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Abstract. Studies of the auroral plasma with small-scale
inhomogenieties producing the VHF-radar reflections
(radar aurora) when observed in conditions of the
saturated Farley-Buneman instability within the auroral
E region, show strong nonlinear interactions and density
fluctuations of 5-15%. Such nonlinearity and high flucta-
tion amplitudes are inconsistent with the limitations of the
weak turbulence theory, and thus a theory for arbitrary
amplitudes is needed. To this end, a nonlinear theory is
described for electrostatic MHD moving plasma struc-
tures of arbitrary amplitude for conditions throughout the
altitude range of the collisional auroral E region. The
equations are derived, from electron and ion motion self-
consistent with the electric field, for the general case of the
one-dimensional problem. They take into account nonlin-
earity, electron and ion inertia, diffusion, deviation from
quasi-neutrality, and dynamical ion viscosity. The impor-
tance of the ion viscosity for dispersion is stressed, while
deviation from the quasi-neutrality can be important only
at rather low plasma densities, not typical for the auroral
E region. In a small amplitude limit these equations have
classical nonlinear solutions of the type of “clectrostatic
shock wave” or of knoidal waves. In a particular case
these knoidal waves degrade to a dissipative soliton.
A two-dimensional case of a quasi-neutral plasma is con-
sidered in the plane perpendicular to the magnetic field by
way of the Poisson brackets, but neglecting the nonlin-
earity and ion inertia. It is shown that in these conditions
an effective saturation can be achieved at the stationary
turbulence level of order of 10%.

1 Introduction and problem statement

Space experiments with high time/space resolution have
shown the appearance of nonlinear wave-like, or soliton-
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type structures in the auroral plasma at magneto-
spheric altitudes. The examples are the data from the
satellites S3-3 (Temerin et al., 1979, 1981), Viking (Ko-
skinen et al., 1990) and Freja (Erlandson et al., 1994)
where the plasma can be considered as collisionless.

Several groups are now developing theories and/or
numerical models to describe such collisionless plasma
structures (see, for example, Schamel, 1986; Tetreault,
1991; Seyler, 1990; Chang, 1992; Romero et al., 1992).
Volosevich and Galperin (1995), in the frame of one-di-
mensional nonlinear MHD stationary wave theory, modi-
fied and generalized the approach by Temerin et al. (1979)
and Chang (1982). The authors reached a qualitative
agreement with the satellite experimental data on all the
observable parameters of the so-called “ion hole” struc-
tures. In Volosevich et al. (1995) the theory was generaliz-
ed to the collisional auroral E-region plasma. This ap-
proach will be further extended here. New effects appear
for its two-dimensional versions (as will be discussed).

At auroral ionosphere altitudes where collisions gener-
ally may not be neglected, there were several very interest-
ing rocket experiments that also indicated the existence of
nonlinear phenomena, wave bursts, and impulsive particle
acceleration (see Reme and Bosqued, 1971; O’Brien and
Reasoner, 1971; Kelley and Mozer, 1973; Bahnsen et al.,
1978, Whalen and Daly, 1979, Boehm et al., 1984; LaBelle
et al., 1986; McFadden et al., 1986; Bryant et al., 1991;
Arnoldy et al., 1992; Kintner et al., 1992; Rinnert, 1992). In
the collisional auroral E-region plasma some rocket ex-
periments and phenomena of radar aurora indicated the
existence of plasma density inhomogenieties with ampli-
tudes up to 7-10% and scales in the decimeter and meter
range [see Kelley and Mozer (1973), Bahnsen et al. (1978),
and a reevaluation in Primdahl and Bahnsen (1985)].
However, these E-region phenomena are still not well
studied experimentally from rockets to measure their
waveforms and lifetimes.

For more than three decades the Farley-Buneman (FB)
instability has been considered the generation mechanism
for the E-region inhomogenieties responsible for the
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VHF-radar aurora (see reviews by Fejer and Kelley, 1980;
Haldoupis, 1989). In most of these theories of the E region,
a linear theory was used for the instabilities leading to the
plasma inhomogeniety formation, for example, three-
wave interactions, which were considered weak. Also, the
FB wave dispersion and ion viscosity were mostly neglect-
ed. Studies of the linear stage for this instability were
indeed successful in the interpretation of many character-
istics of the radar aurora.

Meanwhile, the theory for the nonlinear stage still
meets with some important difficulties and contradictions.
One of the reasons for this, from our point of view, is that
linearly growing waves in the theory have no dispersion,
and thus grow to rather high amplitudes. At such ampli-
tudes nonlinear interactions cannot be considered as
weak, and the main condition for applicability of the weak
turbulence theory is violated.

