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Abstract. A technique for measuring two-dimensional (2-D) 1 Introduction
plumes of volcanic gases with thermal emission spectroscopy
was described in Part 1 bytremme et al(20123. In that
paper the instrumental aspects as well as retrieval stratdYleasuring volcanic gas emissions is important for several
gies for obtaining the slant column images of Sd SiR, reasons. Gas fluxes are commonly monitored by governmen-
as well as animations of particular events observed at thdal agencies and research institutions for disaster prevention
Popocatpetl volcano, were presented. This work focuses onPurposes, especially in the case of active volcanoes near
the procedures for determining the propagation speed of th&ities and along major flight routes. Also, a detailed and cur-
gases and estimating an emission rate from the given imfent knowledge of the emissions of volcanoes, both eruptive
age sequences. A 2-D column density distribution of a vol-8nd passive degassing, is important as it is well known that
canic gas, available as time-consecutive frames, provides in>C2: for example, has an indirect impact on radiative forcing
formation of a projected wind field and the average velocity and is therefore needed in climate model studies on regional
at which the volcanic plume is propagating. This informa- @nd global scalesHalmer, 2002 Robock 2000.
tion is valuable since the largest uncertainties when calculat- However, only a small number of active volcanoes are
ing emission rates of the gases using remote sensing teci§fudied worldwide and the frequency of measurements is
niques arise from propagation velocities which are often in-Strongly dependent on the method used and the capacities
adequately assumed. The presented reconstruction methaind funding available by the responsible local institutions.
solves the equation of continuity as an ill-posed problemNowadays, much can be done using satellite remote sens-
using mainly a Tikhonov-like regularisation. It is observed ing, but these measurements have usually large uncertainties
from the available data sets that if the main direction of prop-2nd need continuous improvements in the quantification of
agation is perpendicular to the line-of-sight, the algorithm 9as emissions, preferably through validations with ground
works well for SQ, which has the strongest signals, and alsoStudies. The most monitored volcanic gas is;SiDe to its
for SiF4 in some favourable cases. Due to the similarity of abundance and the fact that it can be readily measured using
the algorithm used here with the reconstruction methods use§ommon analytical methods like DOAS (Differential Optical
for profile retrievals based on optimal estimation theory, di- Absorption Spectroscopy) in the ultraviolet or FTIR (Fourier
agnostic tools like the averaging kernels can be calculated id fansform Infrared Spectroscopy) in the infrared, both in ab-
an analogous manner and the information can be quantifie§rption or thermal emission modes.
as degrees of freedom. Thus, it is shown that the combina- Each technique and measurement geometry needs a dif-
tion of wind field and column distribution of the gas plume ferent treatment to derive information about the emissions
can provide the emission rate of the volcano both during dayfom the measured quantities. For example, a nadir observa-
and night. tion from space can obtain a snapshot of the horizontal distri-
bution of SQ columns, and with the use of an inverse model
the emission can be estimatddtiétiansen et a)2010. Near

Published by Copernicus Publications on behalf of the European Geosciences Union.



48 A. Krueger et al.: Thermal emission spectroscopy of volcanic gases — Part 2

the ground, a traverse around the volcano using scattered sun-

light and the DOAS technique from various platforms gives

a cross-section of the volcanic plume as a result. This can

be done, for example, by walking/icGonigle et al. 2002,

from an ultra-light aircraft Grutter et al. 20083 or by using

a fixed instrument to scan the plume from below, as was done

by the NOVAC project in a network of multi-axis instruments

(MAX-DOAS) set up in various volcanoes around the world

(Galle et al, 2010. Fig. 1. A sequence of two consecutive $@olumn images taken
However, apart from the gas column measurements, whicl$ min apart by thermal emission spectroscopy and a continuously

represent the plume cross-section, the wind velocity also hagcanning device on 17 March 2006. The column amount of SO

to be known to calculate emission rates. Normally this infor- 91ven by the false-colour image, warm colours meaning high,SO

mation is taken from ground measurements, radiosondes ¢ old colours meaning low Socolumn densities. The dashed lines

reanalized meteorological data products from models. Cor epict the origins of two puffs within the plume detected in frame
eanalize eleorological data products 1ro oaels. Lo (a) which has moved to the solid lines in fran(®). The average

rglations between measu_rements from three ir_18trume_nts O\gﬂind vector is indicated by the arrow. The wind vectors describ-
different locations I(/I(_:Gonlgle 2009, or measuring at dif-  jng the plume propagation projected in the plane of the image are
ferent anglesNicGonigle et al. 2009 has been done to de- sought.

termine the velocity. Recentlyohansson et a{20093 de-

veloped a dual-beam device which allows the estimation of o o ) )
the wind velocity with a single device. application by taking into account frame rate, signal/noise

Instrumentation for imaging gas distributions in volcanic ratio of the measurement and the meteorological conditions.
plumes is a current topic, since it aims to provide information 1he analysis of the recorded volcanic gas images uses a

about the dynamics and fluxes as has been done by means Bylti-step retrieval strategy. The strategy developed here
UV cameras Bluth et al, 2007 Kantzas et a).2010. Most uses an additional correlation pattern to optimise the retrieval
scanning and imaging devices use UV radiation; however ©r the calculation of the emission rate.
spectrally resolved infrared radiation also has been used for

characterizing the spatial distribution of industrial and vol-

canic emissionsHarig et al, 2005 Grutter et al. 2008k

Gross et al.201Q Stremme et & 20123. The measurements considered here were taken with a Scan-

Ip this contribution, it is shown howlthe propagation ve- ning Infrared Gas Imaging System (SIGIS). It is composed
locity of the gas plume can be determined from a sequencey 5 yo-dimensional scanning mirror coupled to a video

