2’ on Figs. 1 and 3) reveals an essential electric field
pattern of the two whistler waves. : :
o _ component along its wave vector (see also Fig. 4a). lon-type
Thus, we proved that the electric field measurable inpo|arized fields appear, in general, in the regions where the
the resulting interference pattern of an incident and a reqarization vectors of the interfering whistler plane waves
flected whistler wave (reflection with conversion of disper- ;e the most different from each other: this is not the case

sion branc.hes) can reveal the ion sense of polarization. Aty regions just near the reflecting surface where: 1 and
the same time, a remarkable effect is demonstrated: the eleGyhere hoth incident and reflected waves are similar to each

tric and the magnetic fields in the electron whistler frequencygiper.
range can rotate in opposite senses around the ambient mag-
netic field; namely, the magnetic wave field rotates in the
same sense as an electron, while the electric field can reveé/?
the ion sense of rotation at the same points of the interferenc

In order to clarify the field structure revealed by the inter-
rence pattern, let us calculate the circular polarization level
PL inthe plane orthogonal tBg, averaged over the space
region with ion-type polarized fields

pattern.

Let us calculate the ratig; of the size of the space region P
where the ion sense of polarization can be observed for anycpr) = u (46)
eccentricity of the polarization ellipse (for the casg p2 > (W)

0) to the size of the space region corresponding to a phase
variation of 2r; since the former size is proportional to the Averaging onyp while keeping all other parameters constant,
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one can find that in laboratory devices, the sense of polarization of the fields
J— in the vicinity of the plasma chamber’s axis can be oppo-

(P) = },712 p1+ 02 pr — 20 | p1ol 1_—C°32CD , (47)  site to that of the fields located near the walls of the tube
2 o filled by the plasma. The guided wave field is a typical ex-

(p1b2 + pabr) ample of a steady-state interference pattern: in the case of
EEE— a cold plasma, it can be represented as a sum of two waves
P12l (cylindrical or not depending on the waveguide cross section)
v 1—cogd (48) in order to satisfy the boundary conditions; then, the polar-
d ’ ization characteristics of the total field (sense of field rota-
tion and eccentricity of the ellipse) can be expressed with
the help of the plane waves’ linear polarization coefficients
where, for the same parallel wave number, the relevant differ-
ent transverse wave numbers (represented in general by com-
plex values imposed by boundary conditions) are substituted.
o _1 As an example, for typical waveguide modes excited in he-
. (1 — CPL((p1b2 + p2b1)/2 |p12|2) tan(cb)/cb) :| (49) licon discharges by antennas with spatial right- or left-hand
helicities, the sense of polarization of the magnetic field near

1
(W) = Eaf{bl +0%by—0

where we used Egs. (8) and (Al11) of Appendix A; finally,
we obtain

(CPL) = C/\M[(l—tar\(@)/@

with the waveguide axis is of electron or ion type, respectively,
— 5 5 (Shaji et al., 1993). In another case, as shown on the Fig. 3
CPL = (p1+0° p2)/(b1+ 07 b2). (50)  of Chen and Boswell (1997), where the magnetic field profile

P . .__.. s characterized by one node located at some distance from
CPL corresponds to the value of the circular polarization . : . o
the tube axis, the wave field region with ion sense of polar-

level averaged over all the space. Figure 4c shows the con- .. 0
stant contour levels fC PL)| as a function off andg, in Ization (close to the walls) represents around 50% of the total

the validity range of Eq. (40). One can see that the domair]tiliﬁi)vomme (case of a radiating antenna with right-hand he-
of small values of both frequencgy and parametey is char- Let us discuss in more detail the case of the surround-