Within the frame of the nonlinear models by
Volosevich (1978), Hamza and St.-Maurice (1995), and
others, the wave-wave interactions (three-wave as well as
four-wave) lead to nonlinear frequency shifts. These shifts,
in their turn, decrease the linear increments and stabilize
the instability at a certain (rather low) stationary level.

However, there is a principal limitation in the usually
applied linear theory. When kinetic effects are taken into
account, such as Landau damping on ions, the range in
wave vectors k of the excited waves becomes limited. This
means that realistic FB waves must have a dispersion. As
was shown in Volosevich (1978), the Landau damping on
ions, in the dispersion relation for the FB waves, is equiva-
lent to taking into account the ion dynamical viscosity in
the hydrodynamic model by Gershman et al. (1976) and
Volosevich (1978). Thus the dispersion relation may be

written as
2 2
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where k, k, are wave vector k components along and
perpendicular to the magnetic field, Ur; = (T/m; )42 is the
ion temperature, v;, v, are collision frequencies of ions and
electrons, wy;, oy, are the respective gyrofrequencies, and
g* is a dimensionless coefficient of order 1 to 3 related to
a particular hydrodynamic model. It follows that the wave
dispersion is inherent to the realistic FB waves, and this
property is very important for their nonlinear dynamics.

In some papers a predetermined relation was supposed
between the plasma electron density n, and electrostatic
potential ¢: either a linear, or the Boltzmann one.

However, in Volosevich and Galperin (1995) a more
general relation between the density and the electric po-
tential was derived for any charged particle population
which allows to study various effects including a loss of
quasi-neutrality. The resulting electric field can be found
from the Poisson equation, or from the quasi-neutrality
condition, and it is self-consistent with the particle motion
within the finite-amplitude plasma structure that was con-
sidered.

One of the principal problems for both collisional and
collisionless nonlinear MHD equations for auroral re-

gions, is the way to avoid the singularity in the solutions;
that is, the wave overturn. What are the conditions and
effects needed for a stabilization of nonlinear structures at
a finite amplitude? These effects will define the space and
frequency scale for a particular type of nonlinear wave
structure. Obviously, only such durable, quasi-steady
structures have chances to be observed from a low-alti-
tude satellite or a rocket. Or, if the conditions for stabiliz-
ation are not met, only a highly turbulent plasma will
result from linearly growing and overturning waves.

We consider what conditions are necessary (but not
generally sufficient) to reach stabilization at some finite
level for a wave-like or a soliton-like nonlinear structure.
We shall evaluate its corresponding scales in space and
time for a simplified range of conditions (Sect. 2). A rela-
tive importance of the ion Landau damping and quasi-
neutrality condition for the corrections to the dispersion
of the FB waves is considered in Sect. 3. Some new effects
will be considered for a two-dimensional generalization of
the theory (Sect. 4). Discussion of results, including the
problem of comparisons with available experimental data,
will be briefly considered in Sect. 5. Conclusions are pre-
sented in Sect. 6.

2 Theoretical Model

The evolution of nonlinear structures will be described by
a system of quasi-hydrodynamic equations of motion of
charged particles of type « (« = e for electrons, o =i for
ions) together with the continuity equation and Poisson
equation for the electric field:

e (0,910, = ~ V0, + o] U, — Tl
on _,

i i =0 2
o + div(n,U,) =0; (2)
V2 == (n = n; G)
where:

B, = ¢ + U2, In(n,);

o

electric field is supposed to be electrostatic E = — Vo; 1, is
the coefficient of ion dynamical viscosity (Braginsky, 1963;
Gershman et al., 1976). Other definitions are standard:

B, =|B,|-¢.; Uf, =2kT,/m,;

and T,, m,, e, U,, n,, and v, are the temperature, mass,
charge, velocity, number density, and collision frequency
(or, an effective collision frequency) of particles of the
sort o.

In this paper we shall consider the nonlinear interac-
tions as strong, and use the strong turbulence theory for
their description. Firstly, we shall study possible roles of
various factors for the development of quasi-stationary
nonlinear structures such as nonlinearity, inertia, colli-
sions, dynamical viscosity, and deviations from quasi-neu-
trality.

Opa = €q| By |/mg;



892 A. V. Volosevich, Yu. I. Galperin: Nonlinear wave structures in collisional plasma

We consider here a strongly collisional plasma corre-
sponding to the E region of auroral ionosphere (“dynamo-
region”). In this region electrons are magnetized v, < wgye,,
while ions are nonmagnetized v; > wy; (v, Vi, Og;, Op, are
collisional frequencies of electrons and ions and their
gyrofrequencies).