of two images and used to calculate an emission rate aroungamera_ The mirror sends the thermal radiation to a tele-
the volcano. Column measurements have been retrieved frorgcOpe and an FTIR spectrometer (OPAG 22, Bruker Dalton-
thermal infrared spectra taken with a FTIR spectrometer afeg Leipzig, Germany). The instrument uses’ an MCT detec-
71 . . . L y .
4cnr resolution. A scanning device has allowed for the o \ith a stirling-cooler and covers a spectral range from
recordlng images of the slant column density ofaSd  6o0_5000 cml. Its best spectral resolution of 0.5 cthhas
in some favourable cases also of £{Eee Part 15tremme  peen ysed for solar absorption measurements and for ther-
et al, 20123. Figurel shows an example of two sequential .| amission spectroscop@(utter et al, 2008ab; Stremme
images with S@ columns in false colours from which the et al, 2009 2011 2012H. However, for imaging and the
emission rates have been calculated. ) analysis considered here, the spectral resolution of Z'cm
This work presents a new method which reconstructs th§s more convenient. The measurements were performed
2-D projection of the _trac_:e gas flow a”?' |ts_ sources SImUIta'from the Altzomoni Atmospheric Observatory, which is
neously by the e?<pI0|tat|0n _of the continuity equation. The around 12 km north of Popodatet! at an altitude of about
method. uses a ;lmple physu;al forward model baseq on thappoma.s.l. Slant columns of $@nd Sik referring to an
continuity equation and an inversion based on Thikonov-gimast horizontal line-of-sight were retrieved from the IR
regularisation and optimal estimatioRqdgers2000. The  gpactra. For more details of the instrumentation, used algo-

reconstruction of the plume propagation and sources doefjim and realisation of measurements, see Part 1 of this work
principally not depend on any external input about wind di- (Stremme et al20123.

rection, but its formalism allows for the use of external infor-
mation in addition, as shown in this work.

One advantage of the use of the continuity equation is3 Methodology
that a source and sink distribution is being retrieved simul-
taneously. The amount of information gained by this scheméThe spatial distribution provided by the column density im-
can be chosen by adjusting the strength of the regularisaages together with their temporal change allow for estimat-
tion, and the retrieval strategy can be adjusted to the specifilng the propagation speed and direction as well as the source

2 Measurements and instrumentation
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A. Krueger et al.: Thermal emission spectroscopy of volcanic gases — Part 2 49

Table 1. Overview of the retrieval schema: WD — wind direction, WS — wind speed, WV — wind velocity, CC — cross correlation, A —
averaging kernel.

step action input output

1 1st-retrieval zero-a priori 2-D field of wind velocities

la calculation of mean WD  2-D field of WV a priori WD for next run

2a  2nd-retrieval WD (ret.1) and WS = 2 m5at upper border  2-D field of wind velocities

2b  calc. of emission rates 2-D field of wind velocities, column densities  two time series of emission rates

2c  CCindirection of WD 2d field of WV, emission rates a priori for final run

3a  3rd-retrieval WD (ret. 2) and WS from cross correlation 2-D field of wind velocities of sources
3b  calc. of emission rates 2-D field of WV, column densities two time series of emission rates

3c  CC and diagnostics emission rates, 2-D field of WV Nag/ tirame Averaging Kernels

11ag describes the time lag resulting from the Gfeame is the time difference between two images.

strength of the plume. The approach for how this informa- With “emission rate” we refer to the emission of the vol-
tion can be extracted mathematically is the main topic of thiscano, which results from the trace gas flux integrated over

work. specific plume cross-sections. These can be compared with
the integrated sources inside the images while dropping the
3.1 Overview sinks near the frame borders.

A simple, linear and physical forward model based on the3.2 Basic principle

continuity equation is used to explain two consecutive im-

ages. The use of a physical forward model is the main dif-The density distribution and its temporal evolution is de-
ference to other methods that use correlations (bans- ~ scribed by the equation of continuity. This applies not only
son et al, 20093 and/or external information as, for exam- to the number density] of SO, SiF4 or any detectable gas
p|e1 the wind information from a weather forecast model (egWIth volcanic origin, but also to the slant column densities
Lilbcke et al.2012). The result allows estimation of the trace (Cl:= | o -ds) measured by the instrument. Theid the in-

- . : LoS
gas.flux (slant.columrx yelocny) perpendicular to the line finitesimal path along the LoS of the instrument to the top of
of-sight (LoS) in each pixel. From two consecutive images a

- e - _the atmosphere, to a sight-limiting cloud or to the body of the
distribution of the emission rate of the volcano as a function o o=
. volcano. The continuity equation in its general form reads
of time can be reconstructed.

Our retrieval method seeks the reconstruction of an opti- %p =-V-(v-p)+ %p_ Q)
mised field of 2-D wind components and a field of sources, ) ) ) ]
but the information available from the measurements is lim-Intégrating Eq. (1) along the line-of-sight yields
ited. According to inversion theory, the retrieval can be op- d 9
timised for different purposes (e.§teck and v. Clarmann L{S [Ep] ds _LC{S[_V ((v-p)+ o] ds. 2)
2001 and the sought parameter is not always optimally re- ) o )
trieved. We use a multi-step retrieval, whose steps differ withSINce there is no hope for retrieving the wind and source

respect to the input and constraints used but all rely on th&€@mponent along the line-of-sight, we only consider the two
same basic principle, which is the inversion of the conti- dimensions, y) perpendicular to the line-of-sight. Disre-

nuity equation described in Sec&2, 3.3 and3.4. In the garding mixing processes, we rep.Iace the respective wind
first retrieval step, a 2-D field of wind velocities and source COMPONentsy;, vy) by their line-of-sight averages weighted
strengths is determined from the measured slant path columBY Molecule number density,

amounts. From the calculated wind velocities, the mean winddcl

direction is inferred, which is used to constrain the second'g, — —V-(2p-Cch+g

retrieval of wind velocities and source strengths. From these= (v . cl) - vo-p —cl - (V - v2-p) +q, ()
emission rates at the crater are inferred, and by application of
a cross correlation method (Se8td) the mean windspeed is
inferred, which is used to constrain the final retrieval of wind Where theV-operator and the velocity,-p are reduced to
velocities and source strengths from which the final emissiorfwo dimensions,

rates are inferred. This sequence of operations is summarised I oY p - ds

term 1 term 2

in Table 1. More insight why a multi-step retrieval scheme is (v ith /Y _ LoS

used is given in Sect8.5and4, where a description of how 2D = (”5-0) with v5-p = T [ pds “)
the emission rate is obtained from the retrieval result is also LoS

included. (Curtis-Godson Approximation)
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solid line represents a linear approximation for the trajectory and
i L 4 -2 the cross-sections perpendicular to it. The cross-sections are sepa-
r rated by one-minute intervals and the velocity of the propagating

r /‘_\ plume is projected to the drawn trajectory.
[ Volcano 3
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horizontal andy the vertical direction) is given by the angle