acterized by resultant electric fields with elongated polariza-ing Earth’s plasma where the plane wave approximation is
tion ellipses on the plane orthogonal to the ambient magneti¢onyentionally accepted. At least two qualitatively differ-
field. _ _ent cases of field interference pattern registration can be an-
For the case of a steady-state interference pattern as digyzed. First, considering a long whistler pulse, interfer-
cussed above, the spectral matrix (see Appendix B) calcUances can occur in the regions near the artificial or the natu-
lated at each observation point is singular and possesses g reflecting surfaces where the incident and the reflected
single, nonvanishing eigen number. The corresponding comgayes overlap. In the case of a two-dimensional propa-
plex eigen vector calculated for the magneFic wave field, forgation in the plane containing both the background mag-
example, and the apparent wave vector (i.e. the vector ometic field B and the density gradieMn,, the wave reflec-
thogonal to the magnetic field polarization plane) are nottion should correspond to the conversion of whistler waves
connected with the polar_izati_on plane and the wave vectokgm the quasi-longitudinal to the quasi-resonant propaga-
of any plane wave. The direction of the apparent wave vectokjon regimes (or vice versa; otherwise, the necessary condi-
oscillates while the observer moves off the reflecting surfacg;gp, (11) is not satisfied) and this can happen in the space re-
a_md, herein parti_cula_r, its prqjection on the ambient mqgneti%ion with decreasing./w, along the ray path. Then, under
field conserves its sign. It is not the case for the O”emedsteady-state conditions, each space region reveals different
normal to the electric field polarization plane: its projection yq|arization states, depending on the spatial variation of the
oscillates with large angular amplitudes so that the sign Of{:/)vaves’ phases differences. As an example, for the parame-
the projection to the ambient magnetic field can be oppositqersq = 0.64 andf = 0.1 (see also the previous section and
in different space regions. This is the actual “mechanism” of,:ig_ 4b), the relative volume; (45) of space filled by fields
appearance of opposite polarization senses within the intefith the ion sense of polarization approaches 35%. Actually,
ference pattern. it is more easy to register ion-type polarized electric fields in
the domain of small values of andg where, however, the
eccentricity of the polarization ellipses is rather high.
Actually, the necessity to dispose of, for physical analysis,
In the previous section it was shown that the ion sense of po2 Sufficiently extended overlapping region between incident

larization can appear in the interference pattern of two plang®nd reflected waves (i.ék . AR > 2z in Eq. 44) imposes
waves even when both of them are electron-type polarized‘?l lower limit to the W'dth of the pargllel ray t_’eam formed.by
Moreover, the electric and the magnetic wave field Comloo_the long electrgmagnetlc pulse. This condition can be written
nents can reveal opposite senses of polarization at the sanfs (S€€ also Fig. 3)