As is known, the primary reason for the low-frequency
instabilities in the auroral E region is the electric field
and currents imposed by the magnetosphere, and ionos-
pheric currents and fields induced thereby. The instabili-
ties can generate plasma inhomogenieties and small-scale
structures, which are able to scatter radiowaves up to
VHF frequencies (so-called radar aurora). The exact na-
ture of the radar aurora scatterers is poorly known, des-
pite great efforts of various groups, due to the extreme
complexity of the problem and its dependence on various
parameters of the medium which need to be taken into
consideration for the experimental data comparisons with
theory.

Our aim here is to propose a theoretical framework for
such comparisons which could be applicable to nonlinear,
collisional, strongly turbulent, and dynamic auroral E-
region plasma at different altitudes. We shall start from
a one-dimensional model, and later will briefly consider
two-dimensional effects in a simplified model.

3 One-dimensional model
3.1 General equations

We shall consider here quasi-stationary electrostatic non-
linear moving plasma structures, and apply the so-called
stationary wave approach (see Karpman, 1973). It is sup-
posed further that the only variable is S = x — V't + hz,
where z is along the magnetic field, x is perpendicular to
the magnetic field in the direction of the electron drift
velocity due to external field, V' is the parameter with the
velocity dimension (the velocity of the structure) which
will be defined from the conditions for the solution exist-
ence. For the one-dimensional problem considered in this
section, h =0, while for the two- and three-dimensional
models, h defines the angle of the plane in which the
nonlinear structure can move, with the plane perpendicu-
lar to the magnetic field, B,, ie., the aspect angle for
auroral radar reflections (see Sect. 4). Thus, a class of
stationary solutions is sought which describes stationary
electrostatic structures moving with a constant velocity
V in respect to the plasma.

With these suppositions, we derive from the system of
equations Eqgs. 1-3 the nonlinear equations of motion for
electrons and ions. Taking into account the nonlinearity,
electron and ion inertia, diffusion, and collisions, the equa-
tion can be derived which relates the electron number
density to the electric potential ¢:

> (V2 e d (207
( +U%elnNe—@>—vT-—< +U%ENQ>

W 2N22 m, ds N,

N, e d_(p
V.m, dS

+ (1 = Ny, =0; )

where N, = n,/ny; V, = V(1 —8,); 0. = Ug/V; Uy, is the
electron drift velocity |U,,| = | E|/| B|.

Neglecting nonlinearity and electron inertia in Eq. 1 we
arrive at a simplified equation for the electrons:

d( ep\ iV, I
ﬁ<UTelnNe_E>+ v, l_ﬁe =0. (5)

Equation 5 will be further used in the simplified models
which consider two-dimensional effects.

For the nonmagnetized ions with the account for non-
linearity, diffusion, collisions, viscosity, and effects of pres-
sure by high-frequency waves (for example, lower-hydrid
waves and/or ion plasma waves), the equation relating ion
number density N; to the electric potential ¢ will be:

d (V2 2 €ip ” 1
dS<2Ni2 + UriInN; + m: + Vi (1 N,

~ d? 1
_niVidSz'<N-i> =0; (6)

where V; = V(1 —6,); 6; = Uy/V; N; = n;/n,;. While for
the E region §; ~ 0, in the upper E region and higher J; is
significant and needs to be taken into account for the
general theory. Similar equations can be written for differ-
ent sorts of ions.

The Poisson equation (Eq. 3) for the electric potential
@ in case of one sort of ions (which only will be considered
here) can be written in the form

e d*¢
mw2 dS?*’

Ne_Ni = (7)

where w,; is the ion plasma frequency, w2 = e*n,/e,m;.

From Egs. 4, 5 (for electrons), and 6 (for ions), together
with the Poisson Eq. 7, a system can be constructed for
one-dimensional electrostatic plasma structures in a colli-
sional plasma. The role of particular terms will now be
considered by simplifying the problem by neglecting one
or some of these effects.

3.2 The role of ion viscosity

Let us first consider the role of the ion viscosity using Eq.
4 for electrons and Eq. 6 for ions, but supposing quasi-
neutrality N; = N, = N. For this case the following equa-
tion is derived:

a3 /1 ~ d*> (M2 d (M?
—Be—= | =" 4+ 1nN yo—| —
p d§3<N>+5e d52<2N2+n >+y dé(N +N>

& (1
—l—/l-(l—N)—oc,,-NP(N):O, 8)

where

(1—6;)° +% (11— 5e)2:|§ B =’7il7igewLHR/Cs3;

5, =0, —1;

M2 =M? (1—5»2+2%<1—5E>2+§<1—5i)-<1—5e)}

L e
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7= Cyw./(V-wrur);
oy =mi(1 —6)v./C3; M=V/Cy; i=6,—R(l—35);
E=8 wrgr/Cs; wl%HR = WHiWHe

The first term in Eq. 8 describes dispersion effects; the
second is due to diffusion, nonlinearity, and inertia of
electrons and ions, and defines nonlinear wave damping
(increase), as in Volosevich et al. (1995). The third and
fourth terms are due to collisions of the charged particles
with neutrals, they define the linear increment y;;x of the
FB waves. The last term in Eq. 8 describes the wave
damping resulting from the ion viscosity.