: ) , that the motor moved the mirror from one to the next pixel of
Fig. 2. False-colour plot showing the difference(af) the observed the 2-D image, multiplied by the distance to the plume. The
column distribution between two consecutive frames, representin%ixeIS are quaaratic with a sizax = Ay of around 120 m

the measured input vector for the reconstruction of the wind field. . d di f12k d thei .. d
(b) is the same a&) but calculated using the forward modéland at a estimated distance of 12km, and their positions are de-

the solution vectox, consisting of the retrieved vector field and the SCribed by the subscript,() where the position in the raw is
retrieved source field. The residua) is the difference between the given by the first index and the position in the column by
plots above (observed — simulated). Due to the choicgdf(see  the second index.

text, Sect.3.4), the residual of the column differences are larger

outside of the plume. The location of the Popégel volcano is @(
indicated. dt P tframe

here, dck= clP+t — cl®, df = tframe

10
Azimuth (dee)

cle+l — ¢l

1 1

more details can be found in Appendix (8_C|)zp _1 Cl?ikl,j - Cl?ll,j C'ipﬁ,j - C'ipjij

For practical purposes, the 2-D approximation has a minor gx '/~ 2 2Ax 2Ax
impact on our retrievals as long as number concentrations oif both neighbours are available
SO, (or Sik) outside the plume are negligible. b _ tl  (fptl

A two-dimensional wind field #»>-p) might be recon- (B_Cl)ﬁp, — } ) (Cli»Hl CIi»J—l T CIi,j+1 Cli,j—l)
structed by solving the continuity equation for the column A . 2 20y . 24y
densities of a gas with volcanic origin using E8). ( if both neighbours are available ©)

The left term of the equation represents the change fromAt pixels at the edge, asymmetric finite difference quotients

one to the next 2-D distribution of the observed gas columnare used instead. Equatio) (represents a linear forward

density (cl) per t|me interval, asis shown in FiR. v2-p is model wherey is the measured quantity, is the solution
the 2-D propagation vector andis the source term that de- .
vector andK the linear forward model.

scribes the appearance of new gas signals in each pixel of the
image, being equivalent théfs 2 p-ds in Eq. ). The source y=K-x. ©)
term has the unit of molecules per area per time, which is

equivalent to emission flux. The term accounts also for chemfor images withn xm pixels, Eq. @) describes after
ical processes as, e.g. $@estruction through photolysis or its discretisation in Eq. §) an under-determined prob-

dissolution into the aqueous phase. lem with only n x m equations, corresponding to the dif-
ferences in the columns of two sequential frames
3.3 Forward model (dchy, ..., dcl,,) and the three times larger solution vector

X = (V)1 ees Ubps V1gs -+ s Umns 1o - - gmn) CONtAINING the
To apply the physical Eq.3] to measured data, discretisa- wind componentSz(."j, viyj) and them x n source strengths
tion in time and space are necessary. The smallest availablg;;) (cf. Figs.3 and4b, respectively).
time interval d is given by the frame rate @4me) and the The left and right side of Eq.6f, shown as Fig.2a,
smallest distance in the x—y direction (whereepresents the b, represent the measured and simulated differences of the
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Diagonal of constraint regarding the source flux [a.units] (K ) — 8_C| .8
y l(i,j)»k(,”y_/‘/) a . lk
) Y /1. j)
%" 0.002 fromterm 1 in Eq. 3
g4 . _ Co
g oo —cl -8 i/).fS(Ja] +D -G/ -1 ©)
i | @.p "% 2Ay
0 0.000 from term 2 in Eq. 3

reconstructed source flux [molec./(cm?s)]x10-1”
1
5 6 0 (KSTC)l(iyj),k(i/qj/) = (Slk (10)
g4 ; The first expressions i, andK, are diagonal matrices,
K i but the second term expresses the partial derivationasfd
=l . . . . .
-4 y the will operate on the 2-dimensional wind field.
0 -5
0 ° simuth (deg) b 3.4 Inversion

Fig. 4. (a)Diagonal of the regulation matrix concerning the strength As the solution vector has a larger dimension than the mea-
of the sources. As the units are arbitrary, they have to be comparedyrement vector, the problem would be ill-posed even if there
with the constraintR) concerning the wind components and with were no measurement errors. The ill-posed Byig solved

S 1 .
trlle welghn?ghof th? measuremeig( )H(b) R":r}?‘igq Sources gred by constrained least squares fitting with the following penalty
also part of the solution vector. As the wind field Is constraine 'function (qul) to be minimized:

this additional fit parameter improves the result significantly. The
clean atmosphere is constrained with a smoothing constraint, whilpF — (y — K -x)TSgl(y —K-x)
the pixels of the borders and the volcanic body are constrained with
an optimal-estimation-like regularisatioR-matrix is diagonal). In weighted least square fit
this example, 11.7 independent pieces of information are included +(x—x2"RA,p) (x —xa). (11)
in the vector, which has 714 elements to describe the sources. As
expected, the retrieval finds the strongest sources above the crater.
X = Xxyet IS the solution which minimizes the penalty func-
tion in Eq. (L1) and contains the retrieved wind propagation
column densities between two consecutive images, respegzectors and the source strength in all pixels.
tively. As the propagation during the time between two im-  The covariance matrig,~! characterises the uncertain-
ages (d) might be larger than the pixel size, the images cantjes of the slant path column amounts and is important for
be smoothed befor%%' and Vcl are calculated. With this, the optimal weighting of measurements in Etj)( for those
not only neighbouring pixels are taken into account but thepixels where the column density errors are larger, the resid-
smoqtheq gradienMcl) might be more adequate for the fi- 3] element(y — Kx);.; has less impact on PF (cf. Fig).
nite time interval between two measurements. _In this work, Se~! is chosen to be diagonal, which means
The matrixK is a (m -n) x 3(m - n)-dimensional matrix  that the errors of slant path column measurements are un-
built by the chain of the three: - m) x (n-m)-dimensional ., rejated. The diagonal elements of weighting mageix®
matricesK Ky andKsre. Itis rather sparse and given by the 51 estimated by the following ad hoc approach: The Pear-
following expression: son’s correlation coefficient is calculated between the mea-
K —dr- (K)m K,. Ksrc). @) sured spectra from which all fitted interference gases, off-
set, slope and curvature have been subtracted and a reference
The location of the elemerv;_); is found as ij) in the spectrum (see Part $fremme et a|20123. The correlation
image using the 2 indices, () by the relation/(i, j) =i + coefficient as a data matrix represented in a false-colour im-