registration point. Then, one should not be surprised that

for the complex field structures typical of waveguide modesAkL AL > 2n (

4 Discussion and conclusion

Yz
Ugj_

Vgz
UgJ_

) = (kZAL)[h > (51)
1 2
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wherev,, andv,, are defined by Eq. (20) andL is the that of each wave constituent. It is shown that the ion and
cross section of the beam along the ambient magnetic field.the electron senses of polarization can be both revealed in-
Estimating Eq. (51) at the poity, /) = (0.64, 0.1) leads  side the coherent mixture of plane electron whistler waves;
to (k;AL),, = 18 (see also the previous section and Eg. 44).moreover, the registration of the ion sense of polarization in
For such a wide beam of long electromagnetic pulse, the exan overdense, cold plasma certainly indicates the existence
tensionAH of the field interference pattern across the ambi- of a coherent wave interference pattern. One should pay at-
ent magnetic field verifiedk; AH > 2x; a similar condi-  tention that the “revelation of wave coherence” in the reg-
tion can be written for the cross sections; of the ray beam istration pattern, i.e. the actual observation of interferences,
i (i =1,2),usingAS; = AL cosg; and targ; = }vgz/vgﬂi essentially depends on the inherent phase scattering time of
(see also Fig. 3). Figure 4d represents the contours of corthe arriving wave packets, as well as on the receivers’ fre-
stant levels ofk;AL),;, as a function ofg, f) values com-  quency filters’ bandwidths (which are inversely proportional
patible with the occurrence of the ion-type polarization in to the filters recovering times or quality factors of the filters);
the interference pattern. One can see that, for low frequencyhe same remark is applicable to the width of the analogical
quasi-electrostatic whistler wave pulses, i.e. wheand f or digital filters used in the subsequent data processing.
are both small, the condition (51) is not difficult to fulfill; Nevertheless, there are some cases when a persistent phase
thus, this domain ofg, f) is preferential for the observation coherence naturally appears, corresponding, for example,
of unusual polarization features of whistler electric fields.  to the interference of waves near reflecting surfaces, inside
The reflection with conversion occurs typically for light- waveguides and in the field patterns excited by the resonant
ning generated whistler waves when they propagate upwareémission of charged particles’ beams. It follows from the fact
in a smoothly inhomogeneous plasmaspheric plasma. Théhat, at least for wave frequencies less than half of the elec-
reflection with conversion to the quasi-resonant propagatiortron gyrofrequency, the electron whistler mode in an over-
regime (i.e. the change, for the same upward orientation oflense plasmau(, > w.) is characterized by the existence of
the wave vector, from increasing to decreadinghells along  two plane waves of the same frequency and of the same par-
the ray path) typically takes place before the whistler waveallel wave humber which propagate at different angles with
packets can reach the plasmapause where the minimum eoéspect to the ambient magnetic field (and thus, which have
w:/w) is realized. In this case, however, at least one condi-essentially different polarization vectors, which is indispens-
tion (namely, smallf) that favors the observations of the in- able for satisfying condition (11) which is necessary for the
verse sense of polarization is violated: typically the reflectioninversion of the polarization sense). Then, the registration
occurs when the wave frequency is comparable with, but nobf the ion sense of polarization in the interference pattern
much less than, the value of the local electron gyrofrequencyof two whistlers should not be, in principle, a very surpris-
The other conditions of registration are typical of waves ing phenomenon; however, the eccentricity of the polariza-
originating from different distant sources of noncoherent na-tion ellipse of the total field can differ noticeably from that
ture. Then, one can reasonably assume that the phases of théeach plane wave constituent. When the wave distribution
wave packets arriving at the receiver are not correlated so thatinction should be recovered (Storey and Lefeuvre, 1974),
their mutual differences are uniformly distributed over the then the appearance of the ion-type polarization in the elec-
interval [0, 27 ] during the long total observation timg. In tron whistler frequency band is the sign of a failure, indicat-
this case, different polarization states can be registered duiing that the averaging time should be increased in order to
ing shorter time intervals when the variation of phases is negreduce the influence of the interference cross terms, if possi-
ligible; the probability to register ion-type polarization in this ble. However, the truncation of the averaging time can also
case can be estimated using Egs. (A6)—(A7) of Appendix A.be useful: the field structure near the reflecting regions can
One should pay attention to the possible comparativelybe recovered and the information about the phase correla-
small intensity of the wave field of the inverse sense of po-tions between the constituents of the compound signals can
larization, which arises from the interference of plane wavebe gathered.
constituents of the same sense of polarization. Indeed, ac- Finally, let us mention that one of the possible manifes-
cording to Eq. (4), the inverse sense of polarization can apation of magnetic field interference patterns with ion-type
pear only if the cross field term proportional|te 2| domi- polarization registered on the Earth’s surface in the electron
nates both the terms proportionalgpandp,. However, itis  whistler frequency band has been recently reported by Man-
not surprising that, for the same value of the phase differencainen and Turunen (1999, 2000). The authors have demon-
@ asin Eq. (4), the cross term in Eq. (7) can reduce the valuestrated that the preferential sense of magnetic field polariza-
of the total field intensity. Quantitatively, for the case of two tion for the power line harmonics radiation (PLHR) is of ion-
noncorrelated sources (see Appendix A), the probahility type, while for the usual whistlers it is of the electron-type.
to observe the field with the inverse sense of polarization isThis difference can be connected with the spatial structure of
greater than the relative intensity of the wave figéld with the magnetic field of the usual whistlers’ transient signals and
inverse sense of polarization, i®. > W2 (see Eq. A12). with the probable steady-state nature of the field structure of
Thus, we demonstrate in this paper that the sense of pothe PLHR emissions near the Earth’s surface. The complete
larization of the nonplane wave field corresponding to someclarification of the curious physical phenomena described in
interference pattern of two plane waves can be opposite tahis paper will be possible after the publication of the avail-
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able experimental data. Raleigh distribution functiori¥; (o;) for the amplitudes of
the constituents
— (5. /82 _ 2902
Appendix A The probability of registration of the Fjloj) = (0/B}) exp(—o}/25),
inverse sense of polarization in the field pattern x®
of two noncorrelated sources /daj}‘j (0j) =1, (A4)

0
full analytical calculations can be performed. In order to es-
timate the fraction of timel, when the inverse sense of po-
larization can appear, one needs to integrate the distribution
8) over the corresponding regidn

Let us study the characteristics of the field interference pat
tern of two waves of relative amplitudes and phasgsind