It can be noted that when the ion viscosity is neglected
(n; =0), Eq. 8 coincides with Eq. 12 of Volosevich et al.
(1995).

Numerical solutions of Eq. 8 may be sought, but this is
beyond the scope of the present paper. Due to multiple
parameters that enter, the numerical results will not be
easy to analyze.

To illustrate the solutions in the limit of small ampli-
tudes, consider a case N =1 + n, n = dn/ny<« 1. The terms
with the derivatives on n? may then be neglected in com-
parison with similar terms with the derivatives on n. The
term o, n (d°n/d&?) is small in comparison with the term
2yM3n (dn/dé). Indeed, consider their ratio r:

%y

29M?3

N WLHR 1 InL

S ToMv, 147 S

~

Here ry;, = C/wrpr 1s a characteristic length scale. For
the E region C,~370m/s; wyygr~3.7-10*s~1, thus
ry. ~1 cm. For VHF radar aurora scatterers, the struc-
tures of decimeter and meter scale are interesting; thus
their scales & = S/ry; > 1. Consequently, for our purposes
r«1, and the corresponding term may be neglected. In
this case Eq. 8 simplifies significantly and can be written in
a “canonical” form

o*n 0*n on on?
e 2y, =0 9
ﬁai:i 0-652 ‘yl agv+y2 65 n > ( )

where ¢ = 6,(M2 —1) — a,; 7, = p(M7 —1); 7, = yM7. The
term with quadratic nonlinearity is retained (y, # 0).

Equation 9 by its form coincides with that derived and
analyzed for the one-wave approximation in Rabinovich
and Trubetskov (1984), where the effects of dispersion
(B #0), nonlinearity (¢ #0), and dissipation (y; # 0,
v, # 0) are included.

To study the effects of the ion viscosity consider a par-
ticular case A =0 which corresponds to Uy, ~ V(1 + R)
for §; =0. This case describes waves at the limit of linear
stability for the FB instability. Integrating Eq. 9 in this
case we come to an equation of a nonlinear damped
oscillator with £ as analogue of time, n a coordinate of the
oscillating point:

dz
! @ y11 + y,n* = const. (10)

d
bz =%

The equilibrium positions are at n,; =0 and n,, =
71/72. To analyze the type of these equilibrium states

consider the characteristic equation:

Bp* — op — 71 +2y2n,, =O0.

If n=n, +a’; i’ ~exp(pz), then the n,; =0 is a saddle
point, and n,, a node for o2 > 4py;, or a focus for
0'2 < 4‘[5'))1 .

This means that if the dispersive effects dominate over
the dissipative ones (the latter case), quasi-stationary non-
linear oscillations (knoidal waves) are possible. In particu-
lar, when ¢ =0, and ¢ =0 the exact solution is a dissi-
pative soliton:

n:nmax/Chz(é/D); Mmax :%VI/VZ:' D:(4|ﬁ/yl|)1/2

(11)

In the opposite case, when dissipative effects dominate
over the dispersion ones (6%>4| By |), a specific structure
of the “electrostatic shock wave” type can develop. It is
located between the two quasi-stationary states with
n,y X0for & > 4 oo (t < 0)and nyy ~ y1/y, = MZ —1/ M}
for £ - — oo (t > 0), i.e., between the upstream and down-
stream regions, respectively. Note that n,, depends on the
velocity of the structure (on its Mach number).

Thus, Eq. 8, even in its small amplitude limit Eq. 9,
gives a variety of nonlinear moving structures in a colli-
sional plasma. Equation 9 has a canonical form its solu-
tions are illustrated in various books on nonlinear oscilla-
tions. With a proper choice of parameters they probably
could be relevant for the auroral E-region conditions
during weak radar aurora reflections resulting from small-
amplitude inhomogenieties.

Numerical analysis of the full equation (Eq. 8) will
allow to study various scenarios of the nonlinear wave
evolution, not limited to small amplitudes. Such struc-
tures are supposed to be effective radar aurora scatterers.
Their spatial scales can be small enough to scatter even
decimeter waves as observed in radar aurora. However, as
will be shown in Sect. 4, the two-dimensional effects are
very important for the saturation level of the turbulence in
the E region.