constraint term

(=1 -mandk(’,jy=i"+(' —1) -m?. age is a possible output of the used algorithm and therefore
a0l the basis for the weighting matrix. The coefficiesl, <.,
(Kx)l(,-,;),k(ir.,-q = (—) 81k — together with a user-defined threshdﬂrgsholg, rrznax the
' 9% /1. ) highest correlation coefficient in the frame and a simple func-
2 2
from term 1 in Eq. 3 tion (Wwd) — allows for the weighting of the mea-
.. .. max~ " threshold
—cly, . -8 jr),‘s(’v’/"‘l)_‘s(”’/_l) 8) surement taken in each pixel.
@9 ’ 2Ax

from term 2 in Eq. 3 The regularisation matrix

1Egs. 8) and ) are not valid for pixelsi(j) at the edges of the  Three strategies might solve a mathematically ill-posed
image, as the form of the gradient is different. problem: (i) reduction of the resolution of the solution
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through a smoothing constraint (Tihkonov-type regularisa- The second term constrains the solution towards the a pri-
tion), (ii) adding a priori information (Bayesian approach) ori. This constraint is first (as here in the first two retrievals)
and (iii) parametrisation of the solution vectdrikhonoy, turned off @, , =8000, u, y, =0) for the wind velocity
1963 Rodgers2000. The construction of the matrR takes ~ components, but it offers the possibility to include other
aspects of these three into account and the borders betweémformation about the wind velocities taken from a cross-
the strategies are rather blurred in an empirically adjusted reeorrelation, as in the example shown in this work, from the
trieval. average of prior retrieved velocities or from independent
The first order difference operattr; (e.g. Steck 2002 measurements, e.g. from radiosondes. Here the final retrieval
von Clarmann and Grabowsk2007) calculates the differ- is realised without smoothness constraints(0) and con-
ences between neighbouring valuesL L1 constrains the  strained towards the wind velocity which has been calculated
solution towards a smoothed solution without constrainingfrom a cross-correlationi( , =0, 1 = 100). The sources
the average values of the,y-components of the veloci- are constrained slightly towards zero.
ties and sources. The optimal estimation strategy is realised The third term of the constraint refers to the sources only.
partly and in an empirical manner by another term which The matrixRgc is automatically initialized using the infor-
constrains (with strengtjn) each value of the solution vec- mation where sources or sinks are expected. The whole frame
tor towards an a priori value af;. This constraint affects the is a potential source or sink as the S@lume can enter or
average wind velocity of all pixels, but it allows inclusion in leave the image. The same argument applies to the body and
a simple manner a priori information of independent mea-crater of the volcano and opaque clouds. Both can be iden-
surements or even from the same data by applying a differentified from the recorded spectra as the observed intensity in
strategy like a cross-correlation (see S&cH). In the algo-  the mid-infrared is much higher in these cases. For these pix-
rithm used in this work, only one a priori velocity}, v3) els the constraint in terms 1 and 2 will be eliminated and just
valid for all pixels in the image is chosen. a very small value is added to the diagonal to ensure that the
Information concerning the location of sources and sinksproblem can be solved mathematically.
is also needed. In the solution of EG) (o limits of the area
are taken into account; however, at the border of the consid3.5 Calculation of the emission rate and
ered area a Sfplume is expected to enter or leave the ob- cross-correlation

served area. This should be reflected by the retrieved sources )

or sinks in exactly those pixels where the plume meets theTr_admonaI methods use a cross-correlation approach to ob-
border. The constraint should ensure that such a solution j&in @n average propagation vectdoljansson et al2009a

not suppressed. Therefore, a term is added to free the bof1CGONigle etal.2003. In our approach, we retrieve the in-
der and all pixels which are considered as potential sourcedividual 2-D velocity vectors for each pixel but the cross-

from a smoothness constraint and treat their regulation ingicorrelation method still is useful for correction of the aver-

vidually (see Fig4a). The choice of location where potential 29€ Wind speed. Usually two time series measured at differ-

sources are expected and constraining differently as backent I(_)cation§ are used for the cross_-correlation. In this W_ork
ground might be considered a kind of parametrisation. two time series are reconstructed with the help of a 2-D wind

R is constructed from three terms each consisting of thredi€ld from spatial distribution recorded at two times.
block matrices: Two blocks concern theandy components First, the 2-D wind field is retrieved using & pure smooth-

of the wind field(v}_. v3.5) and the third the sources ing constraint and the spatially ayeraged vyind velocities are
calculated (for the average the wind is weighted by the SO
Ae-L1TLg 0 0 column). Typically the direction is well retrieved but the ab-
R= 0 Ay-Li'Ls 0 + solute wind speed might be off. After the direction is re-
0 0 Asic-L1'L1 trieved, the upper boundary of wind speed is constrained to

a moderate value of 2 n$ and a new wind field is obtained

smoothing constraint o . 2
(arrows like in Fig.3)-.

px-1 0 0 000 The SQ flow column density f) is calculated by multi-
0 py-1 0 +{00 0 f. 12) plying the wind field with the S@column densities in each
0 0 Msrc* 1 00 RSI’C

pixel. As a sequence of two images are used for the 2-D wind
constraint towards a priori sources field retrieval, either the first (former) or the second (latter)

The first term ofR is a smoothing constraint which encour- image and 2-D column d'St”b“t'an@rner* cl?*" can be
ages the neighbouring wind velocity components and source¥S€d for an emission rate calculation.

in x to have a similar size and therefore the wind vectors to

point in the same direction. The strength of the constraint for  2tps strategy aims to obtain a reliable spacing in time for the
the wind field is given by, 1, which are chosen to have next step (the distances of the black lines in Bidicate the spac-
the same strength. The strength of the field of soukgrss ing). The chosen value of 24 has no influence on the final re-
independently chosen but has the same smoothing effect. sult.