8;, respectively (see also notations in the text after Eq. 3)
One can consider the total time interyal 7,;] of wave field .
registration as a large set of short intervals of equal duratioHcunCtlon F(o,
T (for simplicity) so that the variation over the intervdlg 2r o

of the parameteréoy, o2, 81, 82)x, characteristic of the two 4, = /dad(p/dSl/dalal]:l(crl)]:g(aol)/47r2, (A5)
wave constituents, can be described with the help of a dis- p 5 9

tribution functionF (o1, o2, 81, 82). To calculate the fraction
of time d» during which the propertyG’ of the field is ver-
ified in the registered interference pattern (her®, is the
sense of polarization which is opposite to that of the secon
constituent with subscripb”), one can directly add the cor-
responding time intervals, (G) scattered ovel0, 7,], i.e.

with o = o2/01 andg = 82 — 81 + v (see also Eq. (6) in the
text). The domainG is defined by Egs. (13) or (14) depend-
Cing on the sign ofp1 p2; for the definition ofp1 2 and other
parameters used in following formulas, the reader should re-
fer to the Sect. 2 of the text. Finally, one can find (Lundin,

1985) that
dy = TiZTk(G). (A1)  d2=(1-R/V1-r+R?/2 (A6)
d
with

The valued; is actually the probability to register inversely 2
polarized fields when compared to the sense of polarizatiod = P1P2/ [P12l” ,
of the second wave constituent; using the distribution func-R = (sign(r) |p1l + 0° |p2l) /20 | p12l

tion F (o, §) = F (o1, 02, 81, 82), one can write G = B2/B1. (A7)
B Whenpips > 0 (i.e.sign(r) = 1), one hasl; < 1/2 and
da = /d"d‘; F(a,9), (A2 the maximum valudda)max = (1 — Jr)/2 is reached for

G 52 = p1/p2. Whenpip, < 0, d; changes monotonically
wheres = (01,02) ands = (31, 82): G is the region of from1to0 V\(hl|e<:] tra}ceshthe_lntelrval ranglfng frolm 0 JJT»
(0.8) = (01,09, 81, 82) values where the inverse sense of Let us mention that in the simple case of two linearly po-

polarization is registered (similar to the domaiis and ~ 'af1zed waves g1 = pz = 0) with noncolinear polarization
G, defined in Sect. 2 of the text). The distribution func- vectors in a plane orthogonal to the unit veatpboth clock-
tion F (o, §) of the wave field parameters should be chosenWise and counterclockwise senses of rotation of the total field

in accordance with the probable nature of the fields’ source$an be equivalently registered depending on the mutual phase

or derived directly from the observation of the wave fields. differlence<p. Wheng is uniformlyhdistributed ox_erhthe_in-
Let us calculate the mean value of the polarization param—terva [0, 27], one can suppose thag = 1/2, which is in

eterP (see also Eq. (2) in the text) according to the definition accordance with Eq. (AG).' . . .
Let us calculate the rati®, of the intensityWg of fields

with inverse sense of polarization to the total field intensity
W localized in the plane orthogonal #o

[[dods F(a,8) W(a,$)
and use the notatioR for the value ofP integrated over the Dy = & G (A8)
w

total domain of(e, 8) values admissible for the investigated [dods F(a,8) W(a,8)
process P should coincide with the integral/ P dt)/ T, After cumbersome calculations one finds that

over the total time interval};. 1 R R(1—r)
Let us consider, as a possible example, the distributionD, = > (1 — 5 — 3) ., (A9)

function F(a,8) = Fi(o1,81) Fa(o2,82) corresponding V1-r+R* 2(1—r+R?:2

to the system of two independent wave field constituentswhere we used the relation Re2b,) = (b2p1 + b1p2)/2.

moreover, let us assume for simplicity thBf(c;,8;) =  Indeed, one can write using the notations (11) that

Fi(oj) ®;(8;), which is the case when the amplitu "

of the coéstijtuemj does not depend on its phasg g? 2Rep12bi) = &, P) (P, ) + (5,945 P)

nally, considering that phases are uniformly distributed, one = (£, @) (P, P) + (s, P)(¢5 @)

can write thatF; (o}, §;) = F;(0j)/2r. Using the so-called +([¢t, pl, [P q)) + ([s5 q1, (g5 PD. (A10)

P = f dod$ F(o,8) P(0,9) (A3)
G
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As

[p,q] = —n ([a1, az], n)

and

(It, pl, n) = i(az, n)(a1, n) —i(a1, a3) = ([s, g1, n),

the two last terms in Eq. (A10) cancel each other so that

2Re(p12bi,) = (t, q)(p, p) + (s, P)(q, q)

= p1b2 + p2b1. (A11)