3.3 The role of deviation from quasi-neutrality

Now consider the effects of a deviation from quasi-neu-
trality, that is N; # N,. This is another way for the wave
dispersion to appear in the auroral E-region plasma. For
this, Eq. 5, for electrons and Eq. 6 for ions together with
the Eq. 7 will be used. After some algebra the following
simplified equation for the ion density N = N; is derived:

d (M2 M,
9 — LN -2 1—
_ A/\[d_2 l +ﬁ d_2 ﬂ-ﬁ-l N
Mg \N) TP g o T

d3 M% lN 06,1,1
“ag|m N TN ) T\

a* (1
+ BMW <N> =0, (12)
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where

o = wet/or(l + 1% M
i = u(l—0.)/(1 + 1);
M; = 5evi V2uACIve).

Oy = NilDLHR * IZ‘/C?;
ﬁln = Wiﬂve/cs2§

2 2.
U= OLHR/ Wy

Here, o, and f;, are defined by deviation from quasi-
neutrality, while o,, and f,, by dispersion effects due to
ion viscosity.

For a small-amplitude case, in analogy to Sect. 3.2, Eq.
12 can be reduced to the canonical form (Eq. 9) but with
the new coefficients with index A:

B = “A(Mf —-1)— Oags O = 5)(Mf —1)—a
Y1 = /(M(% —1 =2Mj3);, v, = V(M% —3M3).

It can be noted that the respective soliton-type solution
for A = ¢ =0 of the form of Eq. 11 will hold. However, the
spatial scale D, of the structure, which is due to deviation
from quasi-neutrality, is reduced in comparison with D as
given in Eq. 11:

D, /D ~ (B2/B)'* ~ (1/d)"* ~ 0.1.

To evaluate a relative role of the loss of quasi-neutrality
in the wave dispersion (described by the terms with o; and
o;,), the ratios of the coefficients of the dispersion terms in
Egs. 8 and 12 are to be considered:

ry = Blo; ~ Mzwgi/(vive) and 1, = floy, ~ gewgi/wlz,HR~

The ratios ry, r, are small; that is, the loss of quasi-
neutrality is important for the dispersive properties of
a collisional plasma, only at low plasma densities when
0% ~ wiyg. Evaluating r,, r, for plasma parameters char-
acteristic for the auroral E region, it is seen that such
conditions are rare. This is in accordance with the con-
clusions of Gurevich et al. (1994).

It can be concluded that the ion viscosity is the most
important process that determines the existence of quasi-
stationary plasma structures of finite amplitude in the
collisional auroral E region. It makes the waves disper-
sive, and this opposes the wave front steepening and
overturn. It has already been noted that according to
Volosevich (1978) this viscosity is actually a result of the
ion Landau damping for large k-values.

4 A two-dimensional model
From the simplified Eq. 5 for electrons, and neglecting

nonlinearity and ion inertia, and for the quasi-neutrality
condition N, = N,, the two-dimensional equation for elec-

trons is now derived:
2
| Qe 0%n
v: 072

A

on v, U?
4 VoV — =5 (Am

WHe
2 A2
ev, Oy, 0
+m a)lee |:n <AL(P + vg azz> + Vﬂ’l- VL(P
a)He on 0@ 1
e =0: 1
e 62} 5 LV, Vol =0; (13)

where:

0? * v 0 74 0 -
L= Ty TR TS
The last term in Eq. 13, the so-called vector nonlinearity,
describes the main two-dimensional effect in the plane
orthogonal to magnetic field B,. The dependence on the
coordinate Z (along magnetic field) can be neglected if
|0/0Z | < (vo/wh.) | 0/0r, |, that is, when the characteristic
length along the magnetic field L. is much larger than the
perpendicular one, L, (or, more precisely, when
L2»L1v:/og,).

The ion inertia can be accounted for by introducing the
operator:

190 O
o= (14— ) (14 2
Vi i < +v,6t>< + v12>

Then the equation for ions will be:

o,@—<3> V(nVip) — U, dn (“’”) [Vn, Vl. =0.
ot m; Vz
(14)

For nonmagnetized ions using Eq. 13 for electrons, the
equation for the charged particle density n is derived for
the two-dimensional case 0/0Z =0:

n = on/n,.

on R0
(1+R)5—+er\7n+ <‘;Z’ CzALn>
1
+ 5 [V, V. =0. (15)

It is seen in Eq. 15, that its first two terms describe the
linear dispersion law for the FB instability o ~
kV,./(1 + R); the third term is a linear increment of the
perturbations .,y = R(w? — k*C3)/v; for n~
n, expi(wt — kr). The last term, the vector nonlinearity,
describes the nonlinear wave spreading in the plane per-
pendicular to the magnetic field. This term in some condi-
tions can be the dominant one in the evolution.

The nonlinear wave-wave interactions were studied in
detail within the frame of the weak turbulence theory.
However, as was mentioned in Sect. 1, it is applicable only
to weak nonlinear interactions characteristic to small
wave amplitudes. In contrast, the two-dimensional
theory described, must be applicable to finite amplitude
waves and strong wave-wave interactions leading to
wave spreading in the plane perpendicular to the magnetic
field. This wave spreading is capable, in principal, of
leading to the stabilization, i.e., to a stationary turbulence
level.