Atmos. Meas. Tech., 6, 4761, 2013 www.atmos-meas-tech.net/6/47/2013/
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A time series of the emission at different distances from
the crater results from integrating the flux densities perpen-
dicular to the trajectory (near-horizontal line in F8). This
calculation can be done separately for the two false-colour
images (former and latter), so that two time series of emis-
sion can be calculated.
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Fig. 5. Calculated S@ emission (tday?) at different distances

from the crater represented by the cross-sections drawn in3Fig. E,Laner=/ <i- jls":tter > -dsg. (18)

and using the reconstructed wind field. The distance is shown as the

time of its propagation after the starting point of the linear trajectory

(Fig. 3). The solid trace shows the flux calulated using the first im- 72 iS a normalised vector with direction of the propagation of

age of SQ columns and the dashed line is the flux at the same time the plume and g as a small part of the cross-sectiaty],

but based on the next $0mage. The reconstruction of the wind which is perpendicular té and has the distance to the crater

field is done using a constraint which limits its spatial resolution. 4,. The location of the crater is the beginning of the linear

Especially near the crater, the dispersion of the, $ime is not  rack (black, straight line in Figd). The corresponding time

very well represented by the retrieved wind field and the 8@is- # is obtained from the distancé and the averaged wind

sion is underestimated (more or less below 6 min). A similar effectspeedvretl between the centre of the source (crater), the es-

oceurs at the other end of the image. In the centre of the IOIumetimated location of the crater and the beginning of the linear
where the linear trajectory is well represented, bothy 8@ission . . 9 9
trajectory, and the averaged wind speed;|.

estimations are consistent and oscillate around 1000 ttaythis
case. di
th = —.

[Vretl

The two slightly different time series are compared in Big.

Cr

(19)

j}f;’rmefz c|f‘j?fmef. vij (13)  One uses the column density from the first frame measured
latter __ latter 14 and the second uses the second, which is needed for the wind
Jij = O vij (4 field calculation. For testing the calculated wind fields, the

Below is the same equation but in other coordinatess
along the trajectory andis perpendicular to it.

time series are cross-correlated (Fpand the resulting time
shift (tshift) should match the time difference between the

measurementsiames, as shown in Figb. If these times are
not equal, a scaling factor for the wind speeds is calculated
and used for the calculation of the a priori informatiag)(

in the final (third) retrieval.

-former former

Js =clg T g (15)
-latter latter

Js,  =Clg vy (16)

According to the law of Gauss, the source strength or emis

sion rate is the total fluyv through a closed surface. The tshift

virtual surface (e.g. a cone with the observer in the top, or’2~ " ret (20)

a cylinder or prism for large distances between observer and

plume) should enclose the source, but only the part in which

the surface intersects the plume contributes to the integrals Diagnostics and errors

This law simplifies further when working with column den-

sities, which means that one integration over the 2-D surfacéndependently of how the wind velocities are calculated,

is already realised and only the integration along the basethree problems might arise if conditions are not favourable:

line located in the image plane is missing. On the basis of(a) the wind speed is too fast for the frame rate and size of

this principle, vertical column measurements on closed orthe recorded imagines; (b) there is a repetitive pattern with

downwind traverses around industrial complexes (@igera ~ more similar maxima or minima, so that the algorithm might

et al, 2009, mega cities (e.gJohansson et al2009 and not distinguish them; and/or (c) there might not be sufficient

volcanoes (e.gGrutter et al. 20083 have allowed for the  structure in the images.

determination of the total emission rates. For case (a) the wind-speed range is limited and thus this
The same principle applies if a scanning device mea-criterion should be taken into account when choosing the

sures a closed traverse of almost horizontal slant columnérame rate while measuring, as frames need to be refreshed

around a point source. An image of slant columns allowssoon enough to capture the wind propagation features. How-

choice of different cross-sections and each traverse can bever, if more puffs are available in the images (case b) so

parametrised due to the estimated time-distance from th¢hat the propagation of the puffs are ambiguous, different ap-

carter (see EqL9). proaches could be tried.
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where (j) and ¢!) are indices with values from 1 to (3n x
m) . TheA does not have a block-matrix form, but here just
207minutes 1 the 3 blocks concerning the andy-components of the ve-
locities and the source strength of the pixels are considered
] separately. Further, the discussion is limited to the diagonal
] of the A so that we might address the diagonal elements of
] the averaging kernel of the pixelj asAY Ay andAgin

1o s 0 s 10 an intuitive way and later at the end of the section we will

Time (minutes) briefly discuss interference between the different retrieved
guantities.

Fig. 6. The cross—correlation o_f the emission time series in big. The diagonal of theA reflects the sensitivity of the re-
shows a maximum corresponding to the delay between both frameﬁrieval (Funke et al.2009. The sum of the diagonal, trace

If the wind field is well retrieved, the delay obtained from this cross- . .
correlation (diamond at the maximum after 2.08 min) should co- (A). gives the degrees of freedom (DOF) of the retrieval

incide with the known time delay between both measured 1‘rame5(|:{(-"dg_(:’,rSZOOQ a”‘?' its value shows how many independent
(vertical line at 2.07 min). Normally, a small difference could al- uantities are retrieved. DOF, calculated separately for the
ways be expected since the wind field result is smoothed and it if?locks of thex-,y-components of the velocity and the source
assumed that the plume does not change its direction of propagéstrength, show that the information is not dispersed homoge-
tion, but larger discrepancies in the delays would mean that the wincheously over the three blocks. The DQIBPOF, and DOFc
fields have not been properly retrieved. describe the independent quantities and have the values 68.6,
92.7,and 11.7, respectively. Different values are expected for
the sources as they have a different character and are differ-

First, an adequate smoothing might eliminate smaller min-gntly constrained. However, a difference between the DOF
ima and maxima, which would allow the main structure to regarding the, andv, components is of outermost impor-
remain. If, however, a new puff appears near the crater withgnce. It might explain why the retrieval works well for the
a similar magnitude in its anomaly as the one already in thezg|culation of the wind direction, although in some observed
image, the stronger smoothing might not work. In these casegases there are difficulties for the proper determination of the
a wind velocity might be obtained which would point in the ind speeds.
wrong direction. Since such an event might appear just once The forward modeK consists mainly of the gradient of
in a while where most pairs of images lead to a correct vehe column densities, and especially in the case of a contin-
locity, an iterative analysis of the time series or Kalmann-ous emission, this gradient is strong perpendicular to the
filtering might be used to eliminate results and improve theprgpagation but small or even not significant in its direction.
wind speed retrieval in the time series. In the example shown in Fi@, the main direction of prop-

In case (c), which describes the situation where thereagation is in the direction of, explaining the imbalance in
might be no sufficient structure in the plume to retrieve the calculated DOFs for the,« andx,» components.
a wind velocity field, there is still a chance to reconstruct The information in the retrieval concernirg, is smaller
a mean velocity that includes the main direction and speed off the gas is emitted continuously and there is only a small
propagation. This result can be later checked or improved byyradient of column density in the direction of the plume. The
a cross-correlation (Se@.5); how much information about  ¢ross-correlation described in S&6is useful in such cases
the wind velocity field is extracted in a retrieval is described gjnce a reliable mean velocity can be calculated and used as
in Sect4.1 a priori in the subsequent retrieval.