D> can also be written as a function @f in a very simple

way
Dy = d3(3 — 2dy). (A12)

Then, the obvious relatiod2 < d» (in the case when

p1p2 > 0 so thatd, < 1/2) means that the relative intensity
of the field recorded with the inverse sense of polarization is;

less than the relative time duration of its registration.
Calculations ofPg andCPLg = Pg/W¢ lead to (see
also Egs. (4), (7) and (15) in the text)

PG =—s22B25 |p1al yd3, y=v1—r+R?2, (A13)

W = B2(b2 52 + by1) d3 (3 — 2dy), (A14)

and

cpLgl = (2P ) r ). (AL5)
b1 +62bs 3—2d>

. . . —_—
The mean value of the circular polarization le¢&P L over

the total domain ofo, §) values is (see also Eq. (B8) of Ap-

pendix B):

—  p1+5%p2

CPL = — Al16
b1+ G2 by ( )

Appendix B The spectral matrix approach

Writing the wave field K () as a sum of several quasi-
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The elements of the matri§; are the scalar products of the
functions H; () which are the components of the wave field
vector H(¢) (B1); the notation(*) corresponds to the com-
plex conjugate value. Let us mention that for the case when
only the amplitudes of the field components, iH;(¢)|, are
registered (and not the phases), the corresponding spectral
matrix can also be useful for the analysis of the wave field
structure (Lefeuvre, 1977).

The subsequent conclusions about the field structure are
based, typically, on the analysis of the eigen values of the
Hermitian matrixs;; (B2) (Olson and Samson, 1979; Means,
1972). The existence of a single dominating eigen value is
usually interpreted as the case when a nearly single plane
wave is registered, even if this is actually not proved. Other
cases need more complex interpretations (Voyevudskiy and
Lundin, 1984). The properties of the spectral matrix under
consideration depend strongly on the value of the averaging
time T chosen for data processing (see Eq. B2), on the time
intervals between arriving quasi-monochromatic wave pack-
ets in actual signals, on the duration of these signals, as well
as on the “inherent phase correlation time” between them. In
general, the smaller the averaging time is, the more a single
eigen value can dominate the others. The most complicated
analysis includes the determination of the waves’ distribu-
tion function under the assumption that the registered signal
consists of noncorrelated spectral plane wave constituents
(proportional to|k,,|?) with linear polarization vectora,,
(Storey and Lefeuvre, 1974).

In application to the surrounding Earth’s plasma, one can
consider the case when large sets of wave packets arriving
from different sources are registered. When the total duration
T, of the registration is very long, one can assume that the
phases of the arriving wave packets are distributed uniformly
over the interval0, 2], so that, as a result, one can present
the spectral matrix of noncorrelated wave constituents nu-
merated byn as

Ty
1 ,
i = Yo @) m o O/ @ Pdr. (83

Under this assumption an algorithm of reconstruction of the

monochromatic plane wave field constituents with constantso-called wave distribution function was developed by Storey
complex polarization vectora,, and complex amplitudes and Lefeuvre (1974).

h, (1), namely
K@) = %H(t) exp(—iwt) + c.c.

= %Zamhm(z‘) exp(—iwt) + c.c., (B1)

However, let us consider another approach to the process-
ing of the multi-component wave field data; indeed, let us
split the total registration time duratiofy = ), 7} into
a large set of short intervalg, comparable with the de-
lay times between arriving wave packets and their durations
(these characteristic time scales of the process under consid-

one can define the spectral matrix (also called “coherencé&ration are not known in advance), so that one can assume

matrix” (Born and Wolf, 1959), “polarization tensor” (Lan-

that the amplitudes and the phases of the constituents are

dau and Lifshitz, 1960), or “Gram’s matrix” (Ghantmakher, N€arly constant during; (then, a single eigen value dom-