The dependence on the z coordinate is most important
for the magnetized electrons. In the simplest case, instead
of Egs. 5 and 13 we can have equations where the electron
collision frequency v, is replaced by v.[1 + h?(wg./v2)].
For large aspect angles, or for h? > vZ/we, it follows from
the linear theory that the intensity of nonlinear stationary
waves becomes negligibly small. In the opposite case, or
for small aspect angles h? < v2/wi., the corrections are
expected to be small. However, a proper analysis of the
respective three-dimensional problem is beyond the scope
of the present paper.
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For illustrative purposes we show such stabilization by
the two-dimensional wave spreading on a simple example.
Suppose that the wave n; is due to the electron drift with
the velocity Uy, in the X direction. Then the electric field
of this wave E; = — 0¢/0x induces the drift of the elec-
trons in the Y direction with the velocity

| Uey| = = (vi/om) | Usxc|ny. (16)
It is clear that an additional wave n, is created, which
propagates in the Y direction. It means that the electric
potential ¢ now depends also on the Y coordinate. Now,
supposing that n; ~ 0.1 and v;/wy; ~ 10, it is seen that
amplitudes n; and n, are of comparable amplitude at this
level of the auroral E-region ionosphere.

From Eq. 15 the equations for the two waves moving in
orthogonal directions are:

0 R [0?
ﬂ(l 4 R) + Uso Vinty + — <0 t"; chLm)
1 anz 5(p1 anl 0902
(= TR 15
* <6x dy 0y ox ’ (15+)
R [0?
@(1 +R)+ U, V,n, + — (atnj CSZAm)
1 %%_%@i _o. (15%%)
dy Ox ox 0y

It may be seen that in a small amplitude limit both
waves are nonlinear. Using for simplicity a linear relation
between ny, n,, and electric potential ¢, and retaining
nonlinear terms, we obtain the equation for the wave n;:

6”1 R aznl
( + ) + Vi < atz

CsZALn1> + Ueax%
Ox

0(nqy ny)
0x

on
+ BUean_l - ﬁZ ex1

=0. (17)

The first three terms of Eq. 17 describe the linear stage
of the instability, the fourth term the transfer by the wave
n, of the wave n;. Most important is the last term, which
describes the modification of the wave n; which takes
place due to the wave n,. This is just the process which
limits the linear wave growth for the waves propagating in
the plane perpendicular to the magnetic field.

This process can be considered approximately when
(0n,/0x) < (On,/0y) and (0ny/dy) < (0ny/0n), by introduc-
ing again a stationary-wave approach. Then from Eq. 17
we have

onl RCZ(M?* —

S0 (14 R) + oni

1)0 nl 25 _
Vv, —FRoen: Fg =0.
(18)

Its solution can be written in a simple form:
ny ~ 0./(f — %),

where 6, = U,/V;
0, — (14 R); n = dn/n,;

s=x—Vt;, 0= RCf/(v,--ée-V);ge:
ﬁ ﬂz “Ny0./2; B = vi/oy;.

A stationary state n —0 exists for S —> + o0 (t <0),
while for S - — oo (t > 0) a stationary turbulence level
can be established at

n* = 8, = 20,/(B*5. - n,). (19)

It can be seen that the stationary level only weakly
depends on the degree of the supercriticality when
d.> 1+ R. It is defined mainly by the parameter (v;/w,;)*
and is inversely proportional to the amplitude n,. If we
suppose that n; ~ n,, then n* ~ . /2wy;/v;, and the den-
sity fluctuation amplitude for the E region amounts to
about 10%, the value deduced from observations.

5 Discussion and possibilities for comparisons
with experiments

After the discovery of the radar aurora, magnetospheric
and auroral researchers were excited by the perspective to
be able to perform a continuous registration of auroral
phenomena irrespective of weather and solar-illumination
conditions. Radar aurora was extensively studied during
IGY (1957-1958) and further on. These expectations were
strengthened when a successful interpretation of the main
features of this phenomenon was achieved as a result of
the modified two-stream, or FB, plasma instability in the
auroral E region [see Kelley (1989) for a comprehensive
review and references].

Studies of auroral plasma inhomogenieties which can
be auroral VHF scatterers, were performed by remote
radiophysical methods and by in situ measurements from
rockets. They revealed the extreme complexity of the
phenomenon, its nonlinearity and existence of different
instability modes in different conditions. Significant local-
ized electron heating was found in the scattering region,
implying nonlinear wave-wave and wave-particle interac-
tions including Landau damping. These results led to an
extensive theoretical research of the radar aurora [for
recent analyses and reviews see Hamza and St.-Maurice
(1995), Gurevich et al. (1994), and Dimant and Sudan
(1995)]. However, their exact physical nature, motions,
waveforms, and lifetimes are still unclear and remain
a subject of intense study.