The averaging kernel regarding the source strength re-
trieval is different. In the free atmosphere this term might

ust help to improve the fit as no other sources are expected

The information obtained from the analysis depends on thjorSOZ However, where the plume leaves the image a strong
trace gas and if the velocity is somehow perpendicular to the : - . :
g y berp ink should be retrieved. The diagonal of the averaging ker-

LoS. Therefore, the conditions can be more or less favourablé ) . .
for the wind field retrieval. The averaging kemnal)( also nel regarding the sources is shown in Fg.and reflects that

called the data resolution matrix in other research fields, ighe retrieval is sensitive in the pixel where S allows tak-

a useful diagnostic tool to track the origin of the information ing information from the images and for which the sources

in a constrained retrieval. It can also be used to quantify the'® nottcor?stra;rr:ed lby th? regule:rrllse_ltlanBoth conditions
information in the retrieval. are metwhere the piume leaves the image.

The used regularisation regarding the strength of the
sources in each pixel is visualised as the corresponding part
of the diagonal of the matriR in Fig. 4a. This figure

2.08minutes

cross/correlation

4.1 Averaging kernel and resolution

3xretij

i j Tc-1 1 T o1y qij
A;(JIZW:[(K S K+ R THKISIKTY, (21)
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Fig. 7. Diagonal of the averaging kernel of t(&) x-(A) and(b) y-wind velocity componentsA,), as well as ofc) the sourcesAso). (I.)

The first two retrievals with stronger Tikhonov and with negligible OET (diagonal) constraint, (1l.) Final retrieval with negligible Thikonov
constraint but stronger OET (diagonal) constraint. As the main wind direction is along the A axepresents the sensitivity to a deviation
from the wind speed|{| — |val). As the main wind direction is along the x-ax#, represents the sensitivity to a deviation from the wind

direction (b, = |valdg). The sensitivity to sources depends on the constrRinaqd the weighting of the measuremer&gj().

illustrates how the information about the body of the volcano,smoothing error, which mainly describes the effect of the
taken from the same frame of spectra, is used in the inversiorconstraint. In addition, we briefly address (d) the error due

to interference between the different retrieved quantities
4.2 The spatial distribution of source strength (e.g.Sussmann and Borsdagrf007).

The retrieved dispersion of source in Fip.is part of there-  4.3.1  Errors regarding the forward model

trieved vector. In Fig4b the source dispersion shows a max-

imum above the crater and a strong sink, where the plumdhe error in the emission rate can either originate from the
leaves the image. The averaging kernel diagonal, Fig. ~ column retrieval of the target gas or from the determination
shows sensitivity of the retrieval in those pixels where the©f the velocity and size of the plume. The errors affecting
sink is retrieved. The maximum of the source strength abovdhe column retrievals arising from the radiometric calibration
the crater is in a region where the sources are constraine@nd the uncertainty in the estimation of the plume tempera-
by a smoothing constraint and therefore smoothed out. Théure. Both are already discussed in detail in Pa$ttgmme
location of the source is the beginning of the plume andet al, 20123, where the resulting error in the column densi-
consistent with the implemented forward model. The con-ties were estimated to be around 20 %.

straint suppresses solutions where the direction of propaga- Important to consider here is a geometrical error, which
tion changes strongly. Therefore, the retrieved solution doegfises from the uncertainty in the distance between the obser-
not show that the S§leaves the crater, but finds that a source Vation site and the plume. The errér = resitmated—true) in
above the crater is releasing 50he retrieved sources along  the estimation of the distanceaffects the estimation of the
the plume decrease, which might reflect that the velocity ofamount of a gas cloud bgsr/r)? (see Part 1). Equally, the
the S molecules along the plume increases, which meangnovement of the gas cloud can be erroneously calculated if
that the true velocity is overestimated near the crater and nedhe estimated distanoeis wrong. In fact, only the change
the right border it is underestimated. This might result from of the angle in which the plume appe%?s can be obtained

the regularisation of the velocity towards a mean velocity. from measurement (Fig) and has to be multiplied by an
estimated distance

4.3 Errors of the emission rate The apparent velocity results to be different from the true

plume velocity, and the difference is given I%?« -8r. The
Analogously to atmospheric profile retrievals and accord-uncertainty of the emission rate thus depends quadratically
ing to Rodgers(2000, three different kind of errors should (§r/r)? on the uncertainty in the instrument—plume distance
be discussed: (a) the forward model (parameter) errors, (by. A 10% overestimation of (§r ~ +1km) results in an
the measurement-noise error (random error), and (c) themission rate overestimated by 21 %.
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No error arises from the projection, as this projection of o _ [molec/cm’]
the wind velocity is compensated due to the use of a slant < REWTTHHITT L2x10%
slice of the plume cross-section instead of a slice perpen- ""{:";:ﬁ,"':;',é"i?fl,"i:’ﬁf,';',""”” Lox10%
dicular to the main wind direction. By a wind direction """,ll"ll"‘?:g"':ﬁ'::,",l',l"",l;i 8.0x10%
of 45° towards the observer, the slant cross-section will be raiiod ""!":',",';,Z /

a5 = V2 larger than the cross section perpendicular to
the direction of propagation, but the wind speed projected

to the 2-D plane will bei2 = co945°) smaller. However,

a change in wind direction in between the two scans is not
described by the forward model and will result in an error

which is increased if the wind direction is almost parallel to

the line of sight.

Rodgergq2000 distinguishes the errors regarding the for-
ward model as “forward parameter errors” and “forward
model errors”. The forward model assumes that the images .
of the column densities are snapshots, but the instrumentis o 5 st (0 15
continuously scanning, so that the measurements of the pix-
els in one image do not belong to exactly the same time. Thid-ig. 8. Wind fields reconstructed from consecutive measurements of
is, according toRodgers(2000, a real “forward model er- (&) SiF4 and(b) SO,. Even when the retrieved Sjfeolumns have
ror” and can only be evaluated if an improved forward model rather large random errors and low precision, an average velocity

would be available; the errors discussed above are classifietn Pe obtained independently from theS@lume retrieval. The
as “forward parameter errors” retrieved wind speeds perpendicular to the line-of-sight frony SiF

and SQ were found to be 0.8 s and 0.7 ms1, respectively.