1966) in mathematics) as

T
1
Sij = (H;, Hj) = 7/H,- () H (t)dt. (B2)
0

inates for the spectral matrix correspondingZi. Within
some intervalsTy (G) distributed overO, 7;], the spectral
matrix can reveal rather unusual peculiarities of the wave
field polarization (in comparison with plane wave polariza-

tion, for example). The spectral matr$>g, corresponding to
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the selected set of registration intervajsG), where thereg-  For the right-hand (with respect ) circularly polarized
istered field reveals some special property label@d can  field one obtain€ PL = 1.
be calculated in two ways: the first one consists in summing At last, let us briefly prove the known mathematical re-

the integralssﬁ (k) as follows sult that, in the case when the spectral maffix (B2) has
G G a single, nonvanishing eigen value,= Y S,,, the wave
D) field (B1) can be expressed as
k(G)
1
1 _ .
sG00 = ) = s [ HOE 0@, @9 KO = A0 e
k
1
T(G) = Sah() exp—ion +c.c. (B9)

wherek(G) represents the set of intervadls(G) where the
property’G’ is realized. The second way consists in using where the constant polarization vectois the eigen vector
the distribution functions of the parameters of the wave con-of the spectral matrix Eq. (B2). However, let us mention
stituentsa,, h,, () (see Egs. (A3) and (A4), for example), that the polarization vectar can be, in principle, crucially
which are supposed to be known beforehand. The probabildifferent from the plane wave polarization vector of some
ity of observing fields with the property;’ can be found by  plasma mode, especially when considering the registration
calculating the ratio of the total time intervBl = > T (G) of steady-state interference patterns of different plane waves
when’G’ is realized (for exampléG’ can represent the ion-  during the averaging time duratidhy.

type polarization of the field in the electron whistler fre-  For the single, nonvanishing eigen valugthe so-called
quency band) to the total registration tirfig; one can also  functions of coherencE,g satisfy the following conditions
calculate integrals similar to Eq. (A3) over the doméirof for anya andg (hereafter, the summation over the repeated
the wave constituents’ parameters where the propéftys indexesy andg is not implied)

realized. This mathematical approach can be used to estimate

the polarization parametd;, the field intensityW; and the . |Soz/3 _1
level of circular polarizatiorC PLg (see Egs. (A13), (A14) ~ % = SeaSpp

and (A15), respectively), corresponding to the regime of reg- i )
istration of the wave field when the propefty is realized.  USing scalar products of the functiof, () (B1) according

The polarization parametefsandW (see Egs. (2) and (3) to the definition (B2), the condition (B10) can also be written
in the text) can be expressed through the elements of the cof*S
responding matri>6,~.{~ (B2) by taking into account the fol- (Hy, Ho)(Hg, Hg) = (Hy, Hg)(Hg, Hy)
lowing general relations 5
= |(Hy. Hp)|" . (B11)

| 2

(B10)

Sij = Rij +iJij = Rij — eijixk,

1 In the general case, one can exprBg$s) throughHg (1) as
e = _éekmnsmn’ e123=1,
(Holv Hﬂ)
Ckmn = —€mkn = —€knm> (BS) H, () = Hﬁ O)————< + V), (812)
(Hg, Hp)

where R;; and J;; are the real and the imaginary parts of
the matrix elements (the summation over repeated indexe
is implied in Eq. B5). Then, the polarization parameter
indicating the sense of field rotation is (o Hoy = (Hy, Hp)(Hg, Hy)
P=(xn)=-J (B6) o (Hg, Hp)
where the 2D matri)Sl.fj‘. = (Sij)ij<2 = Rl./j + iJl.;.‘ is the  Ifthe condition (B11) is satisfied, one has, ¥) = 0; then,
main minor (i, j < 2) of the 3D matrixS;; calculated in  the continuous functiod(z) is equal to zero at any point of
the coordinate system where the third axis is directed alonghe interval[O, '] where the scalar product (B2) is defined.
the vectorn (S can be directly calculated using only two ~ Thus, when the conditions (B10) are satisfied for any
components oil the field on the “oriented plane” of a two- andg, the corresponding Egs. (B12) and (B13) are satisfied
dimensional antenna orthogonal taz). In the same manner Wwith W(¢) = 0; thenH (r) = h(t)a and one can write

one obtains the field intensity localized in the plane or-
thogonal tar as

\bNhere the function (¢) is evidently orthogonal téfg(¢), i.e.
(¥, Hg) = 0; then, one can obtain the identity

+ (W, ). (B13)

T
1
1 Sija; = a; la)? ?/ \h(1)|?dt = Aa;, (B14)
W= (St + 53, (B7) 2

so that the circular polarization levélP L is expressed as ~ Where, for exampléx(r) = Ha () and the components of the
constant vecton are selected ag, = (Hy, H1)/(H1, H1),

so thata is the eigen vector of the matri%; corresponding
to the single eigen valug; this proves the statement (B9).

P 274
CPL=— = 12

- B8
W (S33 + S5) .
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