Studies of radar aurora are having a new start with
the advent of unprecedented global magnetospheric-
ionospheric coordinated experiments in 1995-1998 from
several recently launched high-altitude magnetospheric
satellites, including GEOTAIL, WIND, POLAR, IN-
TERBALL-1 and, being prepared for launching, INTER-
BALL-2 (see Galeev et al., 1995; Galperin and Zelenyi,
1995), and CLUSTER, together with a network of
ground-based geophysical stations. Development and ex-
tension of the EISCAT incoherent radars, of the Super-
DARN global HF radar network, and of various other
HF and VHF radar systems give a new perspective in the
study and geophysical interpretation of the auroral
plasma inhomogenieties.

What particular geophysical parameter(s) can be de-
duced from the VHF radar aurora observations with
medium and high space and time resolution? What are
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particular constraints on the data interpretation in terms
of deduced geophysical parameters which are imposed by
the location of the observational site (or magnetic aspect
angle), by imprecise knowledge of the reflection altitude,
collision frequencies, and of electric-field gradients? There
is still no adequate nonlinear theory to answer these
important and practical questions raised by experimen-
ters.

An attempt in this direction is presented in this paper.
As was shown in Volosevich et al. (1995) there are theoret-
ical reasons to believe that some types of MHD nonlinear
soliton-like plasma structures with scales in decimeter and
meter ranges which are moving with velocities of order of
the ion sound speed could be responsible for at least some
types of the radar aurora observed. An extension of this
theory is presented here. However, such stationary electro-
static MHD structures moving with constant velocity can
by no means exhaust the plethora of plasma phenomena
on auroral field lines at various altitudes and geophysical
conditions, and much further work, especially an exten-
sion to a three-dimensional theory is necessary.

The problem of stability of the solutions/structures can
be considered if we suppose that the linear dispersion
relation shown in Sect. 1 is modified during the nonlinear
stage in such a way that the nonlinear frequency wyy,
becomes a function wy;, = w(k, A2), where A4 is the wave
amplitude. For the nonlinear theories of FB instability
(see, for example, Volosevich and Liperovsky, 1975;
Sudan, 1983; Hamza and St.-Maurice, 1995) it follows that
wy, 1s nearly proportional to 4~ 2, so that the dispersion
relation has the form:

-

K-V,
2 2

o k*Ug;
1+R<1 +gz v2T1+:xNLA2>

i

. . kZ 2
R=—"e .<1 +—-w’§e>, (20)

2
WH;* WH, ki v

) =

El

and thus (dw/dA*) 4.0 < 0. Thus, inclusion of the ion
viscosity term in Egs. 8 and 9 leads then to
(d*w/d*k) -, 40 < 0. Using the stability criteria for sta-
tionary waves against disturbances propagating in the
same direction, as described by Lighthill (1965), it can be
concluded that a one-dimensional stationary wave will be
stable. However, for a stability analysis in a two-dimen-
sional model a more precise knowledge is needed about
the nonlinear dispersion relation, probably with the ac-
count of the multi-ion composition and currents in the
auroral E region. From an observational point of view it
seems that various instability regimes depending on local
parameters of the medium, especially changing electric
fields and currents, have an important role in the
physical, not mathematical, stability or intermittence of
the observable small-scale plasma structures in the aur-
oral E region.

It is rather difficult to compare the theory described
here with available experimental data. The main part of
experimental information about auroral VHF-radar aur-
ora is gathered by remote radio methods. Such measure-
ments well characterize the average scattering properties

of the medium, its bulk velocity, and various morphologi-
cal types of reflections that are observed (see, Schlegel
et al., 1990; Villain et al., 1990; Foster et al., 1992; Hal-
doupis et al., 1992, 1995). However, the impulse length in
these experiments was not less than 0.3 km and often
much more, and azimuthal width was even more. Hence
many scattering centers took part in the formation of the
return signal. So, their waveforms and other microscopic
characteristics important for comparisons with the theory
could hardly be assessed.

Meanwhile these data, and especially some results of
well-instrumented rocket experiments, revealed the
strongly nonlinear nature of the plasma in the collisional
auroral E region. For example, in the experiment by
Bahnsen et al. (1978), after its reinterpretation in Primdahl
and Bahnsen (1985), a good agreement was found with the
theory by Sudan (1983). It was achieved when the effective
electron collision frequency was considered to be an order
of magnitude higher than that due to electron-neutral
collisions. It indicated strong wave-particle interactions
resulting in a significant electron heating. Important elec-
tron heating and anomalous collision frequencies deduced
from EISCAT and rocket data could indicate effects of
electron Landau damping through the modulational in-
stability (Stenflo, 1991). Recent particle-in-cell simulations
by Schlegel and Thiemann (1994) succeeded in reproduc-
ing the observed electron heating, its dependence on the
ratio U, /Ur; (in our designations), and several other ob-
servational characteristics. However, the three-dimen-
sional nature of these effects is beyond the scope of the
present paper.