Sif4 Column

o

6.0x10™"

Elevation (deg)
~

4.0x10"

2.0x10"

]

Elevation (deg)

4.3.2 Measurement-noise error

if (i) the retrieval had been constrained towards a climato-
logical mean in the sense of optimal estimation, if (ii) the
priori covariance of the wind field and source distribution

Here both the input vectoredl and also thék -matrix, which
contains the gradient of the measurdd are affected by
the measurement noise (the random errors in the retrieve would be known, and (iii) the averaging kernel would be
columns). Nevertheless, the error can be evaluated by addingonstant However’nSa is known and the is variable so
artificial noise to the images and comparing the results Withth t th d L imited t litati i dh
and without adding noise. The 2-D noise patterns for the at the discussion 1s imited to qualitative aspects and now
. the smoothing error affects the retrieved wind direction and
two images are not calculated from the same but from theSpeed as shown in EQ3):
next following two slant column images by subtracting the ' '
smoothed images (average of the values in each pixel angsm = (A —1)(Xyue— Xa). (23)

in the four neighbouring pixels) from the original images.

Four images are involved in the exercise, two images aret s clear that the wind field in Figs8a, b is constrained
used for the retrieval and two images are used to calculatgng that a true velocity field would show a change in the di-
independent noise for the other two images. The root meafection with altitude above the crater. The effect of a con-
square obtained from the noise pattern in the relevant pixstrained wind field is visible in Figp, as the wind speed near
els results in 13 % of the mean relevant.S@lues (relevant  the crater is overestimated while near the border seems to
refers to pixels with correlation coefficients above the thresh-he nderestimated. Such a solution results in less gas near
old, Sect.3.4). The resulting error in the final retrieval was the crater and more gas near the borders, if this residual
estimated from an ensemble of retrievals, for which the twowouid not be compensated by the field of sources, as shown
noise patterns have been added and/or subtracted from thg Fig. 4p,

two original images and the resulting mean emissions rate The smoothing errors on the emission rate times series

found and indicates that the measurement error is one of thggd be estimated.

largest error sources.
4.3.4 Interference error and dependence
4.3.3 Smoothing error
Forward model parameter erroRgdgers 2000 concern-
As an averaging kernel is calculated in Sect4.1, and  ing the interference quantity and too strong constraint of the

a “general” smoothing error SM could be calculated, interference quantitySussmann and Borsdarf2007) can
lead to errors in the target quantity of a retrieval. While the
SM=A-1TSA-1), (22) first type of interference error is commonly associated with
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inaccurate spectral line parameter or spectral line modelsluring the eruptive event of 18 November 2008 (see Part 1,
(e.g. how water vapour affects methane column retrievals) Stremme et a).20123, an independent wind field retrieval
the later mentioned interference error type relevant is if thecan be performed and compared, as shown in Bagand b.
retrieval reconstructs distributions as, e.g. vertical profiles.The retrieved wind speeds perpendicular to the line-of-sight
Especially in the reconstruction of a 2-D distribution, the er- from SiF, and SQ were found to be 0.8 m< and 0.7 ms1,
ror due to interference depends on the constraint and is imrespectively. This fits to @4+ 0.3ms™1, the perpendicular
portant, as it describes how independent the different quanwind component towards east of the average and standard
tities are. This error can be calculated analogously to thedeviation of the wind between 5700 and 5900 m a.s.l., given
smoothing error using the block matrix of both concerning by the radiosonde launched at 06:00LT at the Mexico City
profiles Sussmann and Borsdor#007) if a covariance ma-  airport. In the image the plume centre is seen at an elevation
trix of each interference species is known. But more workangle around § so that the estimated height in the distance
including model studies are necessary for generating of thef 12 km is around 5800 ma.s..
necessary covariance matrix. As the SiR column retrievals have large random errors,
As the dimension of the solution vecterin Eq. 6) is the velocity retrieval is rather strong constrained and only the
three times larger than the measurement vegtdris possi-  average velocity was determined. However, the form of the
ble to obtain the same fit either by adjusting only one compo-SiF; plume and the propagation determined are confirmed
nent of the wind velocity (e.gc or y) or the source flux. The using the S@ plume as tracer, indicating that the volcanic
choice of the constraint distributes the information to the dif- gases first rise and then drift to the east in this particular ex-
ferent quantities. Therefore, the different retrieved quantitiesample (left from the image). The horizontal velocity is rather
are dependent not only on their own constraint, but also orsmall, and the initial ascent of the gas is visible. Unfortu-
the constraint of the other quantities. The Optimal Estima-nately, the wind direction close to the source is not perpen-
tion Theory requires the a priori covariance matrices of alldicular since the velocities are strongly constrained towards
of these quantities and distributes the information automati-a mean average velocity.
cally. In this work the constraint is adjusted empirically and
we can just argue that the dependence between the sour&2 S emission rate
flux and wind velocity is minor, as the results of both shown

in Figs. 3 and 4b have very different structures. However, _ e .
if the constraint of the wind velocity field does not allow for Per 2007 (22:43LT), shown in Fig8.and5, is found to be

l . -
variations on smaller scales, an under-constrained source flu@round 1000td™ (with a maximal value of 1200 tday).

field might compensate this so that the missing small struc-1 "€ result of this “snapshot” is a typical value for the

ture appears now in the source flux field and the simulation” 0Pocatpetl and only slightly smaller than the average
fits the observation well again. This would diagnose a direct€Mission rates found in the literature. S@mission of
dependence between both the source flux field and the 2-y0Pocapet] has been estimated for different times and pe-

wind velocity field. However, the retrieval of the source flux "0ds. An average emission rate of 2000-3000 tdajs
field is plausible. reported byDelgado-Granados et a{2001) for the pre-

eruptive phase, and an average with standard deviation of
4.3.5 Total error (24504 1390) t of daily SQ emission was found bgrut-

ter et al.(20083 during an intensive measurement campaign
The total error in the mean emission rate is estimated fromin March of 2006. The average of the daily S@&mission
the independent errors in (a) the possible systematic error ofluring a two-year period (2005-2007) was calculated by the
the slant column retrievai{ 20 %), (b) the geometrical error NOVAC project and found to be 1503 t daywith a standard
(=~ 21%) (Sect4.3.1Stremme et a].2012q Part 1) and (c)  deviation of 1154 tday* (Riverg 2009.
the measurement error(20%, Sect4.3.2 of the resulting The reconstructed wind velocity can be compared with the
mean wind speed and emission rate. The overall error of theelocity measured by the radiosondes launched at 06:00 LT
calculated emission rate, still missing the contribution of thenear the airport. The radiosonde reports a wind speed of
smoothing and interference errors, is around 35 %. 2.1ms?! and a wind direction of 69N in the altitude

5450 m.a.s.l. As Altzomoni is located at 34® the north

, . of the crater, an exact perpendicular wind direction would

5 Results and discussion be 73, which is almost given by the radiosonde measure-
ments. This is a necessary condition to compare wind speeds
directly, otherwise the wind velocity has to be projected to
the perpendicular plane. The mean wind speed retrieved with
this experiment (2.0 m$) is consistent with the radiosonde

The estimated emission rate on the night of 1 to 2 Decem-

5.1 Velocity retrieval from different trace gases:
SiF4 versus SQ

A wind field retrieval has already been shown in RBdrom
S0, columns measured during passive degassing periods di€asurement.
the volcano. When another gas can be detected, likg SiF
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%. One has to assume that the partial derivation of
LoSs

) o _ the components (andy) can be moved before the integra-
This work presents a method for estimating the propagation};y,.
of a volcanic plume from measured thermal IR gas columns

by constructing a 2-dimensional wind field. The reconstruc-

6 Conclusions

tion is based on the equation of continuity and uses a pair ofx - ( [ vx-p-dz) = (A1)
sequential 2-D distributions of the column densities. The col- | s
umn densities are provided by a scanning infrared gas imag-
ing spectrometer, as described in Part 1, but the algorithn{’x ’ (/ v pel-dz) = (A2)
can be applied to other imaging devices as well. The wind  Los
vectors can be displayed online over the gas-distribution se- cl
guences as an animation (see Supplement), and the overdl (| vxp- sz) - (A3)
propagation velocity serves to calculate emission rates from  LoS
the volcano. vy - pdz

The reconstruction method uses optimal estimation and’x - (II_OST e = (A4)
a Tihkonov-like regularisation, allowing for the definition, f vy p-dz
calculation and the use of averaging kernels in analogy to atdx (LOS—dCD = (AS)
mospheric profile retrievals. The algorithm has been tested JLos PO
on volcanic plumes measured on several occasions duringx (V2-p - ) (A6)

the 2007-2009 period from Popoepttl in Central Mexico.
Plume propagation velocities retrieved independently from
SiF4 and SQ were presented in one example and found to
be self consistent. Appendix B

It is shown that with favourable conditions, the aver-
age velocity from S@ column densities could be retrieved Construction of the regularisation matrix for
with this algorithm and confirmed by an independent cross-2-D distribution
correlation method and from radiosonde data. In one exam-
ple the calculated SQemission rate of 1000tday is are-  The measured column image (a 2-D distribution) is repre-
liable result and consistent with the current knowledge ofsented by am: x n-vector; the difference operator for each
Popocaktpetl’s emission rates and variability. This methodol- componentvs_p, v%{_D, g) concerning the vertical smoothing
ogy complements other techniques like the mobile and scan¢columns)L EO'S does not have a block shape if the enumera-
ning DOAS instruments, but adds the possibility of moni- tion of the pixel is so chosen that the operator concerning the
toring also during the night and with an entirely different (rows)L*"$is of block-shape:
approach. A longer time series would be desired in order
to allow for cross-validation of the calculated emission rates
and compare with other methods. Two major improvements
regarding the forward model should be addressed in future
work: (1) there is an inconsistency because the scanning 01 —1"
device is continuously monitoring until the image is con- .
structed, while the forward model treats the images as snapfow . ST T e e m (B1)
shots, and (2) the 3rd dimension is missing. In principle the T
forward model could be completed with the missing 3rd di- )
mensions by using (a) the sensitive dependence of the slant 0. w1 -1
column retrievals on the plume distance to the observer and e 0 0
(b) the simple geometrical consideration that a plume mov-
ing towards the observer increases.

Appendix A L o o0 o0
o L™ 0 o0

Reduction of the equation of continuity to 2-D Lrows 0 0 Lrlowz 0 ; (82)

The velocityvy-p in Eq. (3) is the projection of the three- e e r(:)W

dimensional velocityv in Eq. (2), which is averaged us- 0 0 0 L™

ing the Curtis—Godson approximation along the L% =

n—rows
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1-10 --- ... 0
01 -1
[eol = n
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O e een vn 00
n—rows
~ COl
L o 0 O
0o [ o0 o0
[os.=] 0 0 L o m.
0 0 o0 [
m—cols

The difference operatdr$°* in Eq. B4) has a block-matrix
shape, but it is not described in the same vector space in
which L°" is described. That is why the mapping of the
2-D distribution (field of velocity components and sources)
to a vector space fdri{*"* is done by taking the 1st row first

and then the 2nd row of the field ..., HL§°!S is designed for

(B3)

(B4)

Appendix C
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Abbrevations and variables

Abbrev. Description

0 number density of trace gas

v 3-D velocity

LoS line-of-sight

v2-d velocity in 2-D projection and
averaged using Curtis—Godson
approximation

cl column density

q source flux

Ax size of pixel (horizontal)

Ay size of pixel (vertical)

dcl difference between consecutive images

y measurement vector containing the
difference between consecutive images

K linear forward model (Jacobian)

x atmospheric state including-p andg

m number of pixels in row

n number of pixels in column

K part of Jacobian regarding the

y

a vector which contains the 1st column first and then goes

on with the 2nd column of the field. It is therefore mapped
in the same vector-space in whitfP"s operates. This is re-
alised by the unitary transformatidn(T ;) also used for the

divergence operator.
Tie =08, jooy:*)

lijy=i+(G—=1)-m
i(k) =k modm

J k) =[kn?]
léi’j))=j+(i—l)-n

xrearranged: Tx

rearranged
X, = ZTl,k X = Z&f(i,j),k ‘X = Xp
k

i,J
cols _ -1y col
L$ols= p 1L ol
leLrlows_’_Liols

(BS)

(B6)
(B7)
(B8)
(B9)

(B10)
(B11)

(B12)
(B13)

(LD jy kg ryy = 2701k =8, - Siire1 — 8 -8, 1 (B14)
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1, j)

i(l)

Jj

3(,)
8G,i"-8(j,j")
PF

Sgt

R
L1
A
"

Mx
My
Msrc

RSI’C

frame

component of wind-field (quadratic)
part of Jacobian regarding the
component of wind-field (quadratic)
part of Jacobian regarding the source
flux (quadratic)

=i+(G-1D-m

=Imodm

=[lI/m]+1

Kronecker delta

=803, 1)

penalty function
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