The other, most important result of the rocket experi-
ments performed, is an evaluation of the electron-density
amplitude variation, which appeared to be as high as
5-15% (Kelley and Mozer, 1973; Primdahl and Bahnsen,
1985, and references therein). It indicated that a strong
turbulence theory is needed for its description. As was
demonstrated by a simplified example in Sect. 4, these
high amplitudes must lead to strong nonlinear
wave spreading and other effects related to the two-di-
mensional turbulence-level stabilization. It was shown in
Sect. 4 that this level can be of order of 10% in density, as
observed.

We are not aware of published direct waveform data in
the range of decimeter and meter wavelengths in the
auroral E region, in conditions of saturated FB instability,
which could be compared with those predicted by the
theory. Thus, no definite comparisons of the experi-
mental rocket data on waveforms with those predicted
by the theory have been made so far. As can be seen from
Eq. 8, the waveforms depend on many ambient para-
meters of the medium, sometimes not all of them are
known. Thus, such comparisons need particular care in
each case.

However, some indirect information about waveforms
can be extracted from extensive statistical analyses of the
electric-field data of two rocket experiments in the
saturated FB instability conditions by Pecseli et al. (1989,
1993). In one experiment with a low turbulence level, large
coherent structures (bursts or wave packets) were not
detected. However, the waves were found with a velocity
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significantly lower than the ion sound speed, and deviated
from the E x B direction to that consistent with R = const.
While inconsistent with the linear theory, such wave prop-
erties can be qualitatively accommodated in the theory
presented here by a proper choice of parameters.

In the other experiment, when the turbulence level was
higher, an elaborated statistical analysis definitely in-
dicated the presence of phase relations between the
Fourier harmonics, or in other words, significant nonlin-
ear couplings. While no waveforms were presented, these
results, in our opinion, do not seem to contradict the
existence of some characteristic waveforms, or even soli-
tons, in the measured signals. These results probably de-
serve some further analysis by the wavelet technique
based on model waveforms derived from the solutions of
Egs. 8 or 9.

It can be noted that in the collisionless limit of this
theory (Volosevich and Galperin, 1995) the predictions
made are in reasonable, though qualitative, agreement
with the in situ observations of double layers and ion holes
on auroral field lines at high altitudes.

It is hoped that the amplitudes, motions, waveforms,
and lifetimes of the nonlinear plasma structures in the
E and F regions in various geophysical conditions will be
possible to predict within the frame of the theory present-
ed, its further extensions to 3D and by its numerical
modeling. If these predictions are successful, then a new
endeavor in the auroral and magnetospheric real-time
medium-scale and large-scale diagnostics will become
possible from the VHF-radar aurora observations. How-
ever, much further work is needed to achieve this goal,
including three-dimensional extension and critical experi-
mental tests of the theory together with extensive numer-
ical modeling.

6 Conclusions

1 A nonlinear equation (Eq. 8) is derived which describes
the evolution of stationary electrostatic waves of arbit-
rary amplitude in a one-dimensional collisional MHD
model.

2 An evaluation is made of the influence of the linear
wave dispersion, collisions, nonlinearity, electron and
ion inertia, and ion viscosity for conditions character-
istic of the auroral E-region ionosphere.

3 It is shown that for certain FB wave-growth conditions
a wave overturn of the wave front occurs for non-
dispersive waves.

4 Small dispersive corrections to the dispersion equation
for the FB waves are shown to be of principal import-
ance for stationary solutions.

5 Tt is shown that the ion nonlinear and inertial effects for
realistic ionospheric conditions are more important
than those for electrons.

6 It is shown that for a two-dimensional model the main
nonlinear process which leads to a turbulent level sta-
bilization is the process of the two-dimensional wave
spreading in the plane perpendicular to the magnetic
field. This wave transfer is described by the term with
the vector nonlinearity, or the Poisson brackets (see Eq.

13). The wave transfer can proceed to the region of
lower k-values (larger scales).

7 The resulting two-dimensional structures can be stable
in a narrow range of the parameter space
(N;, my, Vo, V,vi/0mi, o/ @r.). The steady-state ampli-
tude level is mainly determined by the ionosphere factor
vi/owgi, and thus is altitude dependent.

8 The theoretical model considered allows to describe
various evolution scenarios of the plasma instability in
a collisional auroral E-region plasma which can include
the conditions of a radar aurora.